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Weakly Compact Sets and Orlicz Spaces
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Abstract: In this paper, We give the simple criteria of weakly cownpact sets in Ly and
Iy, which perfects Auto's result [, Also as a corollary, we get Shur’s theorem. In view
of weak compactness, we give another proof of the reflexivity of Orlicz spaces.
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Let X be a Banach space and X* its dual space, B(X) be the unit ball of a Banach
space X. A set D in Banach space X is said to be (weakly) compact provided that
every sequence in D has a (weakly) convergent subsequence ). A set D in Banach
space X is said to be relatively (weakly) compact provided that the (weak)closure of D
is (weakly)compact. In 1960 !/, Anto gave the powerful criterion of weakly compact sets
for Orlicz spaces, but it fails for L; and /;. In this paper we give them for L, and [;, so
that Shur’s theorem follows directly as a corollary.

Let us recall that Li(G, Y, p) = {z(t) : [5|z(t)|dp < oo} where (G,3,u) is a mea-
surable space with uG < 00 and I} = {z = (i) : 172, |2(i)] < o0}.

Theorem 1 For a set A in L1(G, Y., ) with uG < oo, A is relatively weakly compact if
and only if A is absolutely equi-integrable, i.e., for all ¢ > 0, there exists § > 0 such that
for all E C G with pE < &, we have that for all z € A, [g|=(t)|dp < ¢.

Proof Without loss of generality, we assume that G = [0, 1] and g is a Lebesgue measure.

Suppose that A is not absolutely equi-integrable,i.e., there exists g > 0 such that
for each integer n we have z, € A and E, C G with pE, < ! and Ig, |za(t)dt >
€0, Obviously, all subsequence of {z,} are not absolutely equi-integrable. Since A is
relatively weak compact,by Eberlein-Smulian Theorem, there exists a weakly convergent
subsequence of {z,} that converges weakly to some ¢ € L,. Without loss of generality,

we assume that {z,} converges weakly to z. By Legesgue’s Theorem (P172 of [5]), it
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follows that {z, — z} is absolutely equi-integrable, so does {z, }(since z is absolutely
equi-integrable), a contradiction.

Conversely, for any A C L,[0,1] for which A is absolutely equi-integrable. Since
L4[0,1] C (C[0,1])* and C[0, 1] is separable, by Theorem 1.1.4 of [11] and Banach-Alaoglu-
Bourbaki Theorem, (U(X*),o(X*, X)) is metrizated and compact. At first, we see that
A is bounded. In fact, take § > 0, and split [0, 1] into parts Ey, ..., E, such that u(E;) < 6§
then for all z € A

el = [ e@lde =Y [ le(@ide <.

For any {z,.} C A. Since A is sequential o(X*, X) compact, there exists a convergent
subsequence, still written as {z,.}, such that w— limn_,o ¢, = z for some z € L;([0,1]) in
the topology (X ™, X) where X* = L,([0,1]), X = C[0,1]. In the following, we shall show
that {z,} converges weakly in the topology o(L,, L ). In fact for any f € L} = L, for
any £ > 0, and § > 0, by Lusin’s theorem, there exists g € C[0,1] such that ||g|loc = || fllc0>
p{f # g} <6 and [, |f - gldt < e. Since limy,_no(g,2n — 2) = 0, there exists n, for
m,n > ng, (g,2, — z) < €. Since A is absolutely equi-integrable, there exists § > 0 such
that for all subsets E with uF < § and all z € A, [g|z(t)|dt < €. So

(fr2m = 2)] < (9,2 = 2| + |{f = 0,20 — 2)]
<&+ 2| fllol /f  lza(0)at + /f (010 < € 420l = (14 4]l )e

By the arbitrariness of f, we see that w - limz, = z. O

Next, we discuss the relatively weakly compact sets in Orlicz spaces. Let R be the set
of all real numbers. A function M : R — R, is called an Orlicz function if M is convex,
and lim,_.q Muﬂ =0 lim,_, M = 0o0. A complemented function N of M is defined
in the sense of Young’s by N(v) = sup,cp{uv — M(u)}. It is known that if M is an
Orlicz function and its complemented function N is also an Orlicz function. M is said to
satisfy Az(82)-condition for large (small) u (simply write M € Ay(83)) if for some K and
ug > 0, M(2u) < K M(u) as Ju| > uo(|u| < ug). Let (G,Y, 1) be a measurable space with
u#G < oo. For a measurable function z(t) we call pp(z) = [g M(z(t))dp the modular of
z. For a scalar sequence z = {z(i)} we call pp(z) = Y32, M(z;) the modular of 2. The
Orlicz space Lps generated by M is a Banach space

Ly ={z:3X > 0,pm(Az) < o0}
equipped with Orlicz norm
1 1
0 _ : - _ = "k
l2l° = inf {1 + par(ke)} = T{1+ paa(ke)}, Vb € %, K]

where k* = inf{k : pny(P(kz)) > 1},k** = sup{k : pn(P(kz)) < 1}, or equipped with
Luxemburg norm

|| = inf{A > 0: pM(i) <1}.
(more detail can be seen in [KR,WC]).
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Since the compactness is invariable topologically, we only discuss it for one norm.

Theorem 2 In Orlicz function space Ly, all bounded sets are relatively Ly-weakly
sequential compact if and only if N € /\,.

Proof Sufficiency. For a bounded set A, without loss of generality, we can assume
A C B(Lym). Forall z € A,ppm(z) < 1. Since N € Ay, i.e., there exist uo > 0,1 >8>0
and a < 1 such that for all |u| > uy, M(Bu) < afM(u). Thus

lim sup pM(ﬂ 2) < lim sup[pM(ﬂ UOX:L') +aan(z)]
"_'OO:I:EA n N0 pea ﬂ"
< lim [—M(ﬁﬂ—'f,“)"G +a*| -0

By [1], we get that A is relatively Ly-weakly compact.
Necessity. Now we assume that the Orlicz space Ly is equipped with Orlicz norm.
Suppose that N ¢ A,, then there exist v,, ./~ co and disjoint subsets G,, C G such that

1
N({(1+ ;)v,,) > 2"N(v,), N(v,)uG, = TS

Let
'U(t)_ Uy, iftEGmn:LZ"‘
“ ] 0 otherwise,
Then pn(v) = 302, N(va)nGn = 1 < . Let v, = vux|g,. We see that 1 > |lv||(n) >
ﬁl" By 9], there exists z,, € Ly with ||z,,||” = 1, u,, = u, x|, and (vn,z,) = lvnli(ny-

Let A = {z,.}, then A C B(Lpm), but A is not Ly-weakly compact. In fact, take o, = G,
then o, — 0. From

. . 1
lim sup(v|g,,zm) > lim (v,,z,) = lim lvall(ny = lim =1,
n— 00 L X

n—oG 4, n—oo 1 4

3=

by [1], A is not relatively Ly-weakly sequential compact, a contradiction. O

Lemma 1Y Orlicz function spaces Ly is weakly sequential complete if and only if
M e A,

Corollary 1 In Orlicz function space Lyg, all bounded sets are weakly compact if and
only if M € Ay and N € A\, if and only if Ly is reflexive.

Theorem 3 For a set A inly. A is relatively weakly compact if and only if A is bounded
and A is uniformly summable, i.e., for all ¢ > 0, there exists an integer I such that for all

Adz =2(i), % 1 |2(9)| < e

Proof Necessity. If A is relatively weakly compact, by Hahn-Banach Uniformly Bounded
Theorem, A is bounded . Without loss of generality, assume that A C B(l;). By the same
argument as in the Theorem 1, we get a contradiction from the Lemma of 8] instead of
Lebesgue Theorem of [5].
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Sufficiency. When A is bounded and uniformly summable, we shall show that A is
relatively compact. For any sequence {z,} C A, by Diagonal Selection Principle, we have
a subsequence, still written as {z,}, such that for all i,z,(i) — z(7). By Banach-Alaoglu
Theorem, we get that z € [;. Since A is uniformly summable, it follows that for every
€ > 0 there is an integer I such that for all z € A, 3372, (2(i)] < ¢, so for all n,
Yitrs lza(d)] < €,we get -2, |2(3)| < €. From z,(i) — 2(), there exists an integer
ny such that for all n > ny,

I ) )
120 =2l € 3 leali) = 2D + 32 Jea(dl+ 30 o) < tete =3,
i=1 =141 =141

ie, |z, —2|i 20 (n—> o0). O

Remark In the proof of Theorem 3, we have shown that for A C [;, A is relatively
compact if and only if A is relatively weakly compact if and only if A is bounded and
uniformly summable.

Corollary 2 (Shur’s)[G] In {z.} C &1, its weak convergence and norm convergence coin-
cide.

Theorem 4 In Orlicz sequence space Iy, all bounded sets are relatively ly-weakly se-
quential compact if and only if N € §,.

Proof Sufficiency. For a bounded set A, as that of Theorem 2, we can assume that
A C B(lpm),soforall z € A, pp(z) < 1. By N € §y,i.e., there exist ug > 0,1 > 8 > 0 and
a < 1 such that for all |u| < uy, M(Bu) < afM(u). Take an integer I with TM(up) > 1,
thus

n M n z
lim sup 22" o iy qupIMB M0Xle) | )
N reA ﬂ" noXseA ﬂn
IM n
< 11%[%“—“) +a"] = 0.

By [8], we get that A is relatively {y-weakly compact.
Necessity. Also as in the proof of Theorem 2, we assume that [ps is equipped with
Orlicz norm. Suppose that N ¢ 8., then there exists v,, \, 0 such that

1 1
N((1+ ;)vn) > 2" N(v,), N(v,)< o
Take integers I,, such that
1 1
LN() € oo (I + DN () > oo

Let

. { Up L+ +lp<i<hi+-41I, n=12..
v(1) =

0 otherwise.
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Then pn(v) = Yor, I.N(v,) < 1. Let v, = v, z:(l:t;i.lil.._|+l e;, we see that 1 >
lvall(nvy > ¢ By [9], there exist z,, € Lps with ||:c,,||0 =1, z, = u, Zf‘J;l++I+I" 416
and (v,,2n) = |lvnl|(v). Let A = {z,}. Then A C B(lm), but A is not Iy-weakly
compact. In fact, imy,_, sup,, (v|is1,_,,2m) 2 IMpo(Vn, Zp) = limy e ||vﬂ||(N) =

lim,, _, o W = 1. By (8], A is not relatively Iy-weakly sequential compact, a contradiction

Lemma 2% In separable Orlicz spaces, pp(z) — 0 if and only if ||z|| — 0.

Lemma 30 Let X be a Banach lattice. X is sequential weakly completed if and only if
X is a KB space.
Obviously, for the real number relation "< ", lys forms an ideal Banach latticel?.

Theorem 5 Orlicz sequence space Iy is a KB space if and only if M € §,.

Proof As in (3], we only need to show

1.0<z,| 0= ||zn|| = 0if and only if M € 6.

2. 0 <z, T,sup, ||za]l < 00 = Jz,||z,, — z|| — 0 if and only if M € é,.

1-1. If0< 2, | 0 = ||z,|| — O then M € §,. Otherwise , by Theorem 4, there exists
u,, \, 0 such that

ML+ D) > 2 M (), M) < o

Take integers I, with I, M(un) < 5%, (I + 1)M(u,) > 3=. Define

Li+..+1a
D D
n=1 i=hi+..+1 1 +1

then pp(z) = 302, [M(u,) < 1. Define z,, = 372, u; Z{‘J;l:l;," 416 then 0<
z =1z > 23 > 23 > .. and for all i,2,(i) - 0ie, z, | 0 but ||z,]| 2 40, a
contradiction. "

1-2. If M € 6 then 0 < 2, | 0 = |lz.]| » 0. For ¢ > 0, take integer I,
Yis1 M(z1(?)) < €. Since z,, | 0, take ng such that for all n > ng, 3°;_, M(2.(7)) < ¢,

ZM ZM(:,,:))-}- ZMZ“ )<£+EM2:1 ) < 2.
i=1 i=1+1 i=1+1

By Lemma 2, ||z,,|| — 0.

2-1. If 0 < 2z, 1,sup,, ||zs]| < 00 = 3Jz,|jz, — z|| — O then M € §,. Otherwise
there exist z and z,, as in the proof of 1-1. Define y, = 2 — z,,_1, thus 0 < y, T 2,
sup,, [|za]| < {lz]] < 1 but |lyn — 2|| > ||2a]| > gr 7 0, a contradiction.

2-2. If M € 63, then 0 < z,, T, sup,, ||z,]| < oo = 3z, |zn — 2|l — 0. Without loss of
generality, we assume that ||z, |] < 1. For each i, let z() = sup,, 2,(¢). then for all integers

I, Ty M(2(3)) < sup, Tio; M(2a(3)) < sup, pm(zn) < 1, 50 pu(z) = TZy M(2(d)) <
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1. On the other hand, for any ¢ > 0 take an integer I such that $7_, M(z(i)) < ¢. By
2,(3) — z(3), there exists ng such that for all n > ng, $1_; M(2.(i) — z(i)) < &. Then

00 I 50
Yo M(za(i) - 2(3)) = Y M(z,(3) —2(i)) + Y M(za(i) - 2(3))
i=1 i=1 i=1+1

<ot i (M(2:(D) + M ()] < £+ (e +6) < 24 K,
i=1+1

by Lemma 2, ||z,|| — 0,(n — o0). O
Corollary 3 Orlicz sequence space lps is sequential weakly completed iff M € 6,.

Corollary 4 In Orlicz sequence spaces lyy, all bounded sets are relatively weakly compact
if and only if M € 6 and N € §, if and only if lps is reflexive.
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