Journal of Mathematical Research & Exposition
Vol.21, No.4, 543-546, Novewber, 2001

The Argument Distribution of Infinite Order
Meromorphic Functions *

JIANG Shu-zhen
(Changchun Teacher’s College, Jilin 130032, China)

Abstract: We study the arguimnent distribution of iufinite order meromorphic functions
and obtain distribution theorein which combines the infinite order meromorphic functions
with its derived function.
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We use n(D,f = a),n(r,f = a) and n(r,0,e,f = a) to denote respectively the
number of zero point of the function f(z) ~ a on the region D, {z||z| < r} and {z||z| < r
and |argz — 8] < ¢}, where repeated zero point will be counted according to repeated
numbers.

Definition Let f(z) be a non-constant meromorphic function on the region D and m > 4.
Circle C in D is called full circle of the function f(z) with index number m, if n(c, f =
a) > m for any number a, at most except some «a, may be limited within two spherical
circular of the radius being e™™.

Lemma 10 If f(z) is an infinite order meromorphic function, then there exists a positive
number ry(ry > 1) which depends only on the function f(z) and the type function u(r).
Ifresy,»>r,q>1and

()
68g2logr(3logr + 1)

then there exists a point z in circular ring r'/% < |z| < r, and circle |z — 2| < %|20| isa
full circle of the function f(z) with index number m, where f is a positive number.

6
S1={rlr > 7o, T(r, f) > [u(r))7}.
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Lemma 22 Let f(z) be a meromorphic function in |z| < 1. If n(1,f = 0) + n(l,f =
o) + n(1,f*) = 1) < N, then for any complex number a we have n(sl—z,f = a) <
Cr{N +log mzim + log* log* |f(2*)|}, where |f(2*), a| is spherical distance of the point

f(z*) from a, z* € {z||z| < 3;},C¢ is a constant depending on K and

ﬂ(l,fZOO)

H |27 = B4 > (

g=1

1

)ﬂ(lyf=°°)
400e ’

where f,(q = 1,2,---,n(1, f = 00)) is the extreme point of the function f(z) in [z| < 1.

Theorem 1 Let f(z) be an infinite order holomorphic function. If its type function is
u(r) = rP() then there exists a half straight line B : arg z = 6,(0 < 8, < 27), possessing
the following property: If K is any positive integer, a, 8 are any two finite complex numbers
and B # 0, then for any € € (0, 7), there hold

Tim log{n(r,00,¢, f = @) + n(r, 00,6, f* = B)}/[p(r) log 7] = 1

Proof Evidently there exist a sequence {r(™} satisfying following conditions:

7'(") € Sl,'l’(n) > T](n = 132v3a"')

{n)
lim 7™ = +00, lim I_____ogT(r /) =1
n—oc n—  log u(r(ﬂ))
Take r = r("), ¢ = 64log u(r(™)) we have
T
m=my, (r’f) >4yn:11213)"'

- 60q¢*logr(2logr +1)

By Lemma 1, for any positive integer n, there exists a point z,, = |z,|e**" (0 < 8,, < 27)
on the circular ring (r(™)/5 < |z| < [r(™| and make T,, : |z — z,| < mii";—(lm be a full
circle of the function f(z) with index number m,,.

We may assume the sequence {6, } has a limit 6, when n — co,otherwise, we may take
a convergence subsequence of {6,,}. Now we shall prove that 8, possesses the property of
the theorem.

Otherwise, there exist a positive integer Ky, two complex numbers ag, Bo(By # 0) and

a positive number gg € (0, 5). When r is sufficiently large

n(r, 6o, €0, f = 00) + n(r, 90,6(),f(k) = fu) < [U(T')]l-"v

where 7 is a positive number.

Let g(z) = ﬂ—‘ﬁ“—uﬂ Then T,, is also a full circle of the function g(z) with index number
m,,. That means for any complex number a, we have n(T,,, f = a) > m,,, at most except
some a limited within two spherical circular S}, S, of the radius being e™™

1

Let ¢; = W,I‘} : |z — zj] < 32¢;|z;|. We can easily prove when j is sufficiently
large, I'; is contained within angular domain |arg z ~ | < €.

— 544 —



When j is sufficiently large, for any fixed j, let h;(t) = W then hj(t) is a
holomorphic function on |t| < 1 and

n(1,h; = 0) + n(1, A" = 1) = (T, g = 0) + n(T}, o) = 1)
< n(lz;] + 32¢51z5], 00, €0, f = au) + n(lz;| + 32€j|zjl,00,50,f(k°) = Bo)
< [u(|z;] + 32¢]z;)]' .

By Lemma 2, for any complex number a, there is

1 a

n " (32¢,]z )% )

ﬁ)h:j— :n(I‘j,g:a)

1

19(25)/(32¢j12j1)*, i |

< Cuy{[u(lz;] + 82¢12;)" ) + log +

g(z})
logtlogt | — 42
8 8 |(32e,-|z,~|)k" '}
Since g(z) is a holomorphic function, hence when 0 < r < p < 400

ptr

-7

T(r,g) <log* M(r,g) < T(p,g)

A~

by 27 € T'j, we have

|z;] + 2¢;|2;] + |z3] 3|z
L (2] + 2651250, 9) < 2T (125 + 2¢5124, 9),

log* |g(z})] <
8" lo(z))] < Vzjl + 2¢512;1 — |51 €ilzil

combining lim,_, 2EYUR) — 1 lim,_, . “8T0) — 1 We have

log u(r) logu(r)
log* log* |g(z)| < C1log T(|z;| + 2e12jl,9) < Clogu(|z;]) < Clog U(r'?)

where C; and C are positive constants.

When a does not belong to S},57 and 57" : |g(z}),a] < 1,m; < n(T;,9 = a) <

2Ck, {u(]z;] + 64£j|zjl)]1_’:’l. Hence we have

logm; . (1= 3)log 20k, [U(lz)| + 64¢;l2)] 1=
j—oo logu(rl)) =~ jox log u(r9)) - 2
This is a contradiction to the fact im;_, l“%f%’m = 1. Hence the proof of Theorem 1 is

completed.

Theorem 2 Let f(z) be an infinite order meromorphic function on the open plane, then
there exists a half straight line arg z = 6,(0 < 8y < 2x), possessing following property:
If K is any positive integer, a,3 are any two finite complex numbers and 8 # 0, then

for any € € (0,7 ) we have

2

o log{n(r,bu,¢, f = 00) + n(r,by,¢, f = a) + n(r, by,¢, f*) = B)
M o(r) logr

=1
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The first part of proof of Theorem 2 can be completed in a similar way to that of
Theorem 1. In order to prove log* log* |g(z])| < Clogu(|2;]), note that from by Poisson-
Jensen formula, we have

3|z;| + 2|z;] (3|22 - ¥, 23
logl9(2})| < o= —m(3lzl,9) + log | Z—=r——7+|
T P A PR
1
< 5m(3|zj(,9) + n(3zjl,9 = o) logblz;| + Y loglz?T’
J Jq

Ibj, <3121

where b are the extrem points of the function g(z) in |z| < 3[z].
We can suppose when j is sufficiently large, €;|z;| > 1, otherwise, we may consider

Tz -z <ellza] = 1.

= / . 1
When |27 - b} | > 326J’ZJ|,10gW < 0, hence we have

1 1
E log—< Z log*—,—
I, 1<3121 155 =05 T i, 15 Y
1
= 3 log .
b1 |z; + 32¢;|2;|t; — (25 + 32¢51251b;,)
F)

< n(1,h; = 00)log(400e) = n(T';,g = oo)log(400e).

Because g(z) is an infinite order meromorphic function, we get log* log* |g(2z*)| < 2log u(|z;).
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