Journal of Mathematical Research & Exposition
Vol.21, No.4, 547 -551, November, 2001

The Decomposition of a Kind of Complex Matrices *
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Abstract: We give an affirtuative auswer to the open problem proposed by Dr. Fuzhen
Zhang n the paper "Quateruions and matrices of quaternions™( LAA251:21-57 ) ,that is,

A, —
- > = BB, for any n x n

there exists a 2n x 27 complex watrix B such that =
—-Ar A

complex matrices Ay, A,.
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1. Introduction

As usual, let C and R denote the fields of the complex and real numbers respectively,
M, (C) and M, (R) denote the collection of all n-by-n matrices with complex and real
number entries respectively.

In recent years, the matrices with quaternion entries have gained much attention in
matrix theory. One of the effective approaches to studying matrices of quaternion may be
converting a quaternion matrix to a pair of complex matrices: writing quaternion matrix
A=A+ Ao _AZ‘; ﬁ_j
was first introduced by Wolf (1936,AMS Bulletin), later used by Lee (1949,Proc.R.1.A.),
Huang, So, Thompson, Zhang, ---. So the properties of the complex matrices having

following form:
A A,
-4, A

where Ay, A; € M, (C), are very interesting. Dr. Zhang proposed the following question
(QUESTION 5.3 in [1})

,where A;, A, are complex matrices. The isomorphism
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Question Does there exist a matrix B such that ( /-1/;— %
—A2 A
Mn(C)?

In this paper, we give an affirm answer to the problem, that is,

) = BB, for any A,, A, €

A A

Theorem There does exist a matrix B € M,,(C) such that ( T 4 ) = BB for
-4 A

any A;, A; € M, (C).
Let Ji(Xo) denote the k x k Jordan block as follows:

X 0 -0 0 O

1 X -0 0 O

0 0 1 X O

0 0 0 1 X

Let
6 o0 o0 .- —an
1 0 o --- 1 —Qan_1
N = 0 1 0 - 0 —an_2 |,

0 0 0 --- 1 —day

where a; € R,i = 1,2,---,n.Then the non-constant invariant factor of N is p(A) = A" +
aiA"" 1 4o+ @u-1X + an, N is so-called companion matrix([3]) of p(}).
If Xy is a non-real complex number, ), is the conjugate of Ag, then the non-constant

(o) - — (% — MV — Tl —

G ) is F0) = (A= Xl (r — o)t =
[A% — (Ao + A0)A + AgAo]¥, obviously the coefficients of f()) are real, denote its companion
matrix as Ni(Ag), then Ni(Ao) € My (R) and ( Ii(Ao) > is similar to Ng(Xo) in

invariant factor of complex matrix (

Je(Xo)

. Ji(Ao)
C,ie., ( k (o) ) ~ Ni(Ao).

2. Some lemmas

Lemma 1 Let A € M,(C). If A is similar to a square of a real matrix, then there exists
B € M,(C) such that A= BB.

Proof Suppose A = P"1D?P P is an invertible complex matrix and D € Mp(R). Then
A= P 'DP.(P)"'DP = (P)-'DP . (P)"'DP. Take B = (P)~'DP, then we get the

result.

Lemma 2 (Corollary 6.3 of [1]) For any n X n complex matrices A and B, the block

matrix
A B
~-B 4
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has the Jordan canonical form

J 0
0o JJ’
where J is a Jordan form of some n x n complex matrix. Consequently, all the Jordan

blocks are paired.

Lemmma 3 Let \y € C.
(1) Xo # O,then Ji(Xo) ~ JEHvVAo) ~ JH(=VA0);

- Ji(0) 2 .
(2) /\0 = O,then ( Jk(O) ) J2k(0)v
(3) Xo is a non-real complex number, then Ni(Ao) ~ NZ(v/Ao).
Proof (1) Since

Ao 0 0 -+ 0 0 0
2V A X 0 - 0 0 0
1 2V A - O 0 0
B =| LA ,
0 0 0 -~ 2% X O
0 0 0 --- 1 2 X

then its characteristic matrix is

A= Xo 0 0 0 0 0

-2V A =X 0 0 0 0
-1 220 A=Ay .- 0 0 0
0 0 0 e =20 A=) 0
0 0 0 -1 —2VA A= )Xo

So its k-by-k determinant factor is (A — Aj)* . Noticing that the (k — 1)-by-(k — 1) minor
in 2nd, 3rd, - -, kth rows and 1st,2nd,---,(k — 1)th columms is

2/ A =X 0 0 0
-1 =2Vx A-X - 0 0
g(A\) =
0 0 0 R V2V T W
0 0 0 e -1 =2\

Since g(Xo) = (=2vA0)*"! # 0,50 g()) does not divide by A — Ay,thus the greatest
common factor of g(A) and (A — X)* is 1.Since the (k-1)-by-(k-1) determinant factor is
the divisor of the k-by-k determinant factor and every (k-1)-by-(k-1) minor, so the (k-1)-
by-(k-1) determinant factor is 1,thus the elementary factor of J2(v/Ay) is (A — Ag)*, the
same as Ji(Ao).

By the same way, we get that the elementary factor of J2(~v/Xo) as (A — Ao)¥, so (1)
holds.
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(2) Since

1 00
by the same way as in (1), we can get the elementary factors of J2,(0) as A¥, A¥. Thus

(2) holds.
(3) Since Ni(vAo) ~ ( Je(v20)

N2/ ~ ( TR (V20) T ) N ( Jk(o) ) ) ~ Ni(Do).

3. The proof of theorem

A A J 0
By lemma 2, ( A A& ) ~ ( 0 7 ) Suppose
Jﬂl(Al)
Jﬂz(’\Z)
J = . N1+ ng 4+ =0,
Jn.k(/\k)
Ay Ay ). . .
then ( —E A—l ) is permutation similar to
Jﬂl(’\l) ~
Jﬂn(’\l)
J"'.'(’\‘?-) _
an(/\Z) ,
Jvu(’\k) _
\ Jﬂt(’\k)

If ); is a positive real number, then /A; € R, by Lemma 3(1),we get

)Y [ AR | (VR ’
Tus(%) 2R )T In(VR) )

the matrix in the right side is a square of a real matrix;

— 550 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



If A; = 0, then by lemma 3(2),we have

Ini(A:) J;(0)
( I (R) ) - ( 5., (0) ) ~ I3, (0),

the matrix in the right side is also a square of a real matrix;
If A; is a negative real number, suppose A; = —a?,a? € RY, then V| = a;i,/}; =
—a;t. So by lemma 3(1),

(uun _):<Laﬂﬂ )
T, (X) Ju,(—a3)

Tiasd) (i) N
( J,zli(—a,'i) ) - ( Jn.(a) ) ~ Nn..(a,z)

the matrix in the right side is a square of a real matrix.
If A; is a non-real complex number, by lemma 3(3), we have

~

T (M) . 2 -
( Ju,(X0) ) ~ Mo, () ~ N2 (V).

the matrix in the right side is also a square of a real matrix.

We have proved that every paired Jordan block ( i (Ai)

J“'(/\—i) ) is similar to a

A Az

square of real matrix, then so does - ==
-A, A

) . By lemma 1, the Theorem holds.
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