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1. Introduction

We consider the nonlocal singularly perturbed problem as follows

g:; ~ e’ Liu—elou = f(t,«,u,Tu,¢),(t,2) € (0,T] - Q, (1)
u=g(t,e,e),z € 09, (2)
u lt:u: 111(1’,5)a (3)
Jdu
E lizo= ha(z,€), (4)
where ¢ is a positive small parameter and
Ly = i (x,"(l')—;dz—., i ai(e)E 2 N \LE?, V& € R >0,
Pt P 0e 0 S e ’

H

" U O
La= 2 By, 2o dileym 2 60,

=1 (=1
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Tu = ¢(z) +/ K(z,y)udy, K(z,y) > 0,2,y € Q,
Q

z = (21,22, ,2,) € Q,Q denotes a bounded region in R", 0 signifies a boundary of
Q for class C'**(a € (0,1) is Holder exponent),n; is a direction coefficient of the inner
normal on dQ, T is a positive constant, L, is a uniformly elliptic operator, L, is a first
order differential operator,T is a integral operator, K(z,y) is continuous function.

Problem (1) — (4) is a nonlinear initial boundary value problem. This paper involves
a class of nonlocal singularly perturbed problems, constructs the asymptotic expansion of
solution, and discusses its asymptotic behavior.

We need the following hypotheses:

[(H1] The first order partial derivations of a;j,3;,¢ with regard to ¢ are Holder con-
tinuous, and g and h; with regard to z,t are Hélder continuous, with regard to € are
sufficiently smooth functions in correspondence ranges.

(H2] f(t,z,u,v,¢) is a sufficiently smooth function with regard to variables in corre-
spondence ranges and

fu(t,xau’Tu‘,e) S - S O,fT“(t,Z,’u,Tu,E) S —C2 S 07
where ¢y and ¢, are constants and (c¢; + ¢3) > 0.
2. Construction formal asymptotic expansion

We now construct a formal asymptotic expansion for the solution of the problem (1)-

(4)

The reduced problem for the original problem is

2
d u

Froke f(t,z,u,Tu,0),(t,z) € (0,Ty] x Q, (5)
u ’t:(): hl(l, 0)12 € Qy (6)
du
a le=0= ha(z,0),z € Q. (7)

From the hypotheses, there exists a unique solution Uy(t,z) for the problem (5)-(7).
Let formal expansions of the outer solution U(t,z,¢) for the original problem (1)—(4)

be
Ult,z,e) ~ > Ui(t,z)e. (8)
=0

Substituting (8) into (1),(3) and (4), developing f and h;,i = 1,2 in ¢, equating

coefficients of like powers of ¢ respectively, for i = 1,2, -+ we obtain
d2U;
ﬁ - f‘u(ty z, U()1TUU’O)Ui + fT‘u(tv z, UU7TU07O)TUi + LlUi—3 + LZUi~1 + Fi! (9)
Ui lt=0= hai, (10)
dU;
7 lt=0= hai, ) (11)
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where .
= ;1-' %Ehii]e:o,j =12,:=12,---,
and F; are determinded functions of U,k < 7 — 1. Here and in what follows the values
of terms for the negative subscript are zero. From the above linear problems(9)-(11), we
can solve U;(t, z) successively. Then we obtain the outer solution U(t, z,¢) for the original
problem. But it may not satisfy the boundary conditions (2), so that we need to construct
the boundary layer function V.

Set up a local coordinate system (p, ) as [3], where ¢ = (¢1,92, -, ¢n-1). In the

neighborhood of 092 : 0 < p < py,

hji

N et LR et S =
L, :anna—p2+§anim+§aijm+an—é;+§aia—w, (12)
Lz_b2+n21b 9 (13)
"oy,
where .
= U =22 o, S:fi -3 Sf; e

~ 52 - dp dp;
an =2 333’% Z 2 Z « Oz’ Z “ Oz
We lead to the variables of multiple scales on 0 < p < pg :

h(p, ¥)

T =
g2’

p=pP=9

where h(p, p) is a function to be determined from (29). For convenience, we still substitute
p for p below. From (12) and (13) we have

1 1 1
L = ;K10+;K11+K12,L2: 6—2K20+K217 (14)

where .

_ 2
KlU - annhp B'rz’

2 n-1 2

0 0 0
K1 = 2a,mhp57—a—p' + 1:21 anih/zm + (annhp + anhp)b“;,

82 82 n—1 82 n—1
K12—‘ann02+z nlaa Z Ua‘Pza(PJ +;a18(p1
0
Ky = bnhpa—;w
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n-—-1

K'_’l:bn +Zb

i=1 6901

Let the solution u of original problem(1)-(4) be
u=U(t,z,e)+ V(t,7,p,¢,€).
Substituting (15) into (1),(2), we have

Vie — 6V — LoV = f(2, U+ V.T(U + V),e) — f(2,U,TU,¢),

Vv |ﬂ:(): g(t,:c,T(U + V)vf) - U(’,J’,E), = (paLP) = (0,(,0) € BQ,

Let

X

Vo~ Z u(t, 7, p, go)ei

120

(15)

(16)

(17)

(18)

Substituting (8),(18) and (15) into (16)-(17), expanding nonlinear terms in ¢, and equating

the coeflicients of like powers of ¢, we obtain
(Kln + K:’n)vn =0,

and
(K1 + Koy = (vu)tt - Gy,

(1\'10 + Koty = (?’1)” - Gy,

(K10 4+ Kao)vi = (vic1)e — (K11 + KWoy)vioy — Kiovig — Gioq1,1 = 3,4, -+

() |/,_:”' (t 0 "0 0) (“, Ir = (0,80) E 80,
vl=o=¢i - Uy, £=(0,p) €09, 1=1,2,--,
where '
1.9G
G,’ = |l
i![ﬁs"
1 d'g

gi = ;:—![(9*6{}5:“’ 1= 1323”.1

le=v; G = f(,U 4+ Vie) - f(e,U,Vye), ¢ =0,1,---.

(19)

and G;,1 = 0,1, -, are determined functions successively, which constructions are omit-

ted.
Let the left-hand side of equations (19)—(22) be zero

(Kln+1{2“)vi :0, i:O,l,"'

And we have

(vo)ee — Go = 0,
(Ul)tt -G, = 0,
(vici)er — (K11 + Ko)vioq — Kppviog - Gy =0, 1= 3,4,---.
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And let

by,
hl) - aTL‘"’
That is b )
r w8, P
hip, ) = / 28 P 4, 29
(p (p) Q0 an.n.(svso) ( )
Then from (25), we can obtain v,;,7 = 0,1, - -, successively, which possess boundary layer
behavior
v = Ciexp(—62), i = 0,1, -, (30)
€
where §;_4 > é; >0, i = 1,2,---, are constants and C; can be obtained from (23)-(24)

and (26)—(28) successively.

Let V; = v(p)v;, where ¥(p) is a sufficiently smooth function on 0 < p < pg, and
satisfies P(p) = 1, as 0 < p < %p” and ¥(p) = 0, as p > %po. Then we can construct the
following formal asymptotic expansion of the solution u for the original problem (1)-(4):

u~ Y (Ui +9)e + 0(e"H), 0<e < 1. (31)

=0

3. The main theorem

We can prove that (31) is a uniformly valid asymptotic expansion (21,

We now get the remainder term R(z,e) the boundary value problem (1)-(4).Let
u(t,z,e) = a(t,z,e) + R(t,z,¢), (32)

where

7

u(t,z,e) = Z(U,; + v;)e’

i=1
USing the (32) We Obtain
— aZR , _ — | |
F(R) =755 ¢’ iR —el:R — f(t,z,u+ R, T(@+ R),e)+ f(t,z,,Ta,e)
0(6771,-}-1),2 E Q’
R=g= O(E'""Fl))z c 89.
th:() :f_ll = 0(57"""1),

R _ |
'a—t‘f.:u =hy = O(s""“).

Il

As to the proof of the validity of the approximation (31) it is possible to use the fixed
point theorem.
The linearized differential operator L, reads

82
Lip) = 57 — €*Lalpl - eLalp] ~ fult, 2, 8, T, )p
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and therefore
U[p] =F[p] - Llp] = f(t,2,3,Ta¢) - f(t, 2,2+ p,T(a+p)e)t
fu(t,z, @+ 8p, T(a + p),e)p?,0 < 8 < 1.
For fixed ¢, the normed linear space N is chosen as
N = {plp € C*((0,T] x Q),ploa = §,Plt=0 = h1,ptlt=0 = A2}

with norm
llpll = lipllz.

and the Banach space B as
B ={qlg € C((0,T] x Q)}

with norm
llgll = llgllz,-

From the hypotheses We may show that the condition
1L~ gl < 17Mlgll,¥g € B

of the fixed point theorem is fulfilled where [~! is independent of ¢, i.e., L™! is continuous.
The Lipschitz condition of the fixed point theorem becomes

1 %[p2] — ¥[p1]]|
2f 2 2f = 2
”a 2(t T u+92p2aT(ﬁ+02p2)76)p2 a 2(t$z7u+91plaT(u+91p1))€)p1”
o f

=l z(tea+ 02p2, T(u + 62p2),€)(p5 — p2)+

2 2
(G 2,0+ 6200, T+ 0202),€) —~ 3 L (12,34 ), )}l
< Cill(p1 + p2)(p2 — p1)l + Cillpi(p2 — p1)I| < Crllp2 — p1l,

where Cy,C3 and C are constants indepentdent of ¢ and this inequality is valid for all
P1,p2 in a ball Kn(r) with ||r]| < 1. Applying finally the beharior to the boundary value
problem (1)-(4) we obtain the result that the remainder term uniquely exists and moreover

R(t,z,€)| = O(e™1).
te(or%%,);(ceﬂl (t,z,e) = O(e™")

Thus we have the following theorem:

Theorem Under the hypétheses [Hy] — [H3], then there exists a solution u(t,z,€) of the
singulary perturbed problem (1)-(4) and holds the uniformly valid asymptotic expansion
(31) for € in (t,z) € [0,Tp] x .
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Example Consider the following singularly perturbed problem:

Ut — EUpp — U, = —£u> — 2rTu + ¢[(rsint + €)® + (2rt — sint)], (33)
ulr=1 = sint + ¢, (34)

u't:U = ¢, (35)

Ugle=0 = T + €, (36)

where ¢ is a small positive parameter and the operator T is defined by Tu = fol udr. This
problem satisfies hypotheses [H;]-[H,].
The reduced problem for the problem (33)-(36) is

(Ug)tt = ~7‘TUO, (37)
Uole=0 = 0, (38)
(Uy)t=0 = 7. (39)

It is easy to see that the solution Uy of the problem (37)-(39) is
Uy = rsint.
Let 7 = p/e. where p = 1 — r, the boundary layer function vy satisfies
(K10 + Ka0)vo = (62/072 + 8/07)vy = 0.
Vo|p=0 = — sint.

Then we obtain vq as
vg = —sintexpT = —sintexp(—p/e) = ~sintexp(—(1 — r)/e).
We also have the solution u of the problem (33)—(36):
u=rsint + €.

Let
u = UU+’U()+ R.

Thus from (40)-(44), we obtain
R=u-Uy~vog=¢—sintexp(—(1 -7)/e) =0(e), 0<t<1l r<1, 0<e<<l
Then we have

u=rsint —sintexp(—(1 —7r)/e)+O0(e), 0<t<1l, <1, 0<e<<l
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