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Counter-Examples to the Conjecture
M(2k,k+1) =3k — 14 [551] *
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Abstract: The maxiunun jumnp number M(n, k) over a class of n x n matrices of zeros
and ones with coustant row and column sun & has been investigated by Brualdi and
Jung in [1] where they proposed the conjecture

k1
M(2k k4 1) = 3k = 1+ [~5—].

In this note, we give two counter-examnples to this conjecture.
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Let A = [a;;] be an m-by-n matrix. Throughout this paper, s(A) and b( A) respectively
denote the jump number of P, and the stair number of P4 as defined in [1]. We use
A(n,k) for the set of all (0,1)-matrices of order n with k£ 1’s in each row and column.
While M(n,k) = max{s(A): A € A(n,k)}. We also use J,} to denote the a-by-b matrix
with all 1’s.

The number M(n, k) is defined and studied by R. A. Brualdi and H. C. Jung for the
first time in [1], and they also conjectured that

k-1
M(2k,k+1) = 3k =1+ [ ——]

holds for every positive integer k. They proved hat M(2k,k + 1) > 3k ~ 1+ [’—”;—IJ for
all k, and the equality holds for 5 > k > 1. Here, we give two examples to disprove this
conjecture.

The following two lemmas come from the Theorem 2.2 in [1] and the Corollary 4.11 in
[2] respectively .
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Lemma 1 Let A be a (0,1)-matrix with no zero row or column. Let b(A) = p. Then
there exist permutation matrices R and S and integers my,---,m, and ny,-:-,n, such
that RAS equals

Jm; 1 A1,2 e Al,p
0 ng K N AZ,p
0 0 . Jmp’np

Lemma 2 Ifk|/n and n mod k |/k for 1 < k < n, then M(n,k) < 2n—-1-[%].

Example 1 Let
Jaa Jez O 0 Js2
Jag Jag Jap O 0
A= Jss O 0 Jys O ,
0 Jog Jz2 J2sa O
0 0 Jyz Jaa Jap2

then A € A(14,8) and b(A) = 3, and it follows that M(14,8) = 24.
Proof First we have b(A) = b(B), where

11001
11100
B=110010
01110
00111

Obviously, 3 < b(B) < 4. If b(B) = 4, then by Lemma 1, there exist two permutation
matrices R and .S such that

bis bia bis

bas  b2g  bos

baz B34 b3s |,
1 1 1
0 1 1

RBS =

[= il .
O D e e

where b;; = 0 or 1, and each b;; satisfies that the i-th row and the j-th column respectively
contain exactly two 0’s. We can easily compute det(RBS) = 0, -1 or 1. But det(B) = 4,
which contradicts det(RBS) = det(B). Hence 8(B) = 3 or b(A) = 3. It follows that
s(A) = 28 — 1 — b(A) = 24. Therefore, M(14,8) > 24.

On the other hand, we have M(14,8) < 28 — 1 — [1] = 25 by Lemma 2, and hence
M(14,8) = 24. O

For k£ = 7, we have

7-1

k-1
k=14 |—5—) =20~ 14 [—] =23

Hence, the conjecture M(2k,k+1) =3k -1+ L£;—1_| does not hold for k = 7.
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Example 2 Let

[ Jsa Jsa 0 Jg2 O 0
Jza 0 Jao Jag 0 J22
Jsg 0 Jso 0 Jye O
0 Jaa Jo22 Jz2 0 Japg
0 J414 0 0 J4,4 J4,2
| 0 0 Jaz Jagz Joa J22

then A; € A(18,10) and b(A;) = 32, and it follows M (18,10) = 32.

-

Ay

-

Proof By the same way as above, we can easily show b(A;) = 3, and hence 5(4;) =
36 — 1~ 3 = 32. Thus, M(18,10) > 32.

On the other hand, by Lemma 2 we have M (18,10) < 36 — 1 — [12] = 33. Hence
M(18,10) = 32. O

Therefore, M(2k, k + 1) # 3k — 1+ [551] for k = 9 since 3k — 1 + | ¥3*] = 30.

Note added in the proof: After the submission of this note, Professor R. A. Brualdi
for his comments. Later, he introduced our examples in his column "From the Editor-in-
Chief” (Linear Algebra and its Application, 320(2000), pp. 209-210) under our agreement.
We have also found counter-examples to the conjecture for k = 7, 9. In fact, M(12,7) = 20
and M(16,9) = 28. As for k > 11, no counter-examples have been found to disprove this
conjecture until now. |
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A M(2k,k+1) =3k -1+ |51 B9 B

woM, E R WA’
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# ¥ Brualdi 5 Jung % (1] R T —RAFRERLM k & n x n EFE EARABEK
B M(n, k), FEEFE

M(2k,k+1) =3k -1+ L%—l-J.

AXGHH T X—FHERHFARA.
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