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Abstract: In this paper,it is showu that for a QF ring R, the category of projective
left R-modules is a category with factorization if and only if gl.dimR < 1,noreover, if
P(rR) = P(Rp) = O,then the meta-Grothendieck groups obtained by left modules or
by right modules are the same,up to isoworphism. It is also shown that the category of
f.g. meta-pojective left R-modules is not ounly a category with factorization but also a
category with product such that it has a siall skeletal subcategory.
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Throughout this paper, all rings are associative with 1 # 0, and modules are unitary.
We first recall two important concepts. One is the category with factorization, the other
is the meta-Grothendieck group.

In 1972, Daniel L.Davis and Donald W.Robinson gave the definition of the category
with factorization in [1]. Let C be a category. The category C is said to be a category
with factorization if for any morphism (¢ : X — Y) of C, there exists an object Z, an
epimorphism ¢; : X — Z and a monomorphism ¢2 : Z — Y such that ¢ = ¢agy. It is
shown that the category with factorization plays an important role in generalzed inverse
theories. Suppose that R is a ring. According to [2], the meta-Grothendieck group of
R is defined to be F'/F,, where F is the free Abelian group whose free generators (P)
are the isomorphism classes of f.g. meta-projective R-modules P,and Fj is the subgroup
of F generated by all expressions (P) + (Q) — (P & Q). The results of [2] showed the
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meta-Grothendieck group measured in some sense how far away an integral domain is
from being a division ring, and how far away a quasi-local ring is from being a field.

Now take f.g. meta-projective left R-modules as objects and R-module homomor-
phisms as morplisms, then a category is obtained. The purpose of this paper is to inves-
tigate its properties of this category. We show the category of f.g. meta-projective left
R-modules is not only a category with factorization but also a category with product such
that it has a small skeletal subcategory. We obtain that for a QF ring R, the category
of projective left R-modules is a category with factorization if and only if gl.dimR < 1,
moreover, if P(rR) = P(Rp) = 0, then the meta-Grothendieck group constructed by left
modules or by right modules are the same,up to isomorphism.

Lemma 1 Let N be a submodule of R-module M. If M is meta-projective, then so is N .
Proof By (3], Propesition 1.5, P(N) C P(M),the result is followed immediately.

Theorem 2 Let mP(R) be the category of fg. meta-projective left R-modules, and
M(R) the category of projective left R-modules.Then

(1) mP(R) is a category with factorication.

(2) For a QF ring R, M(R) is a category with factorization if and only if gl.dimR < 1.

Proof (1) Let (¢: Py — P2) be a morphism of mP(R). Since P; is f.g., Im¢ is f.g., and
we have the commutative diagram:

P1 —f—) IID(p —1-) Pz
N S
Py /Ker¢

By Lemma 1, Im¢ is meta-projective, so Im¢ = P;/Ker¢ is meta-projective,also
P,/Ker$. Hence P/Kerp € obmP(R), and ¢ = p,mP(R) is a category with factor-
ization. o

(2) Suppose M(R) is a category with factorization. Let P be a projective module,
and N af.g. submodule of P. Then there is an exact sequence F <> N — 0, where F is a
f.g. free module.Consider the morphism v : F — P, then there is a commutative diagram

F 2y, P
o1 ™\ >
Pl

where P’ € obM(R), ¢1 is right cancellative with respect to the composition of morphisms,
and ¢, is left cancellative with respect to composition of morphisms. We assert:

For a morphism ¢ in M(R), ¢ is left cancellative with respect to composition of mor-
phisms if and only if ¢ is a monomorphism as an R-homomorphism.

In fact, let ¢ : X — Y and there be z,,29 € X such that z; # z; but ¢(z,) =
#(z2).Then 0 # z, — z2 € X ,¢(z1 — 22) = 0. The homomorphism ¥ : R — R(z; — z3) —
X,r — r(zy — 22) implies ¥ € mor(R, X ) and ¥ # 0. So ¢¥ = ¢0, the assertion follows.

Since Im¢, is a f.g. submodule of P’, there is the following exact sequence

0 - Im¢y — P' — P'/Im¢; — 0.
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Note that R is self-injective,we have the commutative diagram:

0 — Im¢1 — P — P’/IIII¢1 — 0

Kl iy lup
0 — (hn¢1)** _ (Pl)** N (P//Im¢1)** - 0

P' ¢ obM(R) induces p; is an R-monomorphism, R is a QF ring implies that 4, is an
R-isomorphism. By the Five Lemma,we obtain p is an R-monomorphism. On the other
hand, the left exactity of the functor hom(—, R) guarantees that (P’/Img¢,)** can be
injected into a free module F’. Thus P’/Imd)l can also be injected into a free module
F'. fIm¢; # P', then ¢' : P’ % P'/Im¢y > F' and 0 : P’ — F’' are two different
R-homomorphisms. But ¢'¢1 = 0¢1, contradicts to the right cacellativity of ¢;. Now
N = P'N € obM(R). So R is semi-hereditary, wgl.dimR < 1. But R is Notherian, so
gl.dimR = wgl.dimR < 1.

Conversely, gl.dimR < 1is equivalent to the fact that submodules of projective modules
are still projective.If ¢ € mor(P;, P;), then Im¢ is projective.So the following diagram

P1 —2‘) P2

P\ )
Im®

shows that M(R) is a category with factorization.The proof is completed. O

Proposition 3 Let m(R) be the category of meta-projective modules.(g1, Py, f1), (92, P2, f2)
are two standard factorizations of morphism ¢ : P — Q. Then

(1) There is a pull back (D, hy,hs) on f; and f, in m(R).

(2) For the pull back (D, hy,h;), there exists an unique morphism ¥ : Py — D such
that g1 = h]‘y, g2 = hz‘I’

(3) (h1, P1, f1),(ha, P2, fo) are still standard factorizatons of some morphism from D
to Q.

Proof (1) In the category of R-modules, let M = {(a;,a2)|fi(a1) = fo(az2),a; € P;,i =
1,2}. Then (M, p1|ar,p2\ar) is a pull back of f; and f;, where p; is the projection from
Py x P, to P;. From[4], Theorem 4, M is meta-projective, so (1) is followed.

(2) and (3), by[5], Theorem 3, immediately.

Theorem 4 Let mP(R) be the category of f.g. meta-projective modules. Then (mP(R), ®)
is a category with product such that mP(R) has a small skeletal subcategory.

Proof Let My, My, M3 € ObmzP(R) Denote 6 : M, @(Mz @Mg) — (M1 ] Mz)@Ms, m; P
(ma ®@ m3) — (Mg & my) @ mg, and denote ¢ : My @ My —» My & M, mi @my — ma ®my.
By [6] Lemma 1, it is easy to see that (mP(R),®) is a category with product. If the
cardinal of the underlymg set of R is A, then R™ has cardinal A™. For any fg. R-module
M, by the exact sequence 0 — Keryp —»G) R% M — 0. We have M _6 R/Kery. But
the number of submodules of éla R cannot exceed 2*", it is clear that the category of f.g.
R-modules has a small skeletal category. Naturally mP(R) has a small skctetat category.
The proof is completed. O
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Usig the language of category, we can define the meta-Gothendieck group of R, as the
abelian group given by the following generators and relations: we take one generator [P},
for each isomorphism class of objects P in mP(R) and one relation [P], & [Q], = [P ® Q,
for each pair P,Q € obmP(R).

Corollary 5 Let R be a QF ring such that P(rR) = P(Rgr) = 0. Then sKomP (R)
= sKom_P_ (R)

Proof Suppose M ¢ obmP,(R), ® R — M — 0 induces 0 — M* — (él) R)* ~® R.
Thus M* is meta-projective.So M — M™ is a product-preserving contravariant functor
mP (R) — mP (R) and so induces a homomorphism sKomP (R) — sKomP (R) by
the rule [M], — [M~],. Similarly mP (R) = mP (R) induces sKj : sKomP (R) —
sKomP (R). The composite (sK3)(sKg) = sKj™ : sKomP (R) — sKomP,(R) 1s given
by [M], —» [M**],. Note that R is a QF ring,so every f.g. R-module are reflexive,i.e.,
M = M*. Thus [M], = [M**], and sK;* is the identity homomorphism. Similarly on
sKomP (R). Thus sK; : sKomP (R) — sKymP (R) is an isomophism. Then the result
is followed.

Given a QF ring R such that P(rR) = P(Rgr) = 0,the Corollary above shows that
it the meta-Grothendieck group constructed by left modules or by right modules are the
same, up to isomorphism.
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