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Welding Problem of Two Different Orthotropic
Elastic Strips *
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Abstract: In this paper,welding problem of two orthotropic elastic strips with dissimilar
materials is studied. By means of plane elastic complex method and theory of integral
equation, a new algorithm is given, which inproves the usual method of purely integral
transformation.Theoretically, the stress distribution is obtained in a closed form.

Key words: orthotropic strip; welding; stress functious; plane elastic complex variable
method.

Classification: AMS(2000) 74B/CLC 0343.1
Document code: A Article ID: 1000-341X(2002)02-0223-06

Plane elastic complex method and theory of integral equation are powerful tools in
solution the problem of elastic mechanics. There are some classical literatures which due
to Muskhelishvili N.I.l!l, Lekhnitskii $.G.[ and Lu Jiankel®. In recent years, some sig-
nificance works ([5,6,7]) have been done on the welding problems of orthotropic materials.

This paper, the welding problem of two orthotropic elastic strips with dissimilar ma-
terials is studied. First, the stress functions are decomposed in due form by way of an
constructivity integral transformation.Then,the problem is reduced to a special system of
integral equations by analytic method. Finally, the system of integral equations is solved
and the solution of stress functions is obtained in a closed form.

1. Fundmental knowledge

For the elastic plane problem of orthosotropic materials,the stress and displacement
can be expressed by two functions $(z,) and ¥(z5) 14

0s = 2Re[A23'(21) + A3¥'(22)],
o, = 2Re[®'(z1) + ¥'(22)), (1.1)
Toy = —2Re[A1®'(21) + A2¥'(22))
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and

u; = 2Re[p1®(z1) + p2¥(22)],
{ uy = 2Re[q1 ®(21) + 02¥(22)], (1.2)

where z; = ¢ + A\jy,p; = an/\? + 2a1p — a18,¢; = a12Xj + gff — ag,(j = 1,2) are elastic
constants.

In the case where the external forces X,,,Y;, are given on the boundary L, we have the
boundary condition on L:

ze L. (1.3)

{ 2Re[®(z1) + ¥(22)] = — [Yads + ¢,
2R6[A1‘§(Zl) + Az‘y(lg)] = andS + ¢3,

In the case where the displacement u(z) + iv(z) are given on the boundary L, we have the
boundary condition on L:

2Re[p1 ®(21) + p2¥(22)] = u(z), )
{ 2Re[q1®(21) + ¢2¥(22)] = u(z). € L. (1.4)

2. Welding problem of two strips

Let the elastic body consist of two different orthotropic elastic strips ,which occupy the
ribbon-region Si(|z] < +00,0 < y < a) and $3(|z] < +00,—b < y < 0) respectively,and
corresponding elastic coefficients are a}k,ajz-k(j,k = 1,2,6) and p1;,p25, 915,925 (i=1,2,as
the same meaning as in following sections).With no initial stress, the two strips is welded
along the X-axis(i.e. real-axis) and bonded completely(similar to discuss as it exists dif-
ferent displacement).Donote L;(|z| < +00,y = a) and Ly(jz| < + 00,y = —b) as the other
boundary of the strip ,there are external stress X;(t) + ¢Y;(t) acting on L;,which principl
vectors is X; + iY; = [; [X;(t) + iY;(¢)]dt and satisfied Z§=1(Xj + 1Y;) = 0. Knowing
stress and rotation on the infinite ,Let’s study the statics balance of elastic body.

Without loss of generality,we can assume X; + iY; = 0,and no stress and rotation on
the infinite. Thus, the stress funstions are single-valued holomorphic on the elastic body.
Affine transformations z; = ¢ + Ayjy and z; = z 4+ Ag;y change the strip S; to the strip
S1; and S,; respectively, and the boundary L; change to the boundary L;; and L,j;, but
the X-axis is unchanged.

According to the known conditions for the previous, our problem is attributed to solve
the following boundary value problem

Aj@j(tl) + Bj@j(tl) + ‘I’j(tz) = Fj(t),t € Lj,ty € Lyt € Lj,, (2.1)

an®i(z) + a1291(z) + a13¥:(2) + 14 ¥a(z)
= agl@z(z) + azzig(l') + 023‘1’2(32) + a24‘I’2(:c), ze X, (22)

B11®81(z) + P1281(2) + B13¥1(2) + P14 ¥1(2)

= Ba1®2(z) + F2282(z) + B23¥a(2) + P24¥2(2), z € X, (2.3)
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where &;(2) and ¥;(z,) are stress functions on §j.

M1 — Az A~ Az Az — Azz Az - Agg
A2 — N2 M2~ A2 Aza = A1z Az — Az’

(AlvBI)A2)BZ) = (

(11, 12, 13, 14, 21, (22, (3, A24)
= (14 iA1, 1+ A1, 1+ iz, 1+ iAga, 1+ 8y,
1+ X1, 1 4 4h20,1 4+ idgs),

(B11, P12, B3, B4, B21, B2, Bas, Pas)
= (p11 + 111, p11 + 1q11, P12 + 1912, P12 + 112, P21 + 1¢21,
P21 + 1G31, P22 + 1q22, P22 + 1G22),

El(t) - (1 - i/\j2);Z((;L——(%)i)‘y'-)fj(t) + Cj, fj(t)

t
- i/ 1X;(8) 4+ sY;(8))dt,t € L; (j=1,7=a;5=2,r = —b).
— 041

3. The method of solving the stress functions

Defination 1

wi(t)=®;(n)€ H, 7€ Lj, n € Lj. (3.1)
From Eq.(2.3),we have
U;(r2) = Fj(r) — Ajw;(7) — Bjwj(r), 7 € Lj, 72 € Lja. (3.2)
Defination 2 . )
w;(T
= — ——xd L; 3.3
@Ju(z) 9wt /I:j, — T, Z € 71 ( )
¥ 0(z) = _1_/ Fi(r) = Ajoi(r) = Biwi(m)y g g, (3.4)
27 Lj» T — 2

Obviously, ®,0(z) and ¥;,(z) are sectionally holomorphic functions with line of jump
Ly; and Lg; respectively and &®;o(00) = ¥ y(co) = 0. Following Egs.(3.1)- (3.4) and
Plemelj’s formula, we have

Lemma 3
‘I>;-LU(T) =&;(r) + ®j,(7), 7€ Lj, (3.5)
Vi (r) = ¥(r) + 5(r), 7€ Lj.
Defination 4
, ) ®(2) + @4(2), z€ Sp, 26
Eal2) = { ®,0(z), z€7Z;-Sp(Z = Ztv,2y=27), (3.6)
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¥jo(2) + ¥;(2), ze€ Sp,

¥ii(z) = { ¥ o(2), 2€ Z; — Si2(Z0 = 2%, 22 = Z7). (3.7)

Following Defination 4 and Lemma 3, easy to know that &11(2), ¥11(z) and $21(z), ¥21(2)
are holomorphic functions on upper semi-plane and lower semi-plane respectively, both
continuously extend to boundary X-axis.

Substituting Eqs(3.6)-(3.7) to Egs.(2.1)-(2.3) respectively, we obtain

A;[®;1(t1) — ®j0(t1)] + B;[®51(t1) — Bj0(t1)] + ¥in(t2) — jo(t2)
= Fj(t), t€ Lj,t; € Lj1,t2 € Ljs, (3.8)

a1[®11(2) — B10(2)] + a12[@11(z) — B10(2)]+
a13[¥11(z) — ¥10(2)] + a14[¥11(z) — T10(2)]
= ag1[®a1(z) — B20(z)] + a22[P21(z) — P20(2)]+
az3[¥21(z) — ¥oo(z)] + a24[¥21(z) — ¥o(z)], z € X, (3.9)

B11[®11(2z) — R10(2)] + Br2[®11(2) — B10(2)]+
B13[T11(2z) — ¥10(2)] + Bra[¥11(2) — ¥10(2)]
= B91[®21(2) — B20(2)] + B22[P21(2) — B20(2)]+
B23[¥21(z) — To0(2)] + B2a[¥21(z) — ¥ao(2)], = € X. (3.10)

Following Eqgs (3.9)-(3.10) and their conjugate equations,by help of formula of Cauchy-
pattern integral on X-axis,we have

Lemma 5
®11(2) = 311210(2) + 312%10(Z) + 313%20(2) + 314 ¥20(2)
¥11(2) = 321 210(Z) + 322 ¥10(Z) + $23820(2) + 324 ¥20(2) Imz > 0
®491(2) = 331210(Z) + $32¥10(Z) + 333%20(2) + 334¥20(2) ’
¥21(2) = 341%10(Z) + 342¥10(Z) + 543P20(2) + 544¥20(2)

where s;; = s;;(ari, @, Bri, Bri)(k = 1,2;1,5,1 = 1,2,3,4) can be determined easily.

For Imz < 0 ,we have the same conclution,but now the coefficients s;; is changed to
rij,which to be determined by a4, az, Bri, Bri similiar.

From lemma 5, Defination 2 and Eq (3.8),by plemelj’s integral formula, Cauchy-pattern
integral inversion formula and Poincare’-Bertrand’s transform formulal!l we obtain fol-
lowing two equations associated with j = 1,2 respectively

+o0 too _—
wi+(20) +/ ki1(z, zo)wy(2)de +/ kia(z, zo)wy-(z)de+

+o0 too _—
/ km(z,zo)wr(z)dwr/_ k1a(z, 20wz (2)de = g1 (20), (3.11)

— o0
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+o0 +oo —_—
‘th(lo) +/ kg](l’,to)’(ﬂp(lf)dz +/ kzg(z,zo)wla(z)dz+

+o0 +o0 —
/ kas(z, zo)wa+(2)dz + / ka(2, 20) w7 (8)dz = ga(zo), (3.12)
where wy+(z) = w(z + ai), ws+(z) = w(z — bi) and g1(z), g2(z), kj(z,20)(j=1,2,1=1,2,3,4)
can be determined easily.

By the uniqueness theorem!®!,as the same method as in [3],we can prove the Eqs.(3.11)-
(3.12) are uniquely solvable when undetermined constants C; and C; are suitably chosen.

From Eqs.(3.11)-(3.12) and their conjugate equations, we obtain following system of
integral equations

M(zo) + /_ :° M(z)K (2, z0)dz = G(z0), (3.13)

where

M(z) = (wi+(2), w1+ (2), w2+ (2), w2+ (2)), G(2) = (91(2), 01(2), 92(2), 92(2)),

k11(z,z0)  Fyaf ) k21(§:,a:0) kza(z,20)
K(Z! 1:0) _ km(z,zo) ku(z,zo) kzz(z,:co) kzl(z,mo)
’ kla(w,mo) k14( g (1:,20) k24(z,30)

kia(z,2z0) kis(z,z0) koa(z,z0) kas(z,z0)

With the theory of integral equation!®!, we get the solution of the system integral
equations(3.13) as follows

M(zo) = G(=zo) + /;:o G(z)I(z,z0;1)dz. (3.14)

Hence, I'(z, zo; 1) is the solution kernel matrix of kernel matrix K (z,zg).

As constant don'’t effect on the stress of materials,the constants C; metion previous
can be determined at will. From define2,define4 and lemma5, the solution of the stress
functions ®;(z;) and ¥ ;(z;) is given in closed from.
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