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Abstract: Let R" be an n-dimensional Euclidean space with n > 3. Denote by ,, the
unit sphere in R". For a function f € L(f2,) we denote by Efv( f) the equiconvergent
operator of Cesaro means of order é of the Fourier-Laplace series of f. The special value
A= "—;—2 of 6 is known as the critical index. For 0 < 6 < A, we set p, 1= 3\%%‘ The main
aim of this paper is to prove that

IB5 (Dl < C“"'”(/i ()P (log* |£(2))2~ (log* log* |f(2)])/@ =V da: + 1),

n

with I > 1.
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1. Introduction and main results

Let f be an integrable function on the unit sphere Q,, := {(z1,...,2,): 224 --+22 =
1} of R" and let o(f)(z) := ¥ Yi(f)(z) be the Fourier-Laplace expansion of f, where Y},
k=0

is the projection operator from L(f,,) to the space of all spherical harmonics of degree k.
The equiconvergent operator Ej of order § (Red > —1) is the linear means defined by

N
EX(£)(=z) = D65 il f)(=), (1)
k=0

where
s  T(N+n-1)I(N+é+k+n—-1)A%_,

Nk TN +k+n-1)I(N +6+n-1)4%
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The equiconvergent operator EY, on the sphere was first introduced by Wang(¥ and
has been studied by several authors (see for example [2] and [4]). The main purpose of
this paper is to prove

Theorem Let0< 4§ < A:= "—2—‘2 and py = ’\—'ﬂ_’%, then

IEN(Hlleo < Cta, z)(/Q |f(z) I (log™ | f(2))* 7 (log* log* | f(2)[)'** ™" dz + 1),

with | > 1.
Our Theorem here can be considered as an extension of the result in [2] which says
that sup || E§ ||, py < o whenever p > po.
N

The paper is organized as follows: In §2 we discribe some basic facts about the equicon-
vergent operator and Jacobi polynomials. In §3 we prove our Theorem by using Stein’s
interpolation theorem and the method of expolation.

2. Preliminary propositions

Proposition 1 The Equiconvergent operator E}{, can be represented as

Ba(f)@) =2k [ fPyT

n

z-y)dy, Red > -1, (2)

C(6+1)I(N+1)I(N+n-1)
(4«)£f£r(N+s+1)r(N+£2=‘—)
indexes defined in [2].

Obviously {E} : -1 < Reé < n} is a family of analytic operators.

where 7% = and P}Ea‘ﬂ ! denotes Jacobi polynomial with complex

Proposition 2 Let a € [0,2n], § € [0,n] and 7 € R, then

c ettt 0<0<2k1,

1P s 0)) < | etk o (r — 0) A1, 2kt < @< m— 2k, (3)

c.,,e3l’|kﬂ+17, -2kl <0<
Propositions 1 and 2 are contained in [2] and [4], respectively.

3. The Lemmas
To establish our Theorem, we need a series of lemmas.
Lemma 1 Let ¢ € (0,n) and a = A+ € + i7 with 7 € R, then
HER (Nl < ene™ e (1 fll1-
Proof It follows from (2) that

ki

a @ (n-3+e+ir,272) . -2
EX%(f)(z) = |Qu-2l7n / Se(f)(z)Py (cos 8) sin™"2 0dd,

0
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where Sy is the spherical translation operator which is defined by

lﬂl I f(zcosb+ysin0)dl(y), 0<B<m fe L)
n—2

{y€N,: z-y=0}

Se(f)(z) :=

where dl(y) denotes the measure elements on {y € 0, : z-y = 0}.
Noticing that |y§] < cae™TIN77¢ on account of Minkovski inequality and the fact
that ||Ssl|(1,1) = 1, we have

(n—-%+e+i1’,-";—3)

N-1 x x
E3(f)lh < cae™INE=<| )]y [/ '*',/; : +/ )| Py (cos 8)|sin™2 9 dg
0 -
L ene I flly - 1) + 1 + 19
However, by (3) and elementary calculations, we get
I}\;) S Bne5|‘ri€—l, i= 1,2,3'

Putting these together, we get Lemma 1.

Lemma 2 Let0<oc<nanda=oc+ir withT € R, then

IER(Hllz < Ce | £z
Proof It follows from (1) that

N

IER(HIZ = D 15k A)II3

k=0

Therefore, we only need to prove that

sup lb?\f,kl < cne"rlfl-
Nk

However, this follows immediatly from the following two inequalities:

‘U2 I‘(u) ’U2 gl
—_ L —l L _— ul
1+ 2 IP( iv)| \/1—}- z€2 (u>0,v€R),

eI (u 4 v)° < ‘—r(;(:")“v) <My, (w21,v>0),

where v is the Euler constant. O

Lemma 3 Let 0 < § < A and pg := %, then

>

BN lpp < enl )%, (po <p<2)

P—Po
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Proof Let¢ = gp—j'—;%%ﬂ and t = 13 + , then by elementary calculations we know that

1 1-t
p_—_——2——+t and §=(A+e)t+0(1-1t).

Thus, applying Stein’s interpolation theorem for analytic families of operators and taking
into account Lemmas 1 and 2, we derive Lemma 3.

4. Proof of the Theorem

fi(z) = { (J;(”)’ z € Ek3

otherwise,

Let us write

where Eo = {z : |f(z)| < 2} and Ep = {z : 227" <|f(z)| < 2*'} with k = 1,2---. Then
on account of Minkovski inequality, we have

B (Allpe < 3 NER (f)llpo-
k=0

However, by Holder inequality and Lemma 3, we have

LG (i)l < eallES(fillz < eallfollz < e
and
LB (fi)llps < call EG(Fidllpe < €n2* ¥ fillp
< cul [ 111 log 1) da),
E;

where py, = po + 27% with & > 1.
On the other hand , by Young inequality, it follows that for any I > 1,

([, 11 (gl f(@))or da)is = k5K ([ 17(a)Plog ()17 de)?s
< o™ + [ 17(2)" 1og (e log log ()" de).

Putting these together, we establish our theorem.
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® FoRD OB OBK?
(1. e HRFERER, JER 102206; 2. LFFRREHEFER, LK 100875)
B E BREn ARKKZEE 2 >3 A Q. FR R® LARARRE, dFRY
f € L(Q), E§(f) #7H Fourier-Laplace RE(f § Bt Cesaro Xk %Mt
T}, Ai=252, F RRBAAERER. MFo<s<A 4p, = fi\j, AICEEIE
BTINTER:

IEN (Fllpe < Cpn, z)(/n | ()P (log™* 1£(2)1)> ™ (log* log™* | f(2)])/ " dz + 1), 1> 1.
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