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Abstract: This paper concerus the global existence of solutions to the semi-linear
wave equation 4y — Au = G(u) in five space dimensions, where G(u) ~ |ul? with p >
3—'&%@. We used the classical iteration method and technique estimates to show that
a classical global solution exists for the radially symmetric equations with small and
compact supported initial data.
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1. Introduction

We are concerned with the following Cauchy problem for nonlinear wave equations

(sopemdo  semen o
u(z,0) = f(z), w(z,0)=g(z),

where G(u) ~ |ul? with p > 1, f(z) and g(z) are smooth and compact supported functions.
Since large data lead to blow up of the solution to this type of equations, a natural question
is the following: find a critical value py such that the equation has global solutions for
sufficiently small initial data with p > py, and most solutions blow up in finite time with
P < Po-

Johnl®l has proved that forn = 3 and 1 < p < 1 + \/5, a global solution does not
exist for any smooth non-trivial data with compact support; and for p > 14 /2, a global
solution exists provided that the initial data are sufficiently small. Glassey!® has showed
that for n = 2 the solution must blow up in finite time when 1 < p < ﬁﬂzﬁ, and a small
global solution exists when p > "iﬂzﬁ in [4]. Moreover, Glassey!l conjectured that for
n > 2, there exists a critical exponent py(n) such that most solutions blow up in finite
time when 1 < p < po(n), and a small solution exists for p > po(n) where po(n) is the
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positive root of quadratic equation (n — 1)p? — (n 4+ 1)p — 2 = 0. The work of John and
Glassey concluded that po(2) = 3—*'2,0_—7 and po(3) = 1 + V2. Sideris'? has proved that
for n > 4 and 1 < p < pg(n), the solutions blow up in finite time. In a recent important
work of Georgiev, Lindblad, and Sogge[7], they showed that when p > po(n) with n > 3,
the global(weak) solution exists for sufficiently small initial data in some mixed norm
spaces. Their argument relies on a generalized Strihartz estimate. Namely the conjecture
is proved for for arbitrary small initial data in a weak sense. There are also some results
for p = po(n). Schaeffer[1% has proved that when p = po(2) = l'b;,@ for n = 2, and when
P =po(3) = 1 + V2 for n = 3, the solutions blow up in finite time.
In this paper, we consider the radially symmetric version of Equation (1)

n—1 —
Ut — - Uy = Upp = G(u

),
u(r,0) = f(r), u(r,0)=g(

(2)

r>0,t>0,
r

),

in five space dimensions with f(r), g(r) compact supported and G depending only on w.
The main theorem is stated as the following

Theorem 1 Assume that f and g are even functions, f,g € CZ(R), and supp {f, g} C
{r :|r| < k}. If G satisfies

G (u)
Ju

G(u)| < Aluf, | | < BluP™,  A4,B >0,
then Equation (2) with n = 5 has a unique global solution in the space §,,, provided that
p > po(5) = ﬁi@ and T3 o(|1F 9| + [199]|co) is sufficiently small, where

we CYR % [0,00)) | ru, (ru)e € CO(R. % [0,00)),
u is even and u(r,t) = 0 if jr| > t + k,

lull = sup(lpel + lgp(ru)] + lp(ru)]) < +oo,
e(r,t) = (r+t+ 2k)(t — r+ 2k)%~3.

Qpp =

As in many other global existence theory, the factor ¢ in the definition of €y, takes
into the account of the decay properties of the free wave equation. Important thing here
is to get a right exponent to work with. Our space is easy to describe since it involves
only supremum norm, and the method is totally different from what Lindbald and Sogge
used. The argument is based simply contraction mapping principle.

Recall that the solution to the free equation!® ( G = 0) is given by

r+t T+t
ul(r,t) = Cor--"/l l)\(r2 + A7 —3)g(N)dX + % [cor-"/ |,\(r2 + A7 — ) f(A)dA] .
r—t |r—t
(3)

By Duhamel Principle, solving Equation (2) is equivalent to finding a fixed point for the
operator T in a suitable space, where

Tu(r,t) = u’(r,t) + Tyu(r,t), (4)
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where
Tyu(r,t) = %)—Tou(r, t),

Tou(r,t) = /U t /I A 442 - (£ = TG (u(, 7))dNdr. (5)

r—t+7'|

The goal in this paper is to prove that T is a contraction map in £ ,. Therefore We need
to prove: (a) u® € Qi if f and g are smooth enough; (b) Tp is a well-defined map from
Q. p to itself; and (c) Tp is actually a contracting map in a small neighborhood of 0 € Q.
In Section 2, we will prove part (a) and state some technical lemmas for the proof of part
(b). In Section 3, we will concentrate on the proof of part (b). In Section 5, part (c) and
some technical lemma will be proved.

2. Free solution and some basic estimates

In this part we will see that u" € @, and state some technical lemmas to be used in
Section 2.

Lemma 1 Let h € C*(R) be an even function with h(r) = 0 for |r| > k. Define

o(rt) = / A 4 X — 2)R(A)AA

-t

and ||v||leo = sup{|v(r,t)|;r € R,t > 0} for v € C%(R x [0,00)). Then there exists a
constant A; such that

llwr*vllee + llwr™?wglos + [lwr™*vlloe + [lwr ™ ?velleo + [lwr*vrlloo + Hwr™2vpelloo
< Ar(|lAlloo + 1A ]loo + {1A"]1)

where w(r,t) = t + r + 2k.

Proof Without loss of generality, we assume r > 0, ¢t > 0 and note that v(r,t) # 0 only
when t — k < r < t + k. First we will estimate r~1v,. Differentiate v with respect to r

r+t
v = / 2Arh(A)dA + 2r(r + t)"’h(r +t)-2r(r - t)zh(r —t) = 2rl(r,t),

-t

where I(r,t) = [T AR(A)dA+(r +t)2h(r+t) — (r —t)2h(r—t). Since h is even and vanishes
outside (—k, k), we have the following

r+t
ontr, 0 < 20 [ [ ABO)IAA + (7 = P 1h(r + 01+ (7 = 7R = 1)
r—t
< 2r[28| Al + 24 |Bl|oc] = 871l

hence
[r~1v,(r,t)| < 8k2||Al]oo- (6)
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Differentiating I(r,t) with respect to » yields
L(r,t)=3(r+ t)h(r+1t) = 3(r —t)h(r —t) + (r + t)2R'(r + t) — (r — 1)*K/(r — 1),

hence |I,(r,t)]| < 6k||h||oo+2k||A || and |I(r,t)]| = | [y I-(s,t)ds| < (6k||h||co+2k2[|A||oo )P
Therefore |v,(r,t)| = 2r|i(r,t)] < r?(12k||R||co + 4k%||A]loo ), i,

|r =2, (r,1)] < 12k||hlloo + 47|14 || (7)

Now let us estimate |wr=2v,|. If t — 7 + 2k < 3(r + t + 2k), ice., 7 > ZHEE2E (6) implies

v,(r,t)l < Jun(r, 1)1 < 4l (0] < 5282

Ift—r+2k>3(t+r+2k), by ~k<t—r<kand (6)

2(t —r + 2k)

P2

‘t+r+2k

r2

1
v,(r,t)‘ < ‘ ﬁvr(r,t)l < 6k(12k||h|] 00 + 4k2|A |00 )-

v,,.(r,t)t < 6k
In order to estimate |wr~3v|, we need to estimate |r~3v| and |r~2v|. Since |v.(r,t)| <
r?(12k|[h||co +4k%||h'||c) and v(0, ) = 0, Ju(r, £)] < J§ [vr(A,1)dA < (12k||A]loo+4K%[|A] |0 )r?,
le.,

Ir=3(r, 1) < 12k{|A]|o + 4k2]|1|oo-

Ifr >k,

r+t k
OIS [ AT+ A = RN < [[hlls [ G+ =t]- 7+ )N < 8K°r] Al
r—t —k

So |r~1u(r,t)| < 8k3||R||x0, therefore |r~2v(r,t)| < H%r‘lv(r,t)[ < 8k%||A)]oc -
If r <k, [P~ 20(r,t)| < klr~2v(r,t)] < 12k%||h]|oo + 4k3||A!||oo. Therefore

frYo(r,t)] < k|r2u(r,t) < 12E%||R]|so + 4531 oo
Let’s estimate |wr=3v|. If t — 7+ 2k > (¢t + 7 + 2k) and note that [t — r| < k, we have

2(r +t + 2k)

w
3 3

|5v(nt)l < |

! o(r, 0] < 6k 5o(r, )] < 6R(12E][Al]sc + 48] [¥]]c)

"
Ift —r+2k < 3(r+t+2k), ie, r> "2 then

w 4 2 3
|5(r )] < |—u(r, )] < 4(12k%{hlloo + 4K |A]|oc)-

Therefore | % u(r,t)| < 72k%||Al|x + 24k%||h'||5. Using similar arguments, we have

li,v(’r,t)l < T2 Ao + 24832
=
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To estimate |wr—2v,|, we need to estimate |r~1v,| and |r~2v..

r+t
v = / —2XR(A)A + 20(r + £)h(r + t) + 20(r — £)?h(r — t),
r—t
Ve = 6r(r + t)h(r + t) + 6r(r — t)h(r — t) + 2r(r + £)2R/(r + t) + 27(r — £)2R/(r - t).
Since h is even and vanishes outside (—k, k), we have

[P~ vre(r,t)] < 12k[|A]|oc + 45%||H || and lin(x)r_lvr,t =0,

0
I—a—r(r—lv,t(r,t))] = |6h(r +1t) + Gh(r — t) + 10(r + t)R'(r + t)+
10(r — )R/ (r — t) + 2(r + £)2R"(r + ) + 2(r — t)2R"(r — 1)
< 12[[Alloe + 20k][A]|oo + 2k2|[R" oo,
_ 0, _
Lo (r, 8)] < /0 52 (=7 oz, )ldz
< (120All + 20k ] |oo + 4k2(|R"||c)r.

Therefore
177200 (7, 1)] < 12]|A]|oe + 20k||R'||co + 4532 |]co- (8)

A similar argument as before yields |wr™2v,¢(r, t)| < 6k(12]|Alloo +20k||R" || 00 +4k2||A"||oo )-
Since v,(0,t) = 0, and by (8) we have |v,(r,t)] < 7 |vre(s,t)lds < (12}}A]|o + 20]|A']|o00 +
4k2||h" |00 )r3, i.e.,

|r~2ve(r, )] < 12][Allx + 20k][h']]oo + 4K]|A"|oo-

On the other hand [v;] < [71[2sth(s)|ds + 2r(r + ¢)2|R(r + t)| + 27(r — ¢)2|h(r - t)].
If » > k, then

k
lve(r, t)| < / 2t|s|h(s)|ds + 47'k2]|h||oo < 4tkz||h||Oo + 4rk2||h||°o < 121‘k2||h||oo
—k

That is |r~1v,(r,t)| < 12k%||Allsc, |77 2ve(r, t)| < 12k]||R]|oo, for » > k.
Ifr <k,
[P ug(r,0)] < K2(12|hl[oc + 20k][A][o0 + 4K2]|A"|0),

|r=2vy(r, )] < k(12]|h]]oo + 20k]|R[|oo + 4k*[|B"]|oc ).

By a similar argument as before, there exists a constant C(k) such taht

lwr=2v,] < C(k)(1Alloo + 1R 1l + 112" o), Twr™2ve] < C(R)(IRlloe + 1A' ]loo + 1A ]]oo)-

Lemma 2 There exists a constant A, such that

[[u°]] < Aa(|[ flloo + 11 Moo + 1 lle0 + llglloo + 119"lloo + 1lg"]loc)-
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Proof Recall ||[u®|| = sup{|pu’| + |¢(ru®)] + |p(ru®),|} and note t — r + 2k < 3k on the
support of u°, then

l(r, t)u(r, t)| < (3k)*~° ’w(r, t)r=3® (vg(r,t) + v{(r,t))l
Jp(r, )ru(r )] < (36)% |u(r, )2 (v9(r,8) + v{ (1)) |
[o(r, £)(r10), (r,£)] < (3k)2P=3[w(r, t)(=2r%09(r,t) + 2~ 20(r,t) — 20730 (r,) + r =20} (r, 1)),
where v? = [THA(r2 + A2 — t2)g(N)dA, vf = [THA(rE + A2 = £2) f(A)dA.
Therefore the lemma follows from Lemma 1.
In order to see that T is a well-defined operator on Q4 ,, we need the following technical

lemmas. We first state them here and will give the proof in Section 5 since their proof is
purely analysis and has nothing to do with PDEs.

Lemma 3 Forp € (31444_1,2) and 0 < r < t+k, let t; = max{0,3(t — r — k)} and
t, = max{0, %(t + » — k)}, there exists a constant Cy such that

Cl /t /\Z’J(A)
(E=r+ 2777 Joy (A7)

t /\z”()\)
n PP(A,7)

where z(r) = min{1, 1

Cy
—rrt_pdr < ,
p=r 4747 < (t — 7 + 2k)2-2

iy o A=lr— —t4r|d7 <

Lemma 4 Forpc¢ (91%1_—7,2), there exists a constant Cy such that for0 < r < t+ k,
t \2-r 4 Cz t  )\2-p l i 02
J, wmmypme-sete < 7, e

“(t-r+2k eP(A,T) (t-r+2k)2v—2'
3. Properties of the Operator 7}

In this section we will establish the following
Theorem 2 The map T} is a well-defined map on Q. ,. Furthermore

Tyull < CllfP.

To prove this theorem, we need to establish: (i) Tu(r,t) is even in »; (ii) Tu(r,t) = 0
for |r| > t + r; (ili) Tu,rTu and (rTu), are continuous; (iv) ||Tu|| < oo.

Since A(r? + A2 — (t — 7)2)G(u(A, 7)) is an odd function in X, therefore

r+t—T7
Toutrt) = [ 77 M4 0= (0= V)G, )N
fr—t+47]

/ /,"+t r 7, +,\2 _ (t—-T)Z)G(u(,\,T))d)‘.

t+1

Hence 5Tou(r,t) = (_+)3Tuu(—r,t). Le., Thu(r,t) = Tyu(—-r,t).
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From the expressions of Tyu, we can easily see that Tu(r,t) = 0 for |r| > t + k£ when
© € Q. p. It remains to prove (iii) and (iv).

For u € Qp and 0 < 7 < t + k, we have |u(r,t)]| < Hence

lell=r) el 2l
P R e e

In order to prove (iii) and (iv), Several lemmas are needed.

lu(r,2)| <

Al
p(r,t)? rtp(r t)*

lu(r,t)] <

Lemma 5 There exists a constant C3 such that for p € (?.t}l@,g)

T Cs|lull”
Adr < .
/ »/|1' t+'r| ))d dT (t -r + 2k)2p 2

Proof Since G ~ |uf?, there exists an A > 0 such that G < A|u|P, we have

ANV [ullP - Allul[PATP
(A7) T (A7)

r+t—7 tr—r  \l1-p
/ / u(A, 7)) dAdr < A||u||"/ / SOy
[r~ t+‘rl fr—t+7| <PI) )

Let r+ A= and r — A = ¢, then

AG(u(A, 7)) < Mu(M, 1P <

r4+t— ‘r /\ Od 4 , t—r  pt4r (@_'2;2)1_” ld ;
< 4 _
/ A; t+.r| T)) T H’U.“ / /t a+2k)”(2"'3)(,3+2k)1’2 ﬂ a
1—
tr <.fi~_a) ”1

2

t—r
—-p(2p=3) g / /4
i (a + 2k) a v (BT 2072 B+
-« i-p
t—r t++ ( 5 ) 1
2k) 7?3 dq —————dg]. 9
Ju b2 v (Broipa ©)

2

Now we estimate the following integral for 1 —p - < =2.

Casel ift—r—a<2,

t4r (@___)1 Pl far=c Al-P r=a  41-p oo )\l-p
/ 2 df= e —dA < = </ —
t—r (B+2k)}2 t=t=a (2A + o + 2k) f=r=a (2A+k) o (2A4+k)
AP 1 1 1 1
< 1-pg )\ / - ——
-kl//\ + 2/\+k T ko - p+2’p+l—-2

< (35 ) (24 k2
- k12—p 21p+l— (t—7~a+kpt-2’

where we used thefact k<t —r —a+ k< 2+ k.
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Case 2 Ift—r—a > 2,

/‘-"2—‘3 Al-? d,\<1/°° gy 1 (t—r—a)z"“”
tmeza (234 k)T T 2! Jimrma 21+ p-2) 2 '

Since t — 7 — a > 2, we have &(t —r —a) > k. Therefore (1+ %)t —-r—a) > t-r-a+k,
ie,t—-r—a> E—i—z(t——r—aﬁ-k),then

lirz—a Al_p (1.:+2)p+l—2
/ i S Eg
e DA S T4

From Cases 1 and 2, there exists a constant N; such that

(t—-r—a+ k)"”'l“.

t+r (%)1 ri
./ (B +2k) 2

Now we can estimate first integral in (9) and get

1- p
— -«
t—r t+r ( > )

2
2k)~P(2p—3)q / N2/
./—k (o +2k)7 * Ji-s (,3+°k)”-
— 2-2p ) _ 2-2p
< N3 ( T + k) / ( + 2L) {2p-3) da < 1\/'1 (#) / (C! + 2k)_1)(2p—3)d0
—k —k

Ny k1-»(2p=3)
MrTEDEnrED
The second integral in (9) can be estimated as follows
1-p
t—r t4r (@) 1
2k) P8 g0 L S |
[_, (a+2k)” . Brorpa®
t4r (M)l—p 1

t—r 4 [P
< 2% —p(zp—s>/ t— ot ok) P / 3 14
sl +h '.;,"( r2k) et (ﬂ+2k)l2ﬂ

dﬁ Nl(t—7'—a+k)2 p-l

a+2k) PPN (t — 7 — a + k)2 7P Pda

t—r+2k)%

t— 9, t—r
< ( r + 2k)—p(-p—3)(t —pr 4+ Qk)-—pHNI /_ (t —r—a+ k)Z—I—pda

t—r
< PPN (t— 7 + 2k)_”(2”"3)"”+1/ (t—r-a+k)? ' Pda

—o0
< 21)(21)—3)N1 k3-—l—p
- l+p-3

where l =3 —p+ pby, —p(2p — 3) —p+ 1 < —2p + 2 and §, is defined in Section 5.
From the estimates of first integral and second integral of (9), the result follows.

(t — r+ 2k)7PEP=3)=pHl

Lemma 6 Let u € (0,1, there exists a constant Cy4 such that for 0 < r < t+k,a=1

and 2,
[

t
/0(r+t—r) Glulr +¢ = m)ldr < Com— s,
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[lul”
(t —r + 2k)2-2

t 2 OG 11
/(;(r+t_T) Iar (U(T"‘i—t'—T,T))ldTS C4(t_r+2k)2l)—2’

t oG [|ull?
_t —_— —_
/O(r +7) 5, (u(r t+T,T))IdTSC4( =7+ 2k) T

Proof Note that A*|G(u(X, 7)) < AX*|u(A,7)|P < Al|u|? ﬁ@l we have

t
[ =t r16(utr - e+ r)lar < 4
0

/Ot(r +t—1)Gu(r +t - 7,7))|dr = /z: ’\alG(“(’\"T))qA:rH—rdT

t Aezr() t ya.,p
< [ Al S e,
t2 ()07)(/\1T) ta SO”(/\,T)
By Lemma 3 and Lemma 4, we get the first inequality.
Similarly, we can get the second inequality in the lemma.

h=rtt—rdT < Aljull

/\=r+t—‘rdT'

Note that
,|0G 9 O\ 2]
2 —_— = < A p-1 < 2( )
A au(u(x,r))] ) < e < axe (2RI AL
A\2-P
P
Al .

By Lemma 4, the third and fourth inequalities follow from Lemma 4.

Lemma 7 Let u € Q, and

C CU r+t—T1
Tiu(rt) = Z2Tou(r, 1) / /l R L R CTER RN

Then Tyu, rTyu and (rTyu), are continuous, and the following inequalities hold

]| [Jul]” lwll?

< (Ck < < —_—

[Tyu(r, t)| < Cs et [rTyu(r,t)] < Cy 5ol 1)’ |(rTyu)e(r,t)] < Cs e
Proof Since A\|G(u(), 7))| < Allu H”W"A(’\T) and '\z( (’\)) is integrable in . Also Z(A(r? +

A2 — (t - 7))G(u(A, 7)) = 2rAG(u(X, 7)) is integrable in A. Therefore

rtt—T1
(Tou)r(r,t) / / 2rAG(u(A, 1)) d/\d‘r—i-/ (PPN (t—T1) )G(U(A,T))L::+:;:dT
r—t+47
is continuous.
Note that A(r2 + A% — (t — 7)?)G(u(}, T))’\_:+2+: = 2rA2G( (/\,T))K_:+:+:d7' then
(Tou).(r,t) = 2rdu(r,t),

where Ju(r,t) = f; f'+tt+: AG(u(A, 7))dAdT + | u(A, 1) K::+:+:d‘r

r
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Therefore, Ju is continuous, and by Lemmas 5,6 there exists a constant M such that

[l [P

<
|Ju(r,t)| < M(t T 1 ok

(10)

Differentiate Ju with respect to r, we have
t
:/ B(r+ t — 7)G(u(r + t = 7,7)) = 3(r — t + 7)G(u(r — t + 7, 7))+
[¢]

0
—(Gu(r+t—7,7))~(r—t+ T)2E(G(u(r —t+7,7))
By Lemma 6, we can conclude that for 0 < r» <t + k%

a7
(t — r + 2k)2%—2

[(Ju).(r,2)| < 8C4 (11)

Since Ju(0,t) = 0 and Tou(0,t) = 0 , we have, using (10) and (11)

r
(t — 7+ 2k)%-2

Tgu(r,t):/Or(Tou),.(s,t)ds:/Ur25.]u(s,t)ds. (13)

Fur, )l = | [ (un(s,0s] < [ 17w (s,)1ds < 8Calfull (12)

Hence the following inequalities is true
Tyu(r,t) = C—Tou (r,t) / 2sJu(s,t)d 200/ / (Ju),(A, t)dAds,

which implies that Tyu, »Tiu are continuous.
To estimate rTyu, first we need to estimate the integral 252 [T |Ju(s,t)|ds.
Ift—r+2k> %(t+r+2k),

2Co P 8
/ |Ju(s,t)|ds < < / 8C4| |u|| s +2k)2p—2ds

< 16CoCallull”
=T -re u)”v—’ >

[full?

(t+ 7+ 2k)(t —r+ 2k)23

< 32C,C4

ft—r+2k<i(t+r+2k),ie,r> 2 then

200 20y M ||ul[?
<
/ |Ju(s,t)|ds e /u =71 2k)?

|l 8CyM |[u||P
r(t—7r+2k)=2 = k  (t4r+2k)(t—r+2k)w3

<20 M—

(14)
Now we estimate rTiu

2
[rTyu(r, t)| = -z |T0u(r t) < —/ 2s|Ju(s,t)|ds < CO/ |Ju(s,t)|ds (15)
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Ift —r+2k> (t+ 7+ 2k), then

2Co 2C, M|[ull?
Ju(s, t)lds < =2
/I Hlds < = /o(t—s+2k)2v—2s

[l [full”
< 2CoM M :
=T - 2k 4G (t+7r+2k)(t — r+ 2k)2P-3
Ift — r+ 2k < J(t+ 7+ 2k),
2Co M My s 2CoM ( ||l A )
r Jo (t—s+2k)2-2" " (2p—3)r \(t -7+ 2k)P-3  (t 4 2k)2P-3
2CoM ||| ” < 8Cy M [|u||P

= (2p-3)r(t—r+2k)¥3 = 2p—3(t + 7+ 2k)(t — 7 + 2k) 23

For (rTyu),, we have (rTiu).(r,t) = —%gsﬂmgu(r,t) + %l(Tou),(r,t). We have proved
that the first term is continuous and satisfies the estimate. The second term is also
continuous, since

%"(Tou).,.(r,t) = C—Ju(r t) = o

- : /0 (Ju).(s,t)ds.
Ift — r+ 2k > 3(t + r + 2k), then by (12)

2C__ 8C|lulp"r
7 U—r+NYW°“

[|ull”

(t + 7+ 2k)(t — 7+ 2k)?-3"

u(r,t)| < 32CyCy

If t — r+ 2k < 3(t + r + 2k), then by (10)

20, 200 Ml _ 8CoM ful?
0 ) < == < '
r [Tu(r )l < ro(t—r+2k)P72 7 k(47 +2k)(t -1+ 2k)2P3

4. Proof of Theorem 1

We will prove T is a contract map and maps a proper chosen set to itself.
By Lemma 7 we have

Tl < || + 1 Tyul] < [Jul]] + 3Cs[ull.

Let € = (6C5) ™77, hence C5 = ge' ™" Let f , = {u € Qxllul| < e}
Choose Z,-=0(||f(‘)||oo ()] ) small enough such that [|u°|| < 3, then

£ 1 -p.p
Tl < 1wl + 3Cs[[ull” < 5 +3- Eel PeP = g,

Therefore T maps O, to itself. Exactly same estimate as before but replace G by
A(|uf? — |v|P) and note that | |u[* — |v["| < (Ju| + [v])*"!|u — v], then

17w — Tol| < 3Cs( 5(26)" 7 lw = vl| = 27%|u — o]},

|ull + [lell)~
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Since p < 2, hence 2?7 < 1, and T is a contraction map on Q1o therefore T is a
contraction map on 7 ;. By contraction mapping theorem, there exists a unique fixed
point u of Q;,k such that Tu = u, i.e., the global solution of the nonlinear wave equation
exists.

Theorem 3 Forn = 5 and p > 2, the global solution of the nonlinear wave equation
exists in Q,, where Q1. defined as before except o(r,t) = (t + r + 2k)(t — r + 2k)*~1.

Proof The proof is similar to the proof of Theorem 1, and is omitted here.
5. Proof of Lemma 3 and Lemma 4

Proof of Lemma 3 Without loss of generality, we assume ¢t — r > 0.
Casel Ifr—t+7>0,ie,7>t~—7r, then

or—t+7,7)=(r—t+7+7+2k)(t—r+2k)*% = (2r +r -t +2k)(t — r + 2k)?P7°

/t AZP(A) '\ d_r _ /‘I‘ AZI'()\) d)‘
t eP(A,T) =r—t4r o (2A+t —r +2k)P(t — r + 2k)p(2p-3)

< (t 2k)~P(2p=3) /1 A at [ A dA
< (t-rt2E) o (2X+t—7r+2k)p +/1 (A +t—r+2kp

< (t —r + 2k)7P(-3) [(t —r+2k)7P + (t—7+2k)7F /Oo Al-%vd,\]
1

< (t—r+ 2k)7P2P3-% [(t—r+2k)—5+ 3 . 5
2P

< ETE 4 5 ! (t — 7 + 2k)P(2P=3)- %,
2P — 2

For p > h‘lﬁ, we have —p(2p — 3) — ¥ < —2p + 2 and note that ¢t — 7 + 2k > k then

(t -r+ 2k)-—p(2p—3)—,’_,~' =(t—r+ 2k)—2p+2(t 4 2k)—p(2p—3)-—,’_7'+2p—2
< k—p(2p—3)—,‘_;'+2p—2(t —r g 2k)—2p+2'

Case 2 If r—t+71 < 0,i.e., 7 <t—r, then p(t—r—7,7) = (t—r+2k)(27—(t —r)+2k)?~3

t=r AzP(A) t-r—t AzP(A)
y /\=t—1'—‘rdT :/ di
. PP(AT) 0 (t — 7+ 2k)P(t — r — 2X + 2k)P(2-3)
If t — r <k, then t; = max{0, %(t —-r—k)} =0
t—r—1; )\ZP(/\)
/ : - dA
0 (t—7+2k)P(t — 7 — 2\ 4 2k)r(2r—3)
t—r 4
S/ AzP(A) )
o (t=r+2k)(t—r—2(t—r)+ 2k)p2p-30
k AzP(A)
< (t—r+2k)7" /
> ( r ) o (—(t _ 7,) + 2k)])(21)—3)
—p k A -p1.2-p(2p—
< (t—r+2k) /U g dA < (£ o 2R) PR,
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Since p < 2, we have (t — r + 2k)27? > k?-P. Therefore

t=r AZP(A)
ty ‘Pp()" 7)

Ift—r >k thent;=1(t—r—4k)>0

hmter_rdT < (t = 7 4 2k) P2 mP2P=3) 4P,

t—r—t) ,\zl)(,\) t—r—t) Al-»
/ i< [ aa
0 (t-r+ 2k)1’(t ~r = 2\ )p(2=3) 0 (t -7+ 2k)P(t — r — 22 )0(20-3)
_'L_ .___+_ Al—p
<(t- 2k) / / :
(t—r+ [ + + s ] . 2/\+2k)p(2p_3)d/\

< (t— 14 2k)7P(t — 7 4 k)P~ / APdA+
V]

_ t—r+2k
(t=r- 2(t_r4+_2k) + 2k)—p(211_3) /. Al-Pd A+
t — 7+ 2k ,,
(+)_p+l /,___u (t—r—2X+ 2k)—l1(-=p—3)d/\

Since .

[ amran = ———1 il
u -1°2

| &=

=tk t—r+ 2k

I (e L)

4 2
otk etk
/-,'0 (t—7—2X+2k)7P00" J)</ C(t =7 = 2X 4 2k) PP

L 1—p(2p—-3

= .l_/ooa“p(‘lll—&da = l_ ktorr=9) )
2k 2p(2p-3) -1

Note that t—r+k = 5545504k > 524 38 o Lotk 40y 9k > 3k, —p(2p~3) < —p+2,
and —p(2p — 3) + 1 < —p + 2, therefore there exists a constant, say Mg, such that for
t—r<k

)1—-1)

o

—

r+ 2k k) k

t . —_ :! . < 2
0 ( r _l_ 2k)[1(t [ C— .))\ :zk)p( )l)_:;) = 4] 7

Combine all above, there exists a constant M; such that

/t AzP(N) i M,
o PO, TP S T R
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Now we prove the second inequality. First we consider t4+7 > k, then t; = %(t +r—k)>0
and p(t +r —7,7) = (t + v + 2k)(27 — (t + 7) + 2k)%73,

t AzP()) iy /r+t ta AzP(X) D
b (t+ 7+ 26)P(t + 7 — 2X + 2k)P(2p=0)
X dA

1‘+t to
<
= / (t+7+ 2k)P(t+ 7 — 27 + 2k)P(-9)

z Lhrt2t Lotk Al-p
< k)~ ) dA
(t+7'+2 [/ +/ _‘Lﬁ:"_] (t+7’—2/\+2k)p(2p—3)

A similar argument used in the proof of first inequality, there exists a constant M(',
such that for t +» > k,

'

t AZP(A) M M
- T < 0 < 0
t2 PP(A,7) ST (t+7r+2k)%-2 ~ (t —r+ 2k)%r-2 )

Ift+r <k, thent, =0 and

t AzP(A) /t AzP(N)
a4 S NI L Qa0
a PP = o T)

d t Al_’) L 4
—tar_rdT < —— D=t r—rdT

t
T < (t+ 7+ 2k) PR PP / (r+t—7)"Pdr

0

_/ (t+r—7)77 1
T Jo (t+r+2kP(2r — 1 — t + 2k)P(2=9)
1
= (t — okY~PL—P(2p-3) {_ 2-p ¢ 2—11]
(¢—r+2k)7Pk Py +2_p(r+)
-p(2p-3)

2 -

< (t +r+ 2k)_1’k"p(21’”‘3) .2 1 p. (7. + t)z—P < (t +r+ 2k)—2p+2

Therefore there exists a constant M{ suchthat for 0 <r<t+k

! '

/ AZP(A) dT M], < Ml
b P, T) T St e+ 2k)%2 T (t— 4 2k)%2

Proof of Lemma 4 Note p € (%@,2), then there exists a number §; > 0 such that

3460+ V(3+60)+38
= p .

Forr—t4+7>0,ie,7>t-r,

t A2-—p
t—r PP(A,7)

AT dA
t—r+2k)

rerdT =(t = 1 4 2k)7PCP- 3)/
D=t dT =( T+ 2k)” 2T

<(t = + 2k) g r+2k)"’/ AT TdA+
4]

X /\2 P
/ —m
1 (2A +t — 7+ 2k)B-p-bip)+p=(3-p=bip)
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where 0 < §; < min{&y,2 — %}, it is easy to see p — (3 —p+ 61p) > 0 and

00 A2—-p
/; (2A + t — r + 2k)B-P+oip)+p=(-p+éip)

dX < (t = 7+ 2k)7PF3H0p / T Ami-hirgy
1

- —(t — r 4 2k)"PH3tbip,

pb:
Therefore
t /\Z—p
fr ‘Pp(/\’r)‘,\_r t4r07 < (t =7+ 2k)77 (2p-3) [(t -7+ 2k)7P + Tl(t —r+2k)" 2P+3+P51]

- (t —r+ 2k)-—p(2p—3)—2p+3+p61 [( —r 4+ 2k)p—3 by + p‘S ]
1

S [kp—s—l)&l + (15 ] (t—- r+ Qk) p(2p-3)— 2p+3+p6|

bo1

2
Since p = Sthoty E:Hs“) 2 we lave -p(2p—3)-2p+3+ph < —2p+2,ie, 20 - (3 +
§1)p — 1 > 0, which requires p > Sty (43+6')2+8. Therefore

t /\2—1)
-/t—r (Pp(/\, T)

Forr—t+71<0,ie,7<t—r,

T

poy

t—r  )\2-p t—r—t) A2-P
/ l,\:t—r—‘rd‘r = / dA.
u  PP(AT) 0 (t ~ 7+ 2k)P(t — 7 — 2X + 2k)P—(2p-3)

Ift-r <k, thent; =0 and

t— A')_I)
dA
/0 (t —r+2k)2(t — 7 — 2X + 2k)2(2p=3)
t—r /\g_p
s dA
B /0 (t — 7+ 2k)P(t —r — 2(t — 7) + 2k)P(2p=3)

2\2-P

— - -pL3-p-p(2p-3)
<(t—r+2k)" / - oH)d,\g(t r+ 2k) Pk .

Note that (t — 7 + 2k)?~? > k7%, we have

t—r /\2—1)

———h=r—t+rdT < R1r2e=3) _ + 2k -2p+2
t) <p”(/\,‘r)’\ t+ = ( )
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forallt—rgk.Ift—r>k,thent1:%(t—r—k)>0,

. t—r Az_P d t—r—t; AZ—p "
[l (PP(A,T)"Azr—H-T T = [) (t —r+ 2k)p(t —r =2\ 4+ 2k)1)(21)—3)

k
<(t =7+ 28)7P[(t — 1 + k)~P=D) /2 AZPAAL
0
t—r+2k

(t—r-— Q(t___rg'ik) + gk)—zo('f-’lv—f’)[t ! A27PdA+
7

t—r+k

(t—’f‘;+ k)—1)+2/ 2')': (t—r—2/\+2k)—p(2p_3)d/\]-

_:."i"_ 2l NG
Note that fk AP < 51—11(9—“%4‘*'—&)3 ? and —p(2p — 3) —p+ 3 < —p + 2, therefor
there exists a constant Ny such that

t—r  \2-p
ty ‘PP(’\)T)

for t — r > k. Combining all estimates gives

h=tr—rdX < No(t — r + 2k)2+?

t  \2-p —apt2
/; WLzh._t_{_ﬂd/\ < Cg(t -r+ 2k) pTe
1 )

Now let us turn our attention to the second inequality in the lemma If ¢ + » < k, the proof

is similar to that of ft, :,ZIA'\T)) h=rtt—7d7 < C1(t + r + 2k)~2*+2 and is omitted.

Ift+r > k,thent, = J(t+r+k) > Oand p(t+r—7,7) = (t+7+2k)(27—(t+7)+2k)?P73,

AZ—p

t /\2 4 r4t—t
/ -t+r—-rdT = /
b PP (A7) . (t 4+ 7+ 2k)2(t + 7 — 2X + 2k)P(2p—3)
% ..i._‘h__ _:i-_i-__ A\2-P

< (t 2k"’/ ' / A
<(t+7+2k) [O + : t Lt r }(t+r—2x\+2k)l’(2”‘3)d

<(t+r+2k) P47+ k)~f'<21'—3) / AP+

da,

(+rtk

t+r+ 2k —p(2p~3) 2—p t+r+ k 2-p 2 p(2p-3)
(-EIE / ") ax+ (LS ] (t47— 20+ 20) P
N\ —(2p—-3)+3—-p k 3-p
S(t+7+28)7P[(t+ 7 + &)Y (i) + (ﬁ—réi) +

kl—p(?.p—l!) t+r+k 2—p
p(2p—3)—1( 2 ) I

Note that —p—p(2p—3) < —2p+ 2 and —p— (2p—3) + 3 — p < —2p + 2 (which requires
P> &b“ﬁ), then we conclude there exists a constant Nl' such that fort +r > k

t \p , ~2p+2 ' ~2p+2
[zW"\=r+a—rdT<N1(t+r+2k) PTECNy(E - 4 2k)7TC
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This concludes the proof of the lemma.
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