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Abstract: Let R be a semiprime ring with the center Z(R), d and g be derivations of
R, L be a nonzero left ideal of R and rgr(L) = 0. Suppose that d(z)z — zg(z) € Z(R) for
all z € L, then d(R) C Z(R) and the ideal of R generated by d(R) is in the center of R.
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1. Introduction and preliminaries

In [2] E. C. Posner initiated the study of centralizing and commuting mapping. He
showed that if d is a centralizing derivation of a prime ring R, then either d = 0 or R
is commutative. Over the last twenty years a lot of work has been done on centralizing
and commuting mappings. In [3] M. Bre§ar discussed a generalized case about derivation,
he proved that if derivations d and g of prime ring satisfy d(z)z — zg(z) € Z(R) for all
z € L, L be a nonzero left ideal of R and d is nonzero, then R is commutative. When R
is a semiprime ring and d = g, T. K. Leel] and C. Lanskil’! have given some interesting
results.

The main goal of this paper is to prove that if a pair of derivation d and g in a
semiprime ring satisfy d(z)z — zg(z) € Z(R) for all z € L, L is a nonzero left ideal of R
and rr(L) = 0, then d(R) C Z(R) and the ideal of R generated by d(R) is in the center
of R.

Throughout this paper, R will be a semiprime ring with the center Z(R), Q,,(R) be
the maximal right quotient ring of R, C be the extended centroid of R, B(C) be the subset
of all idempotents of C'. Spec(B) denotes the set of all maximal ideal of the Boolean ring
B(C). O(R) is the orthogonal completion of R. If L is a left ideal of R, then O(L) is a left
ideal of O(R). Let M € Spec(B), ¢m: Qmr(R) = Qmr/Q@m-M = Qp be the canonical
surjective of rings ( see [1, Chapter 3] for details).
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2. Results

Theorem Let R be a semiprime ring, d and g be the derivations of R, L be a nonzero left
ideal and rp(L) = 0. Suppose that d(z)z —zg(z) € Z(R) for all z € L, then d(R) C Z(R)
and the ideal of R generated by d(R) is in the center of R.

For the proof of the Theorem, we need the following Lemmas.

Lemma 1 Let R be a semiprime ring, L be a nonzero left ideal of R and rp(L) = 0, then
em(O(L)) # 0 for all M € Spec(B).

Proof First we show that (L) = 0 implies rg(L) = 0. Let ¢ € Q,n, such that Lg =0,
for this elenemt ¢, by [1, Th2.1.7(2)] there exists dense right ideal J of R such that
gJ CR, clearly LgJ = 0, that is ¢J € rr(L), since rp(L)=0, so we obtain ¢J = 0, also (1,
Th2.1.7(3)] implies ¢ = 0, therefore ry(L) is zero.

Next we show that 7¢(L) = 0 implies ro(O(L)) = 0, therefore r¢(O(L)) = 0. Since

L
o(L) = {Z rou|U is dense orthogonal subset of B and {r, |ue U} C L},
uelU

if there exists ¢ € @Q,,, such that O(L)q=0, take rE(g) € O(L) for all »r € L, then
0 = rE(q)g = rq for all » € L, then q€ rgo(L) , by ro(L) = 0, we get ¢ = 0, so
rQ(O(L)) = 0, therefore rc(O(L)) = 0.

Since r¢(O(L)) = (1-E(O(L))C = 0, then E(O(L)) = 1. For all M € Spec(B), E(O(L)) :
1¢ M, by [1, Corollary 3.2.4] we obtain ¢pr(O(L)) # 0 for all M € Spec(B).

Lemma 2 Let R be a semiprime ring, d and g be derivations of R, L be a nonzero left
ideal of R and rp(L) = 0. Suppose that d(z)z — zg(z) € Z(R) for all z € L, then there
exists e € B(C) such that eR is commutative and d induces a zero derivation on (1 —e)R.

Proof Set O(R) is the orthogonal completion of R
Q= {+,-,.,0,Der(R)},
Ap={||ti =t {|,l|t € T || T is an orthogonal complete subset of O(R) containing zero}
Since d(eq) = ed(q) for all ¢ € Q,..,d € Der(R) then O(R) is orthogonally complete
Q- A - ring, O(R)m = ¢Mm(O(R)) is a prime ring for all M € Spec(B), by Lemma 1
#a(O(L)) is a nonzero left ideal of O(R)ps for all M € Spec(B). Consider formulas:
® = (Ve)(Vy) || 2 € O(L) || A |l [d(z)z - zg(2),y] = O ||,
¥y = (V2)(Vy) | 2y = yz ],
%2 = (V2) | d(e) =0 .
It is easy to prove that & is a hereditery first order formula and ¢, ¥,, ¥, are Horn

formulas.
Since [d(z)z — zg(z),y) = 0forallz € L,y € R and

L
O(L) = {Z ru|U is dense orthogonal subset of B and {r, |u € U} C L},
uelU
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by [1, Th3.1.8, Th3.1.9, Th3.1.14] we obtain
[d(z)z — zg(z),y] = O for all z € O(L),y € O(R),
that is O(R) |= ¢. By [1,Corollary 3.2.11], we have

O(R)u k= & = (Y2)(¥y) || 2 € ear(O(L)) | A || [d(2)e — 2g(z), 5] = 0 | .

Since for all M € Spec(B), O(R)nm is a prime ring and ¢p(O(L)) is a nonzro left
ideal of O(R)p by Lemma 1 and Q(R)p | € implies that [d(z)z — zg(z),y] = 0 for all
z € pMmM(O(L)), y € O(R)p. From [3, Th4.1], for every M € Spec(B), either O(R)m
is commutative or d is zero on O(R)ps, that is, O(R)y | ¥1 or O(R)m E ¥,. By[l,
Th3.2.18] there exists e € B(C) such that eO(R) |= ¥; and (1 — ¢)O(R) E ¥3, that is,
eO(R) is commutative and d induces a zero derivation on (1 — e)O(R). Since R C O(R),
then we complete the proof.

Proof of Theorem By Lemma 2 there exists e € B(C) such that eR is commutative
and d induces a zero derivation on (1 — e)R, then [ez,ey] = 0 and d(r) = ed(r) for all
z,y,7 € R, then

[z,y]d(r) = [z,yled(r) = [ez,ey]d(r) = O for all z,y,r € R,

d(r)[z,y] = ed(r)[z,y] = d(r)[ex,ey] = 0 for all z,y,r € R.

So [R,R]d(R) = 0 and d(R)[R, R] = 0, then by [5, Lemma 2] d(R) C Anng([R, R]) the
maximal central ideal of semiprime ring R, therefore d(R) C Z(R) and the ideal of R
generated by d(R) is in the center of R.

From {3] we can obtain the following corollaries.

Corollary 1 Let R be a semiprime ring and d derivation of R, L a nonzero left ideal of
R and rp(L) = 0. If d is centralizing or skew-centralizing on L, then d(R) C Z(R) and
the ideal of R generated by d(R) is in the center of R.

In particular, when d(z) = [a,z] and d is skew-centralizing on L, i.e., [a, z]z + z[a, z] €
Z(R) for all z € L, from Corollary 1, we get d(R) € Z(R),then d(z) = [a,z] € Z(R) for
all z € R,by (6, Lemma 2],a € Z(R). This result can also be proved by using [5, Th 2],
[a,2)z + z[a,z] € Z(R) for all 2 € L implies [a,z%] € Z(R) for all x€ L, then [a,z%], =0
for all z € L, by {5, Th2] we obtain [a, L] = 0.Since rp(L) = 0 and R contain no nonzero
nilpotent left ideal, from L(ar — ra)L = 0 for all » € R, we get L(ar — ra) = 0, therefore
ar =raforallr € R, soac Z(R).

Corollary 2 let R be a semiprime ring, L be a nonzero left ideal of R and a derivation d
of R such that [d(z) + az + 2b,2]) € Z(R) for all z € L. then (d — I,)(R) C Z(R) and the
ideal of R generated by (d — I,)(R) is in the center. If R is not commutative, then there
exists a nonzero ideal K of R such that d(z) = [z,a] for all z € K.

Proof Set I, = [,y] is inner derivation, then the relation {d(z) + az + zb,z] € Z(R)
implies (d — I,)(z)z — 2(d + I)(z) € Z(R), d — I, and d + I, are derivations of R, from
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main theorem, (d — I,)(R) C Z(R), and the ideal of R generated by (d — I,)(R) is in the
center of R.

If R is not commutative, from Lemma 2, e # 1 then 1 — e # 0, by [1, Prop 2.2.3]
there exists a dense ideal I of R such that (1 — e)] CR. K=(1-e)I is a ideal of R and
K C (1-e)R, then (d — I,)(K) = 0, therefor d(z) = [z,a] for all z € K.

Take d=0 in Corollary 2, we have

Corollary 3 Let R be a semiprime ring, L be a nonzero left ideal of R and rg(L) = 0,
ifa,b € R are such that z — az + zb is centralizing on L, then a € Z(R).

References:

[1] BEIDAR K I, MARTINDALE W S, MIKHALEV A V. Rings with Generalized Identities [M].
Marcel Dekker, Inc. 1996.

[2] POSNER E C. Derivations in prime rings [J]. Proc. Amer. Math. Soc., 1957, 8: 1093-1100.

[8] BRESAR M. Centralizing mappings and derivations in prime rings [J]. J. Algebra, 1993, 156:
385-394.

[4] LEE T K. Semiprime rings with hypercentral derivations [J]. Canad. Math. Bull,, 1995,
38(4): 445-449.

[5] LANSKI C. An engel condition with derivation for left ideals [J]. Proc. Amer. Math. Soc.,
1997, 125: 339-345.

[8] BRESAR M. On a generalization of the notion of centralizing mappings [J]. Proc. Amer.
Math. Soc., 1992, 114: 641-649.

YEARLEHNE
koM%Y 4 A X
(L RS, WK B 2060042 2. HHWALEEHRLN, Sk KF 130023)

B R FOTRTHEERELRFNFELEEE EMRE. SETOTER:BR
REHFFL Z(R) WEER. dMg R RMME, LNV RMYEZTEAEH rr(L)=0.
Bk d(z)e — zg(z) € Z(R) 3H{EEM = € L MIL. B4 d(R) C Z(R) Hii d(R) £BH
R #7404 R 9RO B

— 374 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



