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Completely Positive Realizations of a Cycle *
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Abstract: An n x n rcal matrix A is called doubly nonnegative, if A is entrywise
nonnegative and semidefinite positive as well. A is called completely positive if A can
be factored as A = BB*,where B is some nonnegative n x m matrix. The smallest such
number m is called the factorization index (or CP-rank) of A. This paper presents a
criteria for a doubly nonnegative matrix realization of a cycle to be completely positive,
which is strightforward and cffective.
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1. Introduction

Completely positive matrices are important in the study of block designs in combina-
torial analysis, and have applications in establishing economic model (8].

Recall that an n X n matrix A is said to be completely positive, denoted by A € CP,,
if there exist m nonnegative column vectors by,---, by, such that

A= blbg +- 4+ brnbytna

where t denotes transpose. The smallest such number m is called the factorization index
of A and denoted by ¢(A). An n X n nonnegative matrix A is called doubly nonnegative,
denoted by A € DP,, if it is semidefinite positive. It is known that

Lemma 117 DP, = CP, forn < 4.

But for n > 4, CP, is a proper subset of DP, (see 1,3]).

we denote A(l) the submatrix of A obtained by deleted the /th row and column of
A. Let E,; = (ei;) denotes an n X n matrix,where e,, = 1,otherwise, e;; = 0. For a real
symmetric matrix A, the graph G(A) = (V,E) of A is defined as: V = {1,---,n} and

E= {{l’]} z#],a” # O) 21.7 = 1,"',11}.
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For any vertex ! € V, let N(I) denote the set of all neighbors of / in G, i.e.,
N ={i: (&) eEi#£l}.

By a doubly nonnegative realization of a graph G, we mean a matrix A € DP, for which
G(A) = G. The set of all such matrices is denoted by Ag(see [11]). G is called completely
positive (abbrev. ¢p)if A € CP, for any A € Ag. It is shown in [3,4,5] that

Lemma 2 A graph G is cp if and only if G does not contain an odd cycle of length greater
than 4.

From lemma 2, we know that if G is acyclic(i.e., without any cycle) or G is an even
cycle, then G is cp.

2. A necessary and sufficient condition

Let G; = Cyy1(see [11]), ie., G is a cycle with length 2k + 1 where k > 2. By [3], we
know that there are some(in fact, many)matrices in Ag, which are non-cp and we would
like to determine which matrices are cp.

It is easy to find that for any A € Ag,, A is permutation similar to a matrix of the
form

app a2 0 - 0 a1n
a1 Gz 423 - 0 0
: (1)
0 0 0 *tr Qp-1n-1 Qpn-1n
anl 0 0 te Q-1 Ann

where a;; = aj; for 1 < 4,7 < n. Hence, we assume that A is of form (1) from now on.
We have shown the following interesting result in [11]:

Theorem 1 Let A € DP, be of the form (1) where a;; # 0 if and only if j =i —1,4,i +
1(mod n). Then A is in CP, if and only if there exist two positive numbers a,b such that
(1) ab = A1n -
(ii) H=A- (a®?E11 + b’E,., + a1nE1n + an1Eny) € DP,.
But it is not practical to use Theorem 1 to determine which matrices in Ag, are cp.
The following interesting result gives a necessary and sufficient condition for any ma-
trix A € Ag, to be cp, which is proved to be more effective and convenient for us to use
than any other one.

Theorem 2 Let A € DP, and that G(A) = C,, with n an odd number large than 4.
Then A € CP, if and only if det A > 44c,, (Aclul denotes the weight of the cycle G(A)).

Proof Suppose A € CP, be in the form (1). We may assume that A is irreducible and
a1 = ayy = -+ = a,, = 1;0therwise, we substitute the matrix A with D‘l/ZAD’l/z,where
D = diag(ayy,- -+, @nn)(note that a;; > 0 for all 7 by the irreducibility of A). Then A can
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be factored as A = BB? where
b1 by
bas  ba3
bn-—l.n
bnl ‘ bn,n
where B is a nonnegative matrix of order n, with b;; > 0 for j = 4,4+ 1,§ = 1,2,--- ,n(n+
1 =1). Hence det A = (det B)2. While
(det B)? = (by1baa -+ - bun + brzbag -+ - b1 nbn1)®
> 4b11bgg - bunbiabag - bn_1 b
= 4a12a33 - An_1nCn1,

that iS, det A > 4A|C,,|-
Conversely, suppose det A > 44¢, ;. Partition A as the form

An a
sl ®)
where @ = (@15,0,+,0,-++,an-1)" € R™ 1. It is easy to see that
det A = det(A;; — aa') = det H + 4012023+ @1 81 (4)
Here H is the following symmetric nonnegative matrix of order n — 1, |
1- a%,z aiz A1nln-1,n
az 1 ass
asy asy ) (5)
2
Q1nQpn-1,n An--1,n-2 1- An-1n

from the inequality det A > 44,¢, | and (4),det H > 0. Meanwhile, A;; —aa* is semidefinite
positive by the double nonnegativity of A. Therefore H € DP,,_1. But G(H) = Cp-1(n -
1 = 2k) is an even cycle - a completely positive graph. So H € CP,_,. Moreover, H has
a factorization H = By B} with

b1y b1
bas  ba3

B,

bi-2n-1
bn—l,l bn—l,n—l

Here B, is a nonnegative matrix of order n — 1. Put

L 2 2 — 2 2
bll =V b11 + A bn—--l,n. = \/ bn-—l,l + an—l,n’
_Qn-1n

A1
bnl = Zf—a bnn =3 s
11 n—-1,n
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bi1 b1z
bya  bas

bn—l,n
by bun
(B is of order n) and denote P = BB! = (p;;). Comparing A with P, we have p;; = a;;
for all (i,7) # (n,n). Next we want to prove pn, = G,, = 1. Since b11bn_1,1 = @1p@n-1n,

2 2
a
— 12 _ 32 _ %Un n-1n
Pan = bnl - bnn - b, 2 + b2
11 n-1n

_ a‘%n a’121-1,n

- b%l + a’%n b121—1,1 + a?‘t—l,n

_ a%narzz.—-l,n b?l avzl—l,n

- b%la?l—l,n + b%lbz—l,l b%1(bi—1,1 + ai-—l,n)

= 1.

Hence A = BB,

Generally, if we denoted = D~Y2AD-'/? = (&), then A € CP, if and only if
A€ CP,, and a;; = (a,-,-aj,-)"l/za;,'. By using the above result to A and noticing that
detA = (a11- - @un) " tdet 4, and AIC:-I = (an ~--a,,,,)‘1Alc"|, we obtain A € CP, =
det A > 44;c,|-

Corollary 2 Let A € CP, and suppose that G(A) is an odd cycle of length greater than
4. Then ¢(A) = n.
This result is immediate from the proof of Theorem 2.

Corollary 3 Let A€ DP, be in form (1) with n an even number. Then det A > 44¢,|.

Proof Since n is an even number, G(A) = C,, is cp. Hence A € DP, implies A € CP,.
By Theorem 2, we get det A > 4A,¢,|.

We conclude the discussion by the following example which illustrate that the condition
det A > 4A|c,) generally does not imply that A € DP, even if A is in form (1).

Example Let A be the matrix

[ 1 0.0616715 0 0 0 0.762924 7
0.0616715 1 0.810464 0 0 0
0 0.810464 1 0.868167 0 0
0 0 0.868167 1 0.546131 0
0 0 0 0.546131 1 0.929494
| 0.762924 0 0 0 0.929494 1 i

Then simple calculations yield
det A = 0.107739, det A — 445 = 0.0405173.
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But A is not semidefinite positive, since det A(6) < 0.
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