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The Ordinary Bailey Lemma and Riordan Chain *
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Abstract: The present paper is concerned with Bailey lemma which has been proved to
be useful in the studies of hypergeometric function and Ramannujan-Rogers identities,
etc. We will show that the Bailey lemma in ordinary form is in fact a Riordan chain of
a particular Riordan group.

Key words: Riordan group/chain; Bailey lemma; g-hypergeometric series.
Classification: AMS(2000) 05A15/CLC 0157.1
Document code: A Article ID: 1000-341X(2002)03-0401-06

The following result is called in the literature as Bailey lemma which plays a very impor-
tant role in the studies of hypergeometric function, hypergeometric series, g-hypergeometric
series, and Ramannujan-Rogers identities.

Theorem 1 (Bailey lemma [5]) Let a = (ag, a1,a2,**, 0y, ) and 8 = (Bo,51,82,- "+,
By, - be two arbitrary infinite complex sequences satisfying

Z(qq

Then there exists a pair of new sequences a’ = (af, &}, ab,---,ak, ) and §' = (B4, 51,55,
By, -) such that

(aq Dot & 1)

n

1
ag ,
;;; (aqv q)n+k
_ __(p1: 9)elp2i q) a (p1; Qulp2; 9)r(ag/P1P2; Q)n—k
where aj, = (a<1/pln ;Q):(GQ/Pz;bq)k (P_l%;) ak, fr = Zk>0 (2:9)n—+(ag/p1; a)alaa/p2; g)n B
n-1
Throughout this paper, (a; ¢), := H (1 — ag¥), the vector a = (o, 1,02, **,0n,* )

k=0

denotes an infinite complex sequence consisting of a,. As known to us, it is D.Stinson
who put forward firstly the idea of Bailey chain based on Bailey lemma. G.Andrews used
Bailey lemma to investigate Rammanujan-type identity as well as g-series transformation
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and summation [5]. We have introduced the Riordan chain of a given Riordan group in
the paper [1,2]. Comparing the definition of Riordan chain of Riordan group with Bailey
lemma, one cannot help asking the question: does there exist any relationship between
them ? This is just the theme of the present paper. For this, we assume the reader are
familiar to Riordan group without going into details for them, and only to restate the
definition of Riordan chain in here to make this paper self-contained.

Definition 1 Let Mp be the Riordan group and A = (a,;) = (g9(2), f(2)), B =
(buk) = (ca(t), di(t)), and C = (cq, ) = (c2(t), d2(t)) € Mp. Suppose that a =
(ag,a1,a2, +,an,---)and 8 = (Bo, 1,82, *+Bn, - ) be two arbitrary complex sequences
satisfying Bn = Y j=o @nk ar. To construct two new sequences o' = (ag, ay,ay, -+, ap, )
and B’ = (By, 81,85, 1B, ) such that

!
ap = Y p—obn, Lo,

1Il = 21:1=0 cﬂ»kﬁk'

Ifd = (af,a},ay,---,al,---) and B' = (B4, B1,85, -+, B, ) still satisfies the relation

Bl = Y k=08nk ) . Then we call such a process to be a Riordan chain, denoted by
(A; B,C). This definition can be displayed by the following commutative digraph, where

ad B means that Aa = .

a 2 o
Al LA
B C B

The following fundamental result established in [1] is an important characterization of
Riordan chain.

Theorem 2[1 Let My be the Riordan group and A = (9(z), f(z)), B = (cr(t), di(2)),
and C = (ca(t), d2(t)) € Mp. Then there exists a Riordan chain (A;B,C) if and only if

c1(f(2)) 9(t) = ca(t) 9(da(t)),
di(f(t)) = f(d2(2)).

Now, we might see clearly that Bailey lemma is in fact the Riordan chain of Riordan
group, this fact is represented by Theorems 3 (while @ # 1) and 5 (a = 1), respectively.
Observe that if we replace 8, by 8,/n!(1 — ¢)*(1 — )" and «,, by (1 ~ ¢)*(1 - a)"a,/n!
and let ¢ — 1— . Then (11) in Bailey lemma turns out to be the ordinary form (with
respect to g-series form) of Bailey lemma, rephrased as below

(2)

Furthermore, by using Theorem 2 we can set up a Riordan chain,i.e., an ordinary form of
Bailey lemma.
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Theorem 3 Let a = (ag, 1,02, ,0ap, ) and B = (Bo,P1,B2,"**,Bn,*+*) be two
arbitrary complex sequences satisfying B, = ¥ j=o (7). Then there exists a pair of new

sequences o’ = (af,a,ab, -, al,--+) and B’ = (By,B1,B5, -+, B, ) such that

=Y (’,Z) o,
k=0 '

- k(1- 2 k . n n - k(q_ 9 k w—a n—k —a n—k
where aj, = L(,l,l——lr—rf;) E,l,rl_);; o ar, Bl = oo () {opb (/:,l)_,(,p)f.’f,,,)_()‘).. =a)™ g,
We have discussed in 1] the problem of Riordan chain of binomial coefficient (}). Now,

we might uniform the main result in [1] with Theorem 3 and obtain a more general version.

Theorem 4 VA = ((})) = (1%, 15), B = (a*6a ) = (1, at), and C = (ca(t), da(t)) € Mp.
Then there exists the Riordan chain (A; B,C) if and only if

at

and dz(t) = m

Co

)= Ty

Proof Setting all conditions into (2), one can obtain directly that

cat _ 1
1-da(t) — 1=t
d2t) _ a
1—da(t) = 1-t°

Solving this system of equations leads to the desired results directly.

Corollary 1 (Bailey lemma in ordinary form) Let Mp be the Riordan group and

A = (ang) = (9(2), f(2)), B = (bup) = (a1(t),di(t)), and C = (cnk) = (c2(t), da(t)).
suppose that a = ((10,6!1,(!2,"',(1,-‘,"') and IB = (IBOalglvﬁZa"'iﬂn"") be two arbi-
trary complex sequences satisfying fBn = 3 1o (Z)ak. Suppose that two new sequences

a' = (af,a},ab, -+, al,--+) and B’ = (85,01, -, By, ) be given by

af, = d¥ay,
w = Lieo (R)a*(1 = a)**B.

Then o' and B’ still satisfies the relation B8] = Y t_o (1) a}. The technique of generating
function will make such the process of chain-structure displayed very clearly.

Corollary 2 Let a and B be given as above. Suppose that f(t) = 3 .5¢an/nlt",
9(t) = X,.50Bn/nt", such that g(t) = e*f(t). Further, let

{ fi(t) = f(at),

g1(t) = elt=%)tg(at).
Then it still holds that g,(t) = et f1(t).

It is worth of pointing that this structure remains unchanged after arbitrary m times
iteration.
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Corollary 3 (m-th iteration of Bailey lemma) Let Mp be the Riordan group and

A = (ani) = (9(2), f(2)), B = (bny) = (c2(t),d1(t)), and C = (cai) = (c2(t), da(t))-
Suppose that a = (ag,a1,as, - ,0an,---) and 8 = (Bo,P1,P2,"**,Pn,"+*) be two arbi-
trary complex sequences satisfying B, = Y f—q (})ar. Define two new sequences o' =

(az)aallvalzv"'aa:'n”') and ﬂlz (ﬂé:ﬂ]nBZv ) 1ﬂna . )

1 k
{ oy, = a"ay,

Br = Th=o () a™ (1 — ™) "By

Then o = (af,aj,ab, +,al, ) and B' = (B4, B1, 8%, -+, Bh,- ) still satisfies the rela-
tion f, = oo (e

Remark 1 In Theorem 4, if we chose a = %l—p;)}((:n—”z)zb Then

(L= p)(L —p2), _ (p1—b)(pz —b) = b+ bpy + by — bprpe

R P oy L CEDICED)
_ pip2 t b* —b—b pipy _ (pp2 - b)(1-0)
(p1 = b)(p2 — b) (p1—=b)(p2—b)

This conclusion leads directly to Theorem 3. More generally, from Andrews’ result we
know that 2-th iteration of Bailey lemma yields Watson’s transformation between g®-
and 4&3. Now we can give its similar result for m = 2 in Corollary 3.

Corollary 4 Let a = (ag, a1, az, -+, an,-+-) and B = (Bo, P1, Bz, **,Bn,--+) be two
arbitrary complex sequences satisfying ,Bn = Zk —o (3)ar. Then there exists a peur of new
sequences a = (aol, ar’, as,,cr, Q- -+) and g = (ﬂo A B2y Bny- --) such
that

::é;(:)a;

where o, = {2U=BIb) 20 B1 = Y7o ()(1 = 82" (prpa — B)"H(1 - p1) (1 -

{p1=b)(p2-b)
( b) n—-
pz)zk % {(Pl 1+b)(”? 1+(,)+ 1:4"’)'} kb2kﬂk‘

T )T (5= p2) 2"
Note: for m > 3 large enough, such result will become more and more complicated.

Now, we consider the left case that a = 1. Evidently, the preceding argument is no
longer useful for this case. However, with the help of Riordan group, we are still able to
set up the corresponding result.

Theorem 5 Let a = (ap, a1, @3, -, g, --)} and B = (Bo, B1, P2, **,Pn, ) be two
arbitrary complex sequences satisfying B, = Y.j—q (1) ar. Then there exists a pair of new

sequences o' and 8’ such that
n

where oy, = a* ay, 8], = Tioo Tiu(-1) e (1 - a)n + (L+a)i+1) (:) (Z) e
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Proof Consider that

m\ gl lo2-vIZE,
k] Y V/1-4t 2t ’
Then in Theorem 2, if one chooses A = (\/11_“,(1“2‘_2" 1=%)) := (g(t), £(t)) and B :=

(c1(t),dr(t)) = (1, at) where a is an arbitrary constant. As the argument states, it only
needs to find C = (cz(t),d2(t)), that is, to solve the system of equations (2). At first, let
V1= 4t = e. Then from (2) it yields a relation between dy(t) and e: da(t) = (1 — €?)/4.
Setting it into (2) again, we work out dy(t) firstly and then c,(t):

es(t) = o(t) 152092,
af(t
& (t) = wiry

This implies the desired result.
Theorem 5 can be stated equivalently in terms of Riordan group.

Corollary 5 VA = (g(t), f(t)) € Mg and a being constant, there always exists a Riordan
chain
1 1-2t—-+/1-4¢

; 1-af(t)  af(t)
1-4t’ 2t ); (1,at), (g(t)

L+ af(t) (1+ af(t))

(4;B,C) = (( )

in Mp.

Remark 2 Actually, the Riordan chain is equivalent to the fact that there exist three
matrices A, B, and C € Mp such that AB = C A. Thus, to study the Riordan chain is
to find all matrixes A, B and C satisfying AB = C A. Here are two propositions satisfied
by the entries of A, B and C.

Theorem 6 Suppose that A = (an, &), B = (bs, 1), and C = (cn, k) € Mg such that
AB = CA. Then b, p, = ¢y, for alln > 0.

Theorem 7 Suppose that A = (an, 1), B = (bs, &), and C = (cu, k) € Mg such that
AB =CAb, | =0foralln# k. Thency = 37 anj bj; a;Ik for alln, k> 0.

Proof Since that AB = CA is equivalent to C = ABA™!, we have that
n n n
ek = ) {) an ibigtaz’ = Y anbis aji,
j=k 1=j g=k

where A™! = (a;:)
This conclusion covers a lot. To justify this claim, let us see the following example.

Example (Riordan chain)
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and b, ;. = a*6,, ;. Direct calculation yields to ¢, = ) a®(1 — a)*~*. Thus, the relation

AB = (CA equals that
ANORNIE ¥ L) WP PRy § |
(e () (e)

which is a simple but fundamental relation in combinatorial analysis, which serves as a
witnesses to what we mentioned above is correct. Also it tells that Bailey lemma belongs
to the category of Riordan chain.
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