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Abstract: In [6,11], A theory of pointwise pseudo-quasi-metrics was based on completely
distributive lattices. In this paper a product pointwise p.q. metric function is constructed
on the product of countably many molecular lattices by distance functions. Hence it is
proved that countable product of pointwise pseudo-quasi-metric molecular lattices is
pointwise pseudo-quasi-inetrizable.
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1. Introduction

In 1985, Wang introduced a theory of pointwise topology on completely distributive
lattices in [10]. Subsequently Fan respectively discussed product operations in the category
of molecular lattices and in the category of topological molecular lattices in [1,2]. These
provide necessary algebraic methods for further study of the theory of topological molecu-
lar lattices. In 3], based on an equivalent characterization of Erceg’s pseudo-quasi-metric,
Peng and Xu proved that the categorical product of countably many pseudo-quasi-metric
molecular lattices is pseudo-quasi-metrizable. In 1988, Yang presented a theory of pseudo-
quasi-metrics on completely distributive lattices, but his definition was not completely
given by a distance function. In 1996, to reflect the characteristics of pointwise topologies
on molecular lattices, Shi introduced a new theory of pointwise quasi-uniformities and a
new theory of pointwise pseudo-quasi-metrics on completely distributive lattices (see[6]).
Many ideal results in general topology were generalized into topological molecular lattices.
Meanwhile Shi proved that the pointwise p.q. metric is equivalent to Yang’s p.q. metric.
In this paper, our aim is to prove that the categorical product of countably many pointwise
pseudo-quasi-metric molecular lattices is pointwise pseudo-quasi-metrizable.
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2. Preliminaries

Throughout this paper, L always denotes a completely distributive lattice with the
minimal element 0 and the maximal element 1. M(L) denotes the set of all non-zero
V-irreducible elements in L. For A € L, 8*(A) denotes greatest molecular minimal family
of A. It is easy to verify that a € *(A) if and only if a € A, where < is the waybelow
relation!® in L. Moreover it is an evident fact that a € M(L) if and only if {b € M(L) |
b < a} is a directed set.

Definition 2.1 A pointwise pseudo-quasi-metric (or p.q. metric for short) on L is a
map d: M(L) x M(L) — [0,+o0) satisfying the following conditions (M1)-(M3).
(M1) Va € M(L),d(a,a) = 0;
(M2) Va,b,c € M(L),d(a,c) < d(a,b) + d(b,¢c);
(M3) Va,be M(L),d(a,b) = A d(a,c).
b

Ifd is a pointwise p.q. metric on L, then (L, d) is called a pointwise p.q. metric molecular
lattice.
From (M1) and (M3) we can see that a < b = d(a,b) = 0.

Definition 2.26] Let d be a pointwise p.q. metric on L. Vr € (0,+00), define a map
P.:M(L)— L by

P.(a) = \/{b € M(L)| d(a,8) > r}.
Then {P, | r € (0,+00)} is called the family of R-neighborhood maps (or R-nbd maps for
short) of d.

Theorem 2.3[%) If d is a pointwise p.q. metric on L, then

(1) {P.(a) | a € M(L),r € (0,+0)} is a closed base for a cotopology on L. This
cotopology is denoted by 74;

(2) {P.(a)|r > 0} is a locally R-neighborhood base at a in the cotopology n4.

Theorem 2.4 Let (L,,d)),(Ls,d;) be two pointwise p.q. metric molecular lattices,
f: Ly — Ly be a generalized order homomorphism. Then f is continuous if and only if
Va € M(L,), Ve > 0, there exists § > 0 such that dy(f(a), f(b)) < € whenever d;(a,b) < 6.

Theorem 2.5 Let {(Li,7)}icr be a family of topological molecular lattices. Then in
the category of topological molecular lattices, (® L;,n) is their categorical product, where

L]
7n is the coarsest cotopology making each projective map p; : @ L; — L; continuous.

Further {p;*(Q) | Q € n;,i € I} is a subbase of 7.
Other concepts not mentioned in this paper are from [1,2,6,10}.

3. Countable product of p.q. metric molecular lattices

The following Theorem is very useful. Its proof is obvious.

Theorem 3.1 Let (L,d) be a pointwise p.q. metric molecular lattice. Define a map
p:M(L)x M(L) — [0,+00) such that p(a,b) = min{d(a,d),1}. Then
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(1) p is a pointwise p.q. metric on L.
(2) d and p induce same cotopology, i.e., 1, = 4.
Now we discuss countable product of pointwise p.q. metric molecular lattices.
Since a generalized order homomorphism maps a nonzero V-irreducible element into a
nonzero V-irreducible element, we can define a pointwise p.q. metric on &) L; as follows.
1

Theorem 3.2 Let {(L;,d;)}>2, be countably many pointwise p.q. metric molecular
lattices, where each d; is bounded by 1, i.e., di(z,y) < 1,Vz,y € M(L;). We define a map

d: M (@L;) X M (@L,) — [0,400) by

<

Wbu4®L)aw > 5 h (e n0).

1

Then
(1) For each i, d; (pi(a),pi(b)) = A di(pi(a),pi(c)).

egb
(2) d is a pointwise p.q. metric on @ L;. In the sequel, d is called the product of

{d:}Z,
Proof (1) For each 7 and each ¢ < b, since each p; preserves the waybelow relation <,
we have that

d; (pi(a), pi(b)) < di (pi(a), pi(c))-
This implies that

d; (p,'(a),Pi(b)) < /\ d; (p,-(a),p,'(c)) .

cgb

Moreover VA < p;(b), by pi(b) = V pi(c) we know that there exists ¢ < b such that
b
A < pi(c). Thus we have that

di (pi(a), A) > di (pi(a), pi(c)) -
This shows that
d; (pia),p:(8)) = A di(pila),N)) > A di(pi(a),pi(c)).
ALpi(b) e<b

(1) is proved.
(2) It is not difficult to check that d satisfies (M1) and (M2) in Definition 2.1. It

remains to verify (M3) in Definition 2.1. Take a,b ¢ M (@ L,-). By (1) we can obtain
that '

“MZE§¢W%MW~i?Adm@m»
i=1 eh
<A i% di (pi(a),pi(c)) = A d(a,c).
cgbi=1 c<b
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Now we prove that d(a, b) > /\ d(a,c).
Suppose that d(a,b) = . Then Ve > 0,

[ o] o

d(a,b) = E_: 21, i (pi(a), pi(b 251_ d1 (pi(a),pi(€)) < r +¢.

Let r; = —r /\ d; (pi(a),pi(c)). Then

/\ d; (pi(a), pi(c)) < 2'r; + €.

cb

This implies that there exists ¢; < b such that
d; (pi(a), pi(c:)) < 2'ri + €.

Hence we have that

Zg;d( ), pi(ci)) Zr,+eZ——r+e

Since {c | ¢ < b} is a directed set, we can take e; < b such that ¢; < e;,¢3 <€, --,¢ < €
for each 7. Thus for any natural number n, we obtain that

o0

"1 1
Z 5‘ Ih en + Z - d Pt(a Pl(cz)) < Z E d; (pi(a)api(ci)) <r+e
1=1 _n+1 =1
This shows that
1 1
Z o di(pi(a),pilen)) + > 5 14 (pi(a),pilei)) — & (pi(a), pi(en))] < 7 +e.
i=n-1
Therefore for any natural number n, it follows that
= 1 1
Z—,d (pi(a),pi(en)) < rHe— D ~ld;  (pi(a), pi(cs)) — di (pi(a), pilen))] < rhet Z 2.'
2 1=n+1 2 i=n+l

This implies that

/\ d(a,c) < /\ d;(a,e,) < /\ Z—d (pi(a),pi(en)) <7 +e.

cgb en<&b enbi=1

Further we have that A d(a,c) < r = d(a,b). So d satisfies (M3). We complete the proof.
c&b

Theorem 3.3 Let {(L;,d;)}{2, be countably many pointwise p.q. metric molecular
Iattices, d be the product of {d;}2,. Then n4 = @ny;.
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)

Proof For any a € M (@ L,~> and ¢ > 0, take § = §5~ Then d;(pi(a),pi(d)) < ¢

whenever d(a,b) = %3 2% d; (p:(a), pi(b)) < 6(i = 1,2,--:). By Theorem 2.4 we know
i=1

that each projective map p; : <® L,-,nd) — (Li,n4,) is continuous. Hence we have that
@ n4; € -
k3

To prove the inverse inclusion, let A € ng, a € M <® Li) and a £ A. Then there
exists » > 0 such that A < P.(a). Hence Vb € 5*(A), we have that

[ee)

d(a,8) = Y. di (o) pi(B) 2 7.

=1

Choose n such that
Then Vb € 3*(A) it follows that
1
5 & (pi(a), i) 2
i=1
Suppose that dj, (pr(a), pe(b)) = max{d; (pi(a), pi(b))}. Then we have that
1 “1 r
di. (pr(a), pr(b)) > (1 - 5;) dy. (pr(a), pr(b)) > > 5 d; (pi(a), pi(d)) > 7
=1
This implies that p(b) < P, /3 (pela)), ie., b < 7% (Pr/z (pk(a))>. Hence

A< \/pt (Pr/z (pi(a))) :

<

1=1

By Theorem 2.5 we know that a is not an adherence point of 4 in ) 74,. This shows that

A € @ ng,. The inverse inclusion is proved.
i
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