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Abstract: Composition operators are used to study the Eg(p, ¢) spaces, which coincide
with the space Q40 for p = 2 and the little Bloch space By for p > 0 and ¢ > 1. The
compactness of these operators is also considered. The criteria for these operators to be
compact are given in terms of the Carleson measure.
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1. Introduction

Let D = {z € D : |z| < 1} be the unit disk of complex plane, H(D) be the space
of all analytic functions on D. Denote Lebesgue measure on D by dm, normalized so
that m(D) = 1. For @ € D,0,(z) = {=% is the Mobius transformation of D to itself and
9(z,a) = log] 17‘_525] is the Green function of D with singularity at a. Every analytic self-map
¢ : D — D of the unit disk induces through composition a linear composition operator C,,
from H(D) to itself. It is a well-known consequence of Littlewood’s subordination principle
that ¢ induces through composition a bounded linear operator on the classical Hardy and
Bergman spaces ([1],[2]). That is, if we define C, by C,(f) = fo ¢ for f € H(D), then
C, : H? — H? and C, : AP — AP are bounded operators. A problem that has received
much attention recently is to relate function theoretic properties of ¢ to operator theoretic
properties of the restriction of C, to various Banach spaces of analytic function. In this
paper we study this problem in the context of what are known as the Ey(p,q) spaces,
which were recently studied by Tan Haiou in [3].

We have Eo(2,9) = Qq,0, and specially Fy(2,1) = VMOA and for p > 0 and ¢ > 1,
Eo(p, q) = Bo, due to [4]. For 0 < ¢ < o0, we say that a positive measure u defined on D
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is a compact ¢g-Carleson measure provided u(S(I)) = o(|I|?) for all subarcs I of D, where
[I| denotes the arc length of I and S(I) denotes the usual Carleson box based on I. We
denote the set of meromorphic functions on D by M. Aulaskari R. and Zhao R. proved
in [5], for p > 2,¢g>1and f € M, then f € Baﬁ(p,q) if and only if dugp 4 is a compact
g-Carleson measure. Tan H. and Xiao J. proved in [6], for p > 2,0 < ¢ < 1l and f € M,
then f € B#(p,q) if and only if duyp 4 is a compact ¢-Carleson measure. If p = 2,4 > 1
and f € M, then f € B¥(p, q) if and only if there is a § € (0,1) such that

tim [ Lolal ) (=0
lal—1 JD(a.6) 1 - az? Hipa = 0.

where D(a,8) = {z € D : |o,(z)] < 6}. Our work involves hyperbolic version of the
Eo(p, q) spaces. These spaces are defined by using the hyperbolic derivative Tj—'{'f((i})[F in
place of the spherical derivative in the definition of Bg"' (p,q) - Defined the hyperbolic
El(p,q) as follows

h _ . an : 'f’(z)lp _z2p-2qza m(z) =
Eilp,a) =/ : /€ H(D) and fim [ o g~ sV 25"z, a)dm(z) = 0}

For ¢ an analytic self-map of D, we define

h _ l’)pl(z)lp -z 2\p+g-2 m(z
d/'l'gp.p,q(z) - (1 . I‘P(Z)|2)p(1 ‘ l ) * d ( )1
h . (Sol(z)lp -z 2\p~2 q P mlz

As usually, the letter B denotes Bloch space consisting of those functions f € H(D) such
that ||f||s = Sug(l =2 f'(2)] < 0.
€

Our main result is the following :

Theorem Supposep > 0,9 > 0, p+ ¢ > 1, and ¢ is an analytic self-map of D. Then
the following statements are equivalent :

(1) C, : B — Ey(p,q) is bounded.

(2) C,:B — Ey(p,q) is compact.

(3) v € Ej(p,q).

(4) dp";'p‘q(z) is a compact ¢-Carleson measure.

(5) dAL . (2) is a compact g-Carleson measure.

(6) Limy s fp ifadlo (1 - |2[2)P+9-2)0) (2)|2dm(2) = 0.

Using our result, we can get the following corollary, which is Theorem 1.6 in [7].

Corollary Let 0 < g < oo and suppose ¢ is an analytic self-map of D. Then the following
statements are equivalent :

(1) p€ Q(};,o;'

(2) Cy:B — Q40 is bounded;
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(3) C,:B — Qg0 is compact;

(4) d;z’; is a compact g-Carleson measure.

The approach to the problem considered in this paper comes from Smith’s work ([7])
on the compactness problem for C, : B — Q40 . Throughout this paper, the letter C
denotes a positive constant which may vary at each occurrence but it is independent of
the essential variables.

2. Some Lemmas

Here we collect some lemmas which will be used in the main results.

Lemma 1 If f € B, then

() < 1£(0)] + 118 g 1H 121

2 =13’ Vze D.

Lemma 208 For0 < g < 00, a positive measure p on D is a compact g-Carleson measure

if and only if
Lim / _1___|_‘_1_l2_ qd (2)=0
lal=1Jp \ |1 — az|? Mz =5
Lemma 3®) There exist fi, f, € B such that
1
Lemma 4119 For0<r<1and0< k < oo, then
r 1 .
I(r,k) = 21:'/ (1= )72 (5)Mde < oo,
0
Lemma 58 Ifp € H(D),p>0,g>0andp+q>1, then ¢ € Eo(p,q) if and only if

I‘PITI -/D le'(z)IP(1 - ,Z|2)p_2(g(z,a))qdm(z) -0

3. The proofs of main result

In this section we prove our main theorem, the proofs of the theorem are based on
above several lemmas.

2

Proof (3) — (4). If ¢ € E(p, q), then applying the equality 1 —|o4(z)|? = il—-‘ﬁﬁ_%%ﬁjﬂ—l,

we have
, 1-1a2\?, ,
——] d
(«RI—I'II /D (Il - Ele) l‘¢,p,q(Z)

—n __I(P_/(Zi___ZZp-— —Uzzqmz
= jim [ (1= 2120 ~2(1 = loa(2) ) dm(2)

(- Te(:)P
[P g
<O, [, G Y i) <0
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By Lemma 2, we show that d,u';,ypyq(z) is a compact ¢-Carleson measure.

(4) - (2). If dpl , (2) is a compact g-Carleson measure, then dp’;,yp’q(z) is a bounded
g-Carleson measure. It is easy to show that Cy, : B — E(p,q) is bounded. For f € B, we

have C, f € E(p,q). Since |(f o p)'(2)| < “f||gl—l%%u)-|7, Lemma 2 implies that

tim [ 107 0 @) (@F(L= |27 21 = lou(2)2)rdm(2)

la]—1 az|?

_al?
< 171 tim (IT_—’_'—) b ()= 0,

Thus C,f € Eo(p,q), so that C, : B — Ey(p,q) is bounded. To show this operator is
compact, we let {f,} C B be such that ||f,||s < 1 for n > 1, we must show that {C, f.}
has a subsequence that converges in Eo(p, ¢). By Lemma 1 there is a subsequence of {f,}
that converges uniformly on compact subsets of D to an analytic function f. By passing
to a subsequence, we may assume that the sequence {f,} itself converges uniformly on
compact subset of D to f € B with ||f||s <1 . Thus C,f € Ey(p,q)- Set

If15q = Sup/ IF (P - 22721 - |aa(2)[*)*dm(2).
acD JD

To complete the proof, it suffices to show that lim, . [|Cyfrn = Cy fllp,q = 0. Ve > 0, by
(*) and Lemma 2, we can choose r € (0,1) such that when » < |a| < 1

L o0V = (£ 0 @) (L= 12772 (1= lan(2)2) " dm(:)

(
<o 1EEI | ep- (1 - loa(2)?)" dm(2) < Ce
~ Jp (L-e(2)?) : ’

thus

sup [ [(fuo@)(2) = (Fo ) (2P~ |z12P2 (1~ Joul2)?)" dm(z) < Ce.

r<|a]<1vD

Since {a : |a| < r} is a compact set, there is a ¢ty € (0,1) such that, uniformly in n

sup [ (oY (2) = (£ ) (P (L= 2V L an(2))dm(:)

laf<r

su M—Zzl’_z—azzqmz
. C]a|§pr»/D—toD (1— |(p(z)|2)P(1 ‘ | ) (1 ! a( )‘ ) d ( )< Ce.

Also, by the uniformly converges of {(f, o ¢ — f' o ¢)(1 — |¢|%)} to 0 on compact subsets
of D , there exists Ny such that

/toD [(fao @) (2) = (foe)(2)IP(1 = |212)P~%(1 — |oa(2)*)7dm(2)

I()Dl(z)lp _221’“2 — e zzqml
SCE/DWU |21 72(1 - |ou(2)[*)?dm(2) < Ce,
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provided n > Ny. Thus for any such n, we have

sup [ |(fao®)(2) = (fo @) (2)IP(1 = |z1)P~2(1 - |oa(2)*)?dm(z) < Ce.
lal<r Jto D

Hence, for any ¢ > 0 there is a Ng such that ||Cy fn ~ Cy fllp,g < Ce,¥n > No, as required,
and the proof is complete.

(2) — (1). It is easy.

(1) — (3). Let fi, f2 € B, be the two functions from Lemma 3, then

__ P
(1 - [p(2)12))

by Lemma 5, we have

< C(I(fr 0 9) ()P + I(f2 0 9) (2)P), V= € D,

i, [, e~ G aim)
(

< tim [ |(fro @) (P(L ~ ez, a)dm()+

% lim/ I(f2 0 9)(2)P(L — |22)7~2¢%(z, a)dm(z) = 0.
la|-1JD

It is easy to see that if C, : B — Ey(p,¢) is bounded, then ¢ € Ef}(p, q).
(5) — (4). Since 1 — |2]* < 2log Ti—l’ we have

1
= = 219%(2,0),

(1 - |Z|2)q < 2q(10g |Z|

hence

. 1- |a|2 q |<p'(z)|p LY -2dm 2
2y (ll-EZP) A= Tplepp A

R A0
<ot [ (1565) ot - ey s

(4) — (5). For a € D, we write

__|<p’(_z)]”_ — 22?29z ____1—]a|2 qmz= 1(a 2(a).
Jo Tt~ ) “’”(u-azlz)d () = Li(@) + Tafa)
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Because (117;((2 3}{5)»(1135—1','|22 )? is subharmonic in z, using Lemma 4, we have

) A6 S Do S T A LN
B = [ o T TP~ o) (ll—ﬁzlz) i)

¥ ()P 1-a? \* L g
SlzTgf)/«t{(l—l‘P(Z)lz)”(Il—azP) [, o (1= P ()

|al*

su _Mp__ — |yl2)Pre-2 _ )q mlu
<C 0 e T~ ) (u—aulz dm(e)

1 - [af?
o, (2222)

Since |z| € (1/4,1), logm < 8(1 - |2[?), therefore

I5(a) A<‘zl<1(1_'¢(z),2)p(1 z|2)*~%(log H) (ll Ziz|2> dm(z)

PO e [ lalz)" i
Scﬁ<lz|<1<1—|¢(z)|2)z>“ 1) (ll—&‘zP dm(z)

—1af?
o, (25
~lalz \? al?
/D(ri'—_la_zlﬂ ak o (z) <c/ (11—‘azll2) ub (2). (1)

The implication (4) — (5) follows .
(3) < (6). Since |og(2)|(1 - |2*) = 1 — |ou(2)]* < 2log -1y = 29(z,a), (3) — (6) is

true. Conversely, set ¢ = 0 in (1), we have

and so

I eye2g(z, 0)0dm( O -
Jo Tt Y e 0mame) < € [[ 8t 2R am(a)

substitute ¢(z) by ¢ o0 0,(z) we get

,‘P (a'a(z))l Pl _ 22 p—2 . Idm(z
o G Tl 41 = Pz 0

“P (Ua( ))Ip 0’/ 2\P(1 - 22 p+g—2 miz
<c[ T ot (T eI (L = P2 dm(z),

let z = o,(u), we obtain

,<Pl(u)lp _uz p—2 u.aVdmlu
o~ e @) dm(w)

"P u’)' pt+qg—2( 1 q
<c / oot (L~ Pl witdm(a),
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we see that (6) — (3) is also true.

References:

(1]
(2)
(3]
(4]
(5]
(6]
(71
(8]
(9]

MACCLUER B D, SHAPIRO J H. Angular derivatives and compact composition operators
on the Hardy and Bergman spaces [J]. Canad. J. Math., 1986, 38: 878-906.

SHAPIRO ] H. The essential norm of a composition operator [I]. Annals of Math., 1987, 125:
375-404.

TAN H O. On subspaces of Bloch space and series with Hadamard gaps [J]. Chinese Advances
in Mathematics, 1998, 27: 214-223.

STROETHOFF K. Besov-type characterizations for the Bloch space [J]. Bull. Austral. Soc.,
1989, 39: 495-420.

AULASKARI R, ZHAO R. Some characterizations of normal and little normal functions {J}.
Complex Variables Th App., 1995, 28: 135-148.

TAN H, XIAO J]. Two applications of the extended Carleson measure on the meromorphic
Besov-type spaces [J]. Chinese Science Bulletin, 1998, 43: 1047-1050.

SMITH W, ZHAO R. Composition operators mapping into the Q, spaces (J]. Analysis, 1997,
17: 239-263.

AULASKARI R, XIAO J, ZHAO R. Some subspaces of BMOA and their characterization in
terms of Carleson measures [J]. Rocky Mount. J. Math., 1996, 26: 485-506.

RAMEY W, ULLRICH D. Bounded mean oscillation of Bloch pull-backs [J]. Math. Ann.,
1991, 291: 591-606.

[10] WULAN H. Characterizations of c-normal functions [J]. Journal of Inner Mongolia Normal

University (Natural Science Edition}), 1998, 27: 1-5.

BRA Eip,q) WEEEET
& K
(BRMMIBREEER, LHF KM 221116)

W E NAEANTHE Elpg) ZR, Yp=28, EXRE Qo , Bp>0H¢>1

H‘j"

ERR/D Bloch 28] By, it TH AT THREIHFIH Carleson MEHKBEGHT

RAHHIHIHER.

— 544 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



