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Abstract: In this paper, we give necessary and sufficient conditions for oscilla-
tion of bounded solutions of nonlinear second order difference equation A(p,Ay,) +
dnf(Yn—r,) = 0. Obtained results improve theorems in the literature [3,6,7].
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1. Introduction

Consider the nonlinear second order difference equation

A(prAYn) + @nf(Yn-ra) = 0, (1)

n—1
where {p,.}is a sequence of positive numbers, P, = ¥, pi‘ — o0, as n — 00, {gn} is
s:l

a sequence of real numbers, {r,} is a sequence of positive integer,and nli_.ngo(n —ry) =
00, AYn = Ynt1—Yn, f € C(R, R), and L&:—‘l >1lasu# 0. A solution y, of Eq(1) is said
to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it
is called nonoscillatory.

In many papers, oscillation for solutions of nonlinear second order difference equation
has been investigated[1-7] .In this paper we give necessary and sufficient conditions for
oscillation of bounded solutions of nonlinear second order difference equations, obtained
results obtained improve theorems in the literature(3,6,7].
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2. Main results

Theorem 1 Assume that g, > 0 and

3 g = oo. (2)
k=0

Then every solution of (1) is oscillatory.

Proof Suppose the contrary, assume y, is an eventually positive solution of (1). Then
there exists a positive integer ng , such that

Yn-r, > 0 as n > ng. (3)
In view of Eq(1), we have

A(prAyn) = —¢nf(Yn-r,) <0 as n > ny,

then {p,Ay,} is eventually nonincreasing sequence, we shall show that

Prly, > 0 as n > ng. 4)
In fact, if not, then there exists n; > ng, such that p, Ay, = —c < 0 and p,Ay, <
—c m > ny, hence,
n-1
ynSynl—CZ — — —00 as n — 00,
k=n; P

which is contradictory to the fact that y, is eventually positive solution. Therefore (3)
satisfies, thus we have

Yere > 0, Ayn >0, A(paAy,) <0 as n > ng.
Hence there exists n; > ny and | > 0 such that
f(yn-r.) 2 Yn-r, 21 as n. 2 ny. (5)
Substituting (5) into (1), we obtain
A(pnAyn) +1g, <0 as n > ny. (6)

Summing (6), we have

pn+1Ayn+1 - pn,Ayn, +1 Z g < 0.

k:nl

From the above and (3), we have

i qk < pﬂlAynl
k=0 !
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which contradicts (2). The proof is complete.
Remark 1 Theorem 1 extends relevant results of [3].

Theorem 2 Assume that ¢, > 0, f{u) is nondecreasing. The every bounded solution of
(1) is oscillatory if and only if

Z Pogn_1 = o0. (7)
n=1

Proof Sufficiency. Assume y, is bounded eventually positive solution of (1), similar to
the proof of Theorem 1, we can obtain inequality (6). Hence

P71+1A(prszn)+ Pn+llq" S Oan 2 ny. (8)
It is not difficult to see that
Po1A(pulAyn) = A (PnPnAyn) — pnlAy AP, (9)

Since p,AP,, =1, combining (8) and (9), we have

Y A(PprAy)— D Ay +1 ) Peyiqi < 0,n > ny,.
k=n, k=n, k=n,
From the above, we have

1

l Z Pk-l—lqk S Ynt1 — Yy + Pnlp'nl Ayn,,n 2 n;.

k=n,

o0
Since y,, is a bounded solution of (1), Then Y. Pri1¢r < co which contradicts the as-
k=n,
sumption of Theorem.

Necessity. If 32, P,¢,—1 < 00, we can show Eq(1) has a bounded eventually positive
solution. There exists N > ng, such that 5 P,q,_, < 55+ forn > N.

—n 2f(2)
Let
Yn,o = 2’
n-—1 fo'e]
_ 1+ 2 Psq.s—lf (ys—l—‘r,_l,k) + P, 2 st(ya—f,.,k): n>N,
yn,k+l - s=N n—1 .
YN +1.k+1s N-rn<n<N.
(10)
n—1 o)
1+f(2)<2Pst—1+Pans>Syn,u=2, n>N,
_ s=N n—1
Yn1 =
YUN+11 S YN+10 = 2, ™ <n<N.
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Assume, 1 <ynr < yYnk-1<¥no=2, for n>N -7y . Then,

n—1 o)
1+ E PsQa—-lf (ya-—l—r._l) + P, E q.sf(ya—-r,) < Yn k> n > Na
1< Yn k - s=N n—-1
= Ink+1

YN+1,k+1 S YN+ ks N-rw<n<N.
Therefore for any positive integer k, we can know 1 < ypi < Ynk-1 < ¥Yno = 2, for
n > N ~ 7n. Hence the limit of y, ; exists, i.e., klim Ynk = Yn exists and 1 < y, < 2, for
-_— OO

n > N — 7y, by the Lebesgue‘s Dominated Convergence Theorem in (10) we can obtain
n-1 o)
1+ —EN Paq.s—lf (ys—l—-‘r,_l) + P, 21 st (ya—r,)y n > N:
yn — 8= n-—
YN+1, N-1my<n<N.

Then for this y,, we can see A (PpAyYn) = —qnf (Yn—r.), for n > N, i.e., y, is bounded
eventually positive solution of (1). The proof is complete.
Theorem 3 Assume that ¢, > 0, f(u) is nondecreasing. Then every bounded solution of

(1) is oscillatory if and only if
> 1 Y g, = o0. (11)

n=1 Pn s=n

Proof Sufficiency. Assume y, is bounded eventually positive solution of (1). similar to
the proof of Theorem 1, we can obtain inequality

A (pnAyn) + IQn S 0, n 2 n.

Summing the above inequality, we have

n4+m
Prtmi1A%nimi1 — Paly, + 1) ¢, < 0.
Since (4) and let m — oo,we have
1 o
1= " q, < Ayn. (12).

n s=n

Summing (12) from N tok, we have ITF_ pl—,. Yo ds < Yrt1, hence Y07 o 51'—' 2 s < 00,
which contradicts the assumption of theorem.

Necessity. If 322, Prgn—1 < 00 ,we can show Eq(1) has a bounded eventually positive
solution. There exists N > ng, such that,

o0

=1 1
Z——Z%< 5}‘—(5—)

i=n Di 5

Let
Ynpo = 27
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=N pi

s s—T, n>N,
ynw:{ +E LS 0 een), bota.
YN+1,k+1) N-rvw<n<N.

By mathematical induction similar to the proof in Theorem 1, we have
1< Yn,k < Ynk-1"""Yn,1 < Yno = 2, n> N - TN .

Hence limy,_,o0 Y5k = yn exists and 1 <y, < 2,n > N — 7y, by the Lebesgue‘s Dominated
Convergence Theorem, we obtain

a=1

n-—1
y ={ o E qu (¥5-7.) n>N,

yN+11 N—TNSW’SN.
Then for this y,,, we have

A (pnAyn) = _qn.f(yn—‘r,.)a n > N)

i.e, y, is bounded eventually positive solution of (1). The proof is completed.
From Theorem 2 or Theorem 3, we can derive the following comparison result.
Consider comparison equation

A (P Ayn) + 4, f (Yn—r,) = 0, (13)

where p/, > 0, P, = ;‘:_11,%;—»00, as,n — o0, ¢/, > 0.

Theorem 4 (Comparison Theorem) Assume p, < pl, ¢gn > q.,. Then that every bounded
solution of (13) is oscillatory implies the same to (1).

Remark 2 Theorem 2 and Theorem 3 extend and improve relevant results of [6,7] re-
spectively. In particular, the conditions (7) and (11) that we have given are necessary and
sufficient conditions respectively.

Example 1 Consider the nonlinear second order difference equation:

1

A (\/ﬁAyﬂ) + (n + 1)yn+n m+ 1 lf(yn—'i) =0, (14)
where f € ¢(R,R), 1) > ¢ >0, (u#0), and [ (u) is nondecreasing. Then

0 o> 1
;qs—g s+1)y/s+sys+1 \/ﬁ’

and

:Ir—*

By Theorem 3, every bounded solution of (14) is oscﬂlatory.

l
‘ Pn
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Example 2 Consider the difference equation:

n—1

A((n+1)Ay) + (n-2)n(n+1)

Yn-1= 0, n> 2. (15)

Since
n-1 1 > 1 1
-(n-—2)n(n+1)sn(n+1) and szs(s—}-l)—;;

=n

In

Hence (11) does not hold, by Theorem3 Eq(15) has bounded eventually positive solution.

In fact, y, = ﬂi—l is such a solution.

References:

[1] POPENDA. Oscillatory criteria for second nonlinear difference equations [J]. J. Math. Anal.
Appl., 1987, 123.

[2] SZMANDA B. Oscillatory criteria for second nonlinear equations [J]. Ann. Polon. Math.,
1983, 43.

[3] BOOKER J W, PATULA W. A second Order Nonlinear Difference Equation: Oscillation and
Asymptotic Behavior [J]. J. Math. Anal. Appl., 1983, 91: 9-29.

[4] ZHANG Zhen-guo, LI Qiao-luan. Oscillation Theorems for Second Order Advanced Functional
Difference Equations [J]. Comp. Math. & Appl., 1998, 136(6).

[5] ZHANG Zhen-guo, ZHANG Jin-lian. Oscillation Criteria for Second- Order Functional Dif-
ference Equations with “Summation Small” [J]. Coefficient Computers & Mathematics with
Applications, 1999, 38: 25-31.

[6] WANG Z, YU J. Oscillatory criteria for second nonlinear difference equations [J]. Funkcialaj
Ekvacioj, 1991, 34.

[7] ZHANG Zhen-guo, YU Yuan-hong. Oscillation of Solutions for a Class Second Nonlinear
Difference Equations [J). J. of Math. Res. & Expo., 1999, 18(4): 699-703.

e MES FERRHRINOEIDRENF
K& B K ® W & oo B

(1. FALTEE RS R 5 B REER, Wi ARE 050016;
2. FALME RS H S L, WA ARE 050016; 3. P EBERN AEH, X 100080)

ﬁ E: EZF)\C‘:P: &ﬂ‘]%l‘ﬂ Tﬂpﬁﬁ:m%ﬁﬁﬁ A(puAyn) + ‘Inf(yn—r,.) =0 ﬁﬁﬁ
RGP VERFMLE R, AR RIS T 3C[3,6,7) MAHMER .

— 566 —



