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Abstract: Sufficient conditions for the oscillation of the neutral equation

d

;—ﬁ[zz:(t) — R(t)z(t —r)] + P(t)z(t — ) — Q(t)=(t — &) = 0,

where P,Q, R € C([ty,00), RT), and r, 7, 6 € (0, oc), are obtained for the case where
former results can not be applied.
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1. Introduction

Consider the following neutral equation

d

dt

and, the corresponding differential inequality

(2(1) - R(t)a(t — )] + P()a(t - 7) — Q(t)a(t - 6) = 0,

Sle(0) — R()2(t - 7)) + P(2)2(t ~ 7) ~ Qe)e(t ~ ) <0,
where

P,Q,R € C([to,oo),R+), andr, 7, § € (0, @), 72> 6,

P(t) = P(t) — Q(t — 7 4+ 8) > 0 and not identically zero.

(2)

Recently, the oscillation of equation (1) has been studied in many papers(see [1-6]), and
a lot of interesting results have been given in the literature. It is valuable to cite the
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following results in [6].

Theorem Al Assume that (2) and

/t°° sB(s) / ” P(u)duds = oo *)

hold and that .
R(t)+/t Q(u)du = 1. (**)

—746

Then every solution of equation (1) oscillates.

Theorem Bl® Assume that (2) ,(x) and

RO+ [ Qudu>1
t—7+6

hold and that
R(t — 7)P(t) < b P(t ~ 7). (1)

Also suppose that Q(t)/P(t) is nondecreasing and satisfies
P(t)Q(t — 7) < hy P(t - ), (t1)
where hy, hy are nonegative constants and satisfy
hi+ he(r—8)=1.

Then every solution of equation (1) oscillates.

The main purpose of this paper is to investigate the oscillation of (1) and (1)’ when
the assumptions (), () and ({}) can’t be satisfied. Some examples are given to illustrate
the application of our results. Throughout this paper we always assume that (1) and (1)
satisfy the condition (2).

2. Some lemmas

The following Lemma 1 is a functional integral inequality, and is important in the
proof of our main results.

Lemma 1 Assume that A > 0, r > 0, ¢ < b < oo and that f € C([a,b],R"), g €
C[R*,R*). If y € C([a - r,b], R") satisfies

¥s) S aluls =+ A+ [ fus(win, a<s <o, Q

then
w(e) < alys =) + A+ [ f(gly(u—mldul, a < s <, (4)

where F(s) = [ f(u)du.
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Proof First we claim that (4) holds for s € [a,a + r]. In fact, since C'[a,a + 7] is
dense in C[a,a + 7], we can choose, for any € > 0, g1 € C'([a,a + r], R") such that
lgly(s — )] — 91(s)] < €, a < s < a+ r. From (3) it follows that
y(s) < gi(s)+ A+e +/ f(wWy(u)du, a<s<a+r.
By Gronwall inequality
y(s) <eFgr(a) + A+ e+ [ gh(u)e T
<ors) + POl + e+ [ fwin(wiul
<gly(s =)l + " [A + / f(w)gly(u ~ r)ldul+

e+eeF(“+')[1+/ u)du], a<s<a+r,

which, by the fact that € > 0 can be arbitrarily small, implies that (4) holds for s € [a,a+7].
For a + r < s < a + 2r, rewrite (3) into the following inequality,

y(3)<9[y(3—1‘)+A+/ y(udu+/ u)du, a4+ r < s<a+t2r

By applying the conclusion obtained above to this inequality on [a + r,a + 27], w
e find

(9) < slats =+ A+ [ s+ [ felste-nlad, )
where Fy(s) = [;,, f(u)du. Noticing that (4) holds for a < s < a + r, we obtain
[ st < (@ - as e [ gty -
which, combining with (5), implies that
y(s) < gly(s = M1+ KA+ [“f(glutu - rdul, a+ 7 <5 < aton

That is (4) holds for s € [a + r,a + 2r]. Set N1 = [2=2] + 1. Repeating above process N;
times, we can get that (4) holds on {a,b]. The proof is complete.

Lemma 2 Assume that for sufficiently large t,

0<R(t)<1 (6)
and
P(t)2 Q-+ D)expl [ Q) ™
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hold and that

t/;t res Q(u)du is bounded on [tp, 00). (8)
Let z(t) be an eventually positive solution of inequality (1)’ and
2(t) = 2(t) — R(t)e(t - ) - /t iTMQ(s):c(s — §)ds. 9)
Then eventually
Z'(t) <0, z(t) > 0. (10)

Proof From (1) and (2), it follows immediately that
Z'(t) < —P(t)z(t - 1) < 0. (11)

suppose that the fact z(t) > 0 eventually does not hold. Then from (11), there exists a
positive number a > 0 such that eventually

z(t) > 0 and z(t) < —a. (12)

Choose t > max{to + 7,8 + r}, where ¥ = r + 7, such that (2), (6), (7), (11) and (12)
hold for t >t — 7. Let M = max{z(s), t —r— 7+ 6 < s <t}. Foranyt > %+ 4, define
n(t) = [£=2=4] + 1. Integrating (11) on [t — 7,¢], and noticing (6), (9) and (12), we get for
t>1t+46,

t

z(t) < —atez(t—-r)— / P(u)z(u — 7)du + /:TMQ(u):c(u — §)du. (13)

t—T1
Fort -1+ 6 < s<t, define

)= Qs

—T+é
zi(s) :e"a(")xk_l(s -r), zo(s) =z(s—6), k=1,2,---,

A(t) = tir Q(u— 7+ 8)z(u — 7)du.

By (13) and t — 7 4+ 6§ < s < t, we have

zo(s) <zo(s—r) + Q(u)zo(u)du
t—274-8

<wols—r)+ AR+ [ Qu)eo(u)du, (14)
t—r+6*

which, by Lemma 1, yields that fort — 7+ § < s < ¢,

zo(s) <zo(s — ) + AWM + [ e TQ(u)o(u - r)dy)
t—146

Saufs =)+ A0 + [ Qujer(u)du] (15)
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Noticing that z(u~ §) = zo(u), t -7+ 8 < u < t, substituting (15) into (13) and changing
the integral order, one can get for ¢t > £ + §

z(t)<—a+z(t—r)- /ti P(u)z(u — 7)du+t
AW explae)] + expla(®)] | Qu)a(u)d (13.)

From (15) we have

zols — ) < 2ol ~ 20) + A0 + [ Q(uea(wa,

t—14

which, devided by e%(*), implies that

8

21(s) <e™W)zg(s — 2r) + A(t) + Q(u)zy(u)du
+6

t—71

<zi(s —r) + A(t) + tjﬂ_sQ(u)zl(u)du. (14.1)
Again by using Lemma 1 in (14.1), we get
2a() Szals =)+ TNAWD + 1 Qu)ea(u)d, (15.1)
Substituting (15.1) into (13.1) we get for t > ¢t + &
2(t) < —a 4 z(t—r) - t; P(u)z(u - r)du+t
expl2a()A() + expl2a(®)] [ Qulaa(uld (13.2)
Repeating above process n(t) times we get fort > ¢t + §
2() < —ata(t—r)- /ti P(w)e(u - 7)du+t
e ) A(1) 4 BT tiTMQ(u)zn(t)(u)du. (13.n(t))
Notice that for t >+ 6 > rand u € [t — 7 + 4,1, f—r—r+6 Su-—nt)r-6 <1
and z,()(u) < 2(u — n(t)r — §) < M. In addition n(t) < =t + 1 < ¢, We have from
(13.n(t))
t(ty<—a+tez(t-r)- tiT[P(u) - e%a(‘)Q(u ~ 7+ 8)]z(u — 7)dut+

(o qt
Mqum/ Q(u)du.
t—7r+6
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Since (7) and (8) implies that e%a(‘)f:_ﬂ,&Q(u)du — 0 (t = o00), we get from above
inequality and (7), for sufficiently large ¢

z(t) < —a/2 +z(t-r).

The rest of the proof is similar to that of Lemma 1 in [6] and is omitted. The proof is

complete.
Lemma 3 Assume that ,
RO+ [ Qo)ds21 (16)
t—7+48
and " o
/ sﬁ(s)/ P(u)duds = oo. (17)
to s

Let z(t) be an eventually positive solution of inequality (1)’ and z(t) be defined by (9).

Then eventually
Z'(t) <0, z(t)<o0.

3. Main results

In this section we will apply the lemmas in Section 2 to establish several criteria for
the oscillation of all solutions of equation (1) and inequality (1)’. The following Theorem
1 is an immediate consequence of Lemma 2 and Lemma 3.

Theorem 1 Assume that (6)-(8), (16) and (17) hold. Then inequality (1)' has no positive
solution.

Corollary 1 Assume that (6), (8), (16) and (17) hold and that
Q(t — 7+ 8) = o(P(2)),(t — o0). (18)
Then inequality (1)’ has no positive solution.

Proof It is clear that (18) implies (7). By Theorem 1, inequality (1)’ has no positive
solution. The proof is complete.

Example 1 Consider the neutral equation
%[z(t) S (1= t32)a(t — )] 4 £t — 1) — E=2(t — 6) = O, (19)

where l < a < a' < 3/2,8 >0, r = §+ 1. It is clear that equation (19) can't satisfy the
condition (**) of Theorem A[6]. On the other hand, the condition (6), (8) and (16)-(18)
hold for (19). By Corollary 1, every solution of equation (19) oscillates.

The following Theorem 2 is a comparison theorem.

Theorem 2 Assume that (16) and (17) hold and that
R(t— 1)P(t) < P(t —r). (20)
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Further suppose that Q(t)/P(t + 7 — §) is nonincreasing and that there exists h > 0 such

that
P(t) < hP(t — 7). (21)

If the following inequality
SI(0) — 3t~ ]+ [P(0) + hQUE — 27 + Oyt — ) ~ hQ(t ~ 2 + 8)y(t ~ ) SO (22)

has no positive solution, then every solution of eqution (1) oscillates.

Proof Suppose, otherwise , that equation (1) has an eventually positive solution z(t).
Let z(t) be defined by (9). From Lemma 3 z(t) < 0. By (20) and (21), for sufficiently
large t, we have

Z'(t) = — P(t)z(t — 1)
=~P)z(t-7)+ R(t —T)z(t —r —T) + Q(s—7)z(s~ § — 7)ds]

t—74+8
>—P(t)z(t—T) - Pt —r)z(t -7 —T)~
P(t) /t _TM'_—‘%t . g[~z'(s — §))ds
>~ Pt)z(t—T)+ 2 (t—7) - hQ(t - 27 + 6)[ir+6[—z’(s — §)]ds

=~ [P(t)+ hQ(t — 27 + 8)]z(t — 7) + RQ(t — 27 + 8)2(t — &) + (¢t — r),

which implies that —z(t) is a positive solution of the inequality (22). This is a contradiction
and hence the proof is complete.

Example 2 Consider the following neutral equation

d

O -0+ t 2t - 1)+ @+ (t-1)P)e(t-2) -t Pz(t-1) =0, (23)

where 1 < a < 3/2 and 8 > a. Here, we have eventually
Rit—-7)=1+1/(t-2)<1+a/(t-1),
and
(POITP(t - 1) = (1 +1/( - 1)) 2 1+ /(e - 1).

It is clear that for sufficiently large ¢, (20) and (21) hold for A = 1. Consider the following
neutral inequality

4

dt
which, clearly, satisfies all conditions of Corollary 1 . By Theorem 2 and Corol

lary 1 every solution of equation (23) oscillates.

[y(t) - y(t - ]+ 17 + (¢ = 3)Ply(t - 2) ~ (¢ - 3) Pyt - 1) < 0,
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Remark 1 For equation (23), h; = 1 in (f), which implies that h, = 0 in (}f). Since
(23) does not satisfy (1) and (1) with h; = 1 and h; = 0, Theorem Bl®l can’t be applied
to (23).

Remark 2 Example 2 shows that Theorem 2, combining with Theorem 1, can
be applied to some neutral equations that don’t satisfy the condition R(¢) < 1.
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HE “Radv REE PR AENREIE

KgFE!, T &°
(1. ERTRAEEER, JR 100037; 2. JORAEBRFEHFER, LK 100871)

WE HRT AN
Zlo(0) ~ R(t)a(t — )] + Ple)e(t ) - Qe)a(t - 6) =

RREE Hb P,Q, R € C([to, ), RY),r,7,8 € (0,00), BEIETHER

— 574 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



