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Abstract: In this paper, using the theory of Pell equation, the authors discuss the
integrity of certain series related to generalized Lucas numbers. Under some conditions,
the integrity of certain series involving generalized Lucas numbers is completely solved.
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1. Introduction

The generalized Fibonacci and Lucas numbers can be defined as follows:

nt+d _ Antd
a B
a-p

where a = (p+vA)/2, B8 = (p—VA)/2, A = p*—4q, p and q are integers with p? —4q > 0,
and d is a nonnegative integer. Throughout this paper, we assume that p > 0 and ¢ # 0.
It is clear that U,(lo) = F, and Vn(o) = L, when p = —¢ = 1, where {F,} and {L,,} denote
the Fibonacci sequence and the Lucas sequence, respectively. From the definitions of U,(,d)
and V.,Sd), we know that {U,(;d)} and {V,Sd)} satisfy the linear recurrence relation

A and V@ = o"td 4 gntd, (1)

W, =pWn 1 — gW,_a, (n > 2)

For convenience, we write U,(to) = U, and V,$°’ = V.
Recently, many authors have investigated the integrity of the following series (see [1-

5]):

Su(zipg) =3 — Sv(zipg) =3 7, and Ti(z) =} zi,,, k>0,
n=0 n=0 n=0
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where ¢ = +1. “
d
In this paper, we discuss the integrity of the infinite series R%}i)(z) =22 B d>1.

n=0 gn
The integrities of Rg,l)(:c) (g ==%1) and R%})(z) (¢ = 1) will be completely solved.
In what follows, we will make use of the following identity:

Vn + pUn = 2Un+1. (2)

2. Main results

In this section, we suppose that ¢ = +1.
We state the main results of this paper.

Theorem 1 For ¢ = £1, we have:

(I) If ¢ = —1, the positive rational values of # for which R%,l)(:c) is integral are given
by ‘
r = _U_M (m Z 2).
Uzm — p

The corresponding values of Rg,l)(:c) are given by

II) If ¢ =1 and p > 2, the positive rational values of ¢ for which RY(z) is integral
1% g
are given by '
Um+1 -1
o > 3).
z - (m >3)

The corresponding values of R%,l)(:c) are given by

Um+1 -1

1
RY)( i

)=Um, (m>3).

Proof By (1) and the geometric series formula, we have

@y _ 2(Vaz —qVa 1)
By (=)= =g U2l>max(lal,|81).
Let R\ (z) = 2Wez=aVa1) _ 1 where 7 is an i Th btain th d—d
v = T T petq  — T» Where 7 1s an integer. en we obtain the second-degree
equation
(r—Va)z? — (pr — qVg_1)z + qr = 0. (3)

The roots of (3) are z = p—r—"%‘:"_‘—“,;tg, where D = (pr — ¢V4_1)% — 4qr(r — V).

When z is rational, the equation

D=4 (4)
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must hold, where y is an integer.
When d = 1, V3 = p and V4_; = 2. Thus D = Ar? + 4, where A = p? + 4. It follows
from the theory of Pell equation (see [6]) and » — p # 0 that the solutions of (4) are given
by y = Vo, ? = Ua(m > 2),if ¢ = -1, and y = Vp, 7 = Up(m > 2), if ¢ = 1. Hence,

the roots of (3) are
pUZm +2+ ‘/Zm

— 2(U2m -
=Y pUn -2V,

2(Um —p) ’
We require only the positive root of (3), which is shown to be

, (m>2), if ¢=-1,

(m>3), if ¢=1.

, (m>2), if ¢g=-1,

= U2(U27él—;
bUm — m .
——— (m>3), if ¢=1.
2T -p) * "2
Owing to (2), we obtain
Bmir 1 (m>2), if ¢=-1,
zr = UZm 4
g:l_p , (m>3), if ¢g=1
From (1), we can verify that
Uzmi1 +1 Uny1-1
—_— > =-1, m>2) and ——— =1, m>3). O
- (g ) — (g )

Theorem 2 If ¢ = 1 and p > 2, the positive rational values of ¢ for which Rg,z)(:c) is
integral are given by

Um+1"p
= > 4).
* Um—p2+1, (m— )

The corresponding values of R(z)(z) are given by

2 m+1
)(—+—2+—1)‘ -1, (m2>4).

Proof The proof of Theorem 2 is similar to that of (I) of Theorem 1 except V2 = p? — 2
and D = A(r + 1) + 4 and omitted here. O

Remark Consxder the series R ( ) = k > 0. Clearly, R( )( ) = Rg}i)(z).

For R (:c) and R (:c), we have the following conclusions:

n—O :z:" ’

Theorem 1’ If ¢ = —1 and k > 0, the positive rational values of  for which R(zz;c’:il)(”)

is integral are given by
Ugm+1)2r+1) + Uzktr

z = , (m2>2).
Usm(2k+1) = Usk+2 ( )
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The corresponding values of R(zilﬁll)(:c) are given by

U +U U.

2k+1 2m+1)(2k+1) 2k+1 2m(2k+1)

RUFHY( (U - == , (m>2).
2m(2k+1) 4k+2 2k+1

Theorem 2’ If ¢ = —1 and k > 1, the positive rational values of ¢ for which Rgik)(:c) is
integral are given by
_ Uzkyami — Usk (

m > 3).
Uk — Uske )

The corresponding values of R(zik)(:v) are given by

R(Zk)(U2k+2mk = U,  Uspi

= , (m>3).
2k Usrnk — Usk Ua ( )

Theorem 3’ If ¢ =1,p > 2, and k > 1, the positive rational values of z for which R;ck)(z)
is integral are given by

U -U

(m+1)k k

z= ————— (m>3).
Uk — Uz ( )
The corresponding values of R;ck)(a:) are given by

Uik = Uk, Upi
Uk — Uag Uk

k
RP(

, (m>3).

Theorem 4' If ¢ = —1 and k > 1, the positive rational values of z for which R(Zik)(a:) is
integral are given by
Uskim+1) — Uk

T = , (m>4).
U2m.k - szkUZk + UZk ( )
The corresponding values of Rg,tk)(:c) are given by
Usiime1) = U Usn
R(zik)( 2k(m+1) 4k _ Yome 1, (m > 4).

Uzak — V2EUsk + U’ Usg

Theorem 5 If ¢ = 1, p > 2, and k > 2, the positive rational values of ¢ for which
Rfc%)(z) is integral are given by

Um+1yk — Uz

= > 4).
® = U~ VO O 2
The corresponding values of Rfk)(z) are given by
9, Umi)k — Uak Uk
R(Zk) (m+1) = Jmk > 4).
k (Unzk‘szUk+Uk) Uk » (m24)
Proof Let
(dy _ . nk+dk | ank+dk (dk) (d) _ anFrdk — grkvde g ‘ik)
Vol = a +0 =V, and U,% = ok — gF = ['}k . (5)
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In the meantime, during the proofs of Theorems 1'-5', we will use the identity
Ua = UsVs. (6)
In fact, the sequences {U,'.(d)} and {V,i(d)} satisfy the linear recurrence relation
Wo = ViWo1 — ¢*Waa, n>2.

From (5) and applying Theorems 1-2 to the sequences {V,i(l)} and {V,{(z)}, and noticing
(6), we can obtain the conclusions of Theorems 1’-5'.
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