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Abstract: LetE be a uniformly convex Banach space which satisfies Opial’s condition
or has a Frechet differentiable norm, and C be a bounded closed convex subset of E. If
T : C — C is a nonexpansive mapping, then for any initial data z¢ € C, the Ishikawa
iteration process {z,}, defined by z, = t,T(8,Tzn + (1 — 8p)zn) + (1 — ty)zp,n > 0,
converges weakly to a fixed point of T', where {¢,} and {s,} are sequences in [0, 1] with
some restrictions.
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1. Introduction and preliminaries

Let C' be a nonempty subset of a Banach spaceE. Then a mappingT : C — C is said
to be nonexpansive if [Tz — Ty|| < [l ~ y|| for all 2,y € C. It has been shown that if C
is a nonempty bounded closed convex subset of a uniformly convex Banach space E then
every nonexpansive mapping T’ : C — C has a fixed point; see [1,6] for more details. In
1974, Ishikawal®! introduced a new iteration procedure for approximating fixed points of
pseudo-contractive compact mappings as follows:

Top1 =t T (8. Ten+ (1 —sp)zn)+ (1~ ty) 2., n=0,1,2,---, (1)

where {t,,} and {s,} are sequences in [0, 1] satisfying certain restrictions.
Recently, Tan and Xul® proved the following interesting result which generalizes The-
orem 2 of Reich(®:

Theorem 1.1 Theoremll 1.4 B e 5 uniformly convex Banach space that satisfies the
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Opial condition or whose norm is Frechet differentiable, C be a bounded closed convex
subset of E, and T : C — C be a nonexpansive mapping. Then for any initial guess
zo in C, the Ishikawa iteration process {z,} defined by (I), with the restrictions that
mpoosn <1, 2% o, (1 —t,) = 00, and -2 o8, (1 — t,) < 00, converges weakly to a
fixed point of T'. B

Furthermore, Zeng[gl proved the following weak convergence theorem which comple-

ments Theorem 1 of Tan and Xul¥.
Theorem 1.2[®Theoreml] Lot B be a uniformly convex Banach space that satisﬁeso the
Opial condition or whose norm is Frechet differentiable, C be a bounded closed convex sub-
set of E, and T : C — C be a nonexpansive mapping. Then for any initial guess zo in C,
the Ishikawa iteration process {z,} defined by (I), with the restrictions that imsup,,_, . s
is less than 1 and for any subsequence {ny},—, of {n},—q, Yoizqtn, (1 — tn,) diverges, con-
verges weakly to a fixed point of T.

In this paper, we investigate the problem of approximating fixed points of nonex-
pansive mappings by the Ishikawa iteration process (I). Motivated and inspired by the
recent research work of Tan and Xul® and Zengl®, we show that if E is a uniformly
convex Banach space satisfying Opial’s condition or with a Frechet differentiable norm, C
is a bounded closed convex subset of F, and T : C — C is a nonexpansive mapping, then
for any initial guess zg € C, the Ishikawa iteration process {z,}, defined by (I), with the
restriction that for any subsequence {n;};-, of {n},> o, S 72otn,3n, (1 — 8n,) diverges,
converges weakly to a fixed point of . Moreover, we also give the strong convergence
theorems of the Ishikawa iteration process (I) for nonexpansive mappings. On one hand,
our results complement and improve Theorem 1 of Tan and Xul¥ and Theorem 1 of Zeng!®l.
On the other hand, our results also generalize, to a certain extent, Theorem 2 of Reich!®l.

Now we give some preliminaries. Let E be a Banach space. Recall that E is said to
satisfy Opial’s condition [7] if for each sequence {z,,} in E the condition z, — z weakly
implies

liﬂicgf”:cn —z|| <liminf ||z, — y|| forall y € E, and y # 2. (L.1)

It is known that (1.1) is equivalent to the analogous condition obtained by replacing
liminf,,_,o with limsup,_,. . Recall also that E is said to have a Frechet differentiable
norm if, for each z in S (F), the unit sphere of E, the limit lim,_,o Uﬂtﬂ:ﬂﬂl exists and
is attained uniformly in y € S (E). In this case, we have

1 1 1
3 2| + (h,J (2)) < 3 lle+ Rl < 3 ll2|* + (h, T (2)) + b (||Al) (1.2)
for all z,h € E, where J is the normalized duality map from E to E* defined by
J(2)={2" € B*: (¢,2%) = |l2}” = []e*|I*},
(-,-)is the duality pairing between E and E°, and b is a function defined on(0,00) such
that lim, o b(t)/t = 0.

Throughout this paper, we suppose that C is a bounded closed convex subset of a
uniformly convex Banach space E, T : C — C is a nonexpansive mapping, and {z,}is the
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Ishikawa iterates defined by (I). Denote by F (T') the set of fixed points of T'.

Lemma 1.1°% Suppose that{a,}>>, and {b,}>> ,are two sequences of nonnegative num-
bers satisfying the inequality:

nt1 < an+by, n>0.

If 5572 o by converges, then lim,,_,, a,, exists.

Lemma 1.2P The following (1)-(2) are valid:

(1) For each f € F(T){|lz» — f||} is nonincreasing and the limit lim,_, ||z, — f||
exists;

(2) Suppose, in addition, that E has a Frechet differentiable norm. Then for every
fi,foin F(T) and 0 < t < 1, the limit

dim |ftz, +(1-t) fi - fol

exists.
Denote by T' the set of all strictly increasing convex functions ¥ : Rt — Rt with
7(0) = 0. Let C C E. Mapping T : C — C is said to be of type () iff

VA A 2lTz+ (1~ )Ty~ T(cz + (1= )y)l}) < llz - yll - |T= — Ty||
Y€l z,y€C 0<c<1

In 1991, Gornickil! gave the following lemma.

Lemma 1.3 (cf. Gornickil***™™331]) LetC' be a bounded closed convex subset of a B-
convex Banach spaceE. Assume thatS : C — C is a nonexpansive mapping of type (7).
Ify, — y weakly (y.,y € C,n =1,2,---), then there is a function g € T such that

g (lly ~ Syll) < liminf ||y, — Syn||.

Remark 1.1 If F is a uniformly convex Banach space, then each nonexpansive mapping
T :C — C is of type (7), and 7 can be chosen to depend only on diam (C) and not on
Tl

More suitable to our purpose is a variant of Lemma 1.3 for nonexpansive map-pings
in a uniformly convex Banach space.

Corollary 1.1 Let C be a bounded closed convex subset of a uniformly convex Banach
space E. Suppose that S : C — C is a nonexpansive mapping. If y, — y weakly (y,,y €
C,n =1,2,-..), then there exists a strictly increasing convex function g : R* — R* with
g(0) = 0 such that
g (lly ~ Syll) < liminf ||y, — Synl|-
We remind the reader of the following fact:

l[g: Rt — R*,g(0) =0, g strictly increasing convex]=[g is continuous).
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2. Main results

Theorem 2.1 Let E be a uniformly convex Banach space which satisfies Opial’s condition
or has a Frechet differentiable norm, C be a bounded closed convex subset of E, and
T : C — C be a nonexpansive mapping. Then for any initial guess zoin C, the Ishikawa
iteration process {z,}, defined by (I), with the restriction that for any subsequence {ni}z-,
of {n}2 0, Sokotngsn, (1 — $n,) diverges, converges weakly to a fixed point of T

Proof Set y, = s,Tz, + (1 — s,)z,. Then
Tntl = tn Ty, + (1 - tn) Ty

Let f be in F(T). It follows from Lemma 1.2 (1) that the limit lim, . ||2n — f||
exists. We may assume lim,_,, ||z — f|| # 0.

Firstly, we show that if {n;}° , is a subsequence of {n}>> ; such that 32 tn, 8n, (1 — $n,)
diverges, then liminfi_,o || T2y, — 24,|| = 0. Indeed, by the method of Tan and Xull, we
obtain

lgn = £l = llsn (T2n — £) + (1 = sn) (2= — F)|
< llen = fIIL = 280 (1 = 3) 82 ([ T2 — 2nll/ll2n = FID)], (2.1)

where 65 is the modulus of convexity of E defined by

. T+
o (e) = int {1 22 o < 1 < 1, and ool 2

for 0 < ¢ < 2. Since
Zns1 = Fll = It (Tyn = ) + (1 = ta) (zn = f)l
Stallyn = fll + (1= ta) llzn — fII,

we have from (2.1)

l2ns1 = £l < tnllza = fIl {1 = 280 (1 = 30) 8B (IT20 — 2nll/l|zn — £I)] + (1 = tn) |2 ~ f]
= llen = fIl{L - 2tnsn (1 — 82) 8E (IIT2n — 2all/l|2n — £I)]- (2.2)

Put
Dp=1-2t,8,(1 - 8,) 8 (JIT2n — 2nll/l|zn — f||) for each n > 0.

Then it is clear that 0 < D,, < 1 for each n > 0. From (2.2) it follows that for each k£ > 0,

”an.l - f” < DnH,l—l ”znk_u-l - f” < an+l—lDﬂk+1—2 o 'Dﬂk+1Dﬂk ”zﬂk - f”
< Do, [|2n, = £l
= “znk - f” [1 - 2t"k8"k (1 - snk) 6E (“Tzﬂk - znk”/”‘cnk - f“)] . (2'3)
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Now it is readily seen from (2.3) that

Z t"ksnk (1 - 'sﬂk) 6E (“T‘”ﬂk - znk“/”zﬂk - f“) < oo.
k=0

But, since Y 32 tn, Sn, (1 — $p, ) diverges, we deduce

\

limnf 65 (|T2n, = 2a,/ll2n, — 1) = 0.

It then follows that
li’{nianT:cnk —z,,]| =0,
— 00

since §g is strictly increasing and continuous and limy, o ||#n — f|| # 0.

Secondly, we prove that {z,} converges weakly to a fixed point of T'.

By wy (zn) we denote the set of all weak subsequential limits of {z.}, i.e., the weak
w-lim set of the sequence{z,},

Wy (2n) = {y € E:y = weak - hm z,, for some ny T oo}

k—o00

Now, we assert that w,y, (z,) C F(T). Indeed, let z,, — 2 weakly ask — oco. Then it is
o0

readily seen that for subsequence {ni}; =, of {n}.~,, we have Y &, 8., (1 —3,,) = o0.
k=0

Thus, it follows immediately from the above argument that lim infi— o0 |zn, — Tzn,|| = 0.
And also, by Corollary 1.1 there is a strictly increasing continuous convex function g :
Rt — R* with g(0) = 0 such that

9(llz ~ Tz|]) < liminf ||2n, — T2y, || = 0.

Obviously, we obtain z = Tz, which implies z € F(T). To show that {z,} converges
weakly to a fixed point of T, it suffices to show that w,, (z,) consists of exactly one point.
To this end, we first suppose that E satisfies Opial’s condition and suppose p # ¢ are in
wy (2,). Then p =weak- hm 0 Zn, and ¢ =weak-lim;_,, 2, for some subsequences {n}

and {m;}. By Lemma 1. 2 ( 1) and Opial’s condition of E, we derive

lim ||z — pl| = lLim ||z, — p|| < Lm |jzn, — g

n-—00

Il

i o, o] < im e, 5] =t fln - .

J—'OO j—oo

arriving at a contraction. This proves the theorem in the case when E satisfies Opial’s
condition. On the other hand, we assume thatE has a Frechet differentiable norm. Ex-
ploiting inequality (1.2), and Lemma 1.2 (2), we see that for each f;,f, € F(T), the
limit lim,, oo (Zn,J (fi — f2)) exists; see Tan and Xu [3, the proof of Theorem 1] for more
details. In particular,

(P—¢,J(fi— f2))=0forall p,q € wy, (z,). (2.4)
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Since wy, (zn) C F(T), for any p,¢ € wy(2,), by replacing fi, fo in (2.4) with p,q,
respectively, we derive

lp~al* =(p-gq,7(p~q)) =0.
This shows that w,, (z,) must be a singleton. The proof is complete.

Theorem 2.2 Let E be a uniformly convex Banach space which satisfies Opial’s condi-
tion or has a Frechet differentiable norm, C' be a bounded closed convex subset of E, and
T : C — C be a nonexpansive mapping. Then for any initial guess zy in C, the Ishikawa
iteration process {z,}, defined by (I), with the restrictions that 3 52 (t.s, (1 — s,) di-
verges, and Y., 3, (1 — t,) converges, converges weakly to a fixed point of T

Proof Using (2.2) and the assumption that Y ;7 ;t,s, (1 — s,) diverges, we obtain
Lim inf |£n — T2a|| = 0. (2.5)
On the other hand, by the method of Tan and Xu [3], we can show

IT2nt1 = Znyall < [L+ 28, (1 = £0)] | T 25 — 24|

Since Y7 18, (1 —t,;) converges and {||Tz, — z,||} is bounded, it follows from Lemma
1.1 that limg_, o ||T%n — .|| exists and equals zero by (2.5).

The remainder of the proof is seen to be similar to that of Theorem 1 in Tan and Xul?l,
Thus, we omit it.

Further, we give strong convergence theorems of the Ishikawa iteration process (I) for
nonexpansive mappings.

Theorem 2.3 Suppose that E is a uniformly convex Banach space and T, C, and {z,}
are as in Theorem 2.1. Suppose also that the range of C under T is contained in a compact
subset of E. Then the Ishikawa iterates {z,} converge strongly to a fixed point of T'.

A mapping T : C — C is said to satisfy Condition A% if there is a nondecreasing
functionf : Rt — R* with f(0) = 0 and f(r) > 0 for all » > 0, such that

& — T=2|| > f(d(z, F(T))) for all z € C,

where d(z, F (T)) = inf,cp(T) |2 — 2||.

Theorem 2.4 Let F be a uniformly convex Banach space, and let T,C be as in Theorem
2.1. If T satisfies Condition A, then for any initial guess g € C, the Ishikawa iteration
process {z,}, defined by (I), with the restriction that for any subsequence {ny},., of

{n}o o) Tieotngsn, (1 — sn,) diverges, conveiges strongly to a fixed point of T'.

Remark 2.1 It is obviously seen that our Theorems 2.3, 2.4 also complement and
improve Theorems 2, 3 of Tan and Xul®, respectively, by removing their restriction,
Yo 08n (1 —t,) < co. In addition, according to Theorem 2.2, we may also obtain the
results corresponding to Theorems 2.3, 2.4.
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