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Abstract: Let X be a real uniformly smooth Banach space andlet T: D(T)C X —» X
be p-hemicontractive and locally bounded at its fixed point ¢ € F(T'). Under some
suitable assumptions on the iteration parameters {a,} and {8,}, we have proved that
the Mann and Ishikawa iteration processes for T' converge strongly to the unique fixed
point ¢ of T. Several related results deal with iterative solutions of nonlinear equations
involving p—strongly quasi-accretive operators. Qur results extend and generalize those
corresponding ones by Xu and Roach, Zhou and Jia and others.
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1. Introduction

Let X be a real Banach space with dual X*. The normalized duality mapping from
X to the family of subsets of X* is defined by

Jz = {z" € X" : (z,2") = ||z[|ll="[|, |lz"|| = l|=II},

where (-,-) denotes the generalized duality pairing. It is well known that if X* is strictly
convex, then J is single-valued and J(tz) = tJz, for all ¢ > 0; if X is uniformly smooth,
then J is uniformly continuous on bounded subsets of X. We denote the single-valued
normalized duality mapping by j.

A mapping T with domain D(T) in X is said to be accretive if for each z,y € D(T)
there exists j(z — y) € J(z — y) such that

(Tz — Ty,j(z - y)) > 0. (1)
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Furthermore, T is called strongly accretive if there exists a constant £ > 0 such that
(Tz - Ty,j(z ~ y)) 2 kllz — ylI*. (2)

T is said to be ¢-strongly accretive if there exists a strictly increasing function ¢ : [0, 00) —
[0,00) with ¢(0) = 0 such that the inequality

(Tz - Ty,ji(z - y)) = ¢(llz — yl))llz — 9] (3)

holds for every z,y € D(T) and some j(z — y) € J(z — y).

Let N(T) = {z € E : Tz = 0}. If N(T) # 0, and the inequalities (1),(2) and (3)
hold for any 2 € D(T) but y € N(T), then the corresponding operator T is called quasi-
accretive, strongly quasi-accretive and p—strongly quasi-accretive, respectively. T is said
to be a quasi-pseudocontraction, strongly quasi- pseudocontraction, and p-hemicontraction
if (I — T) is quasi-accretive, strongly quasi-accretive,and ¢ —strongly quasi-accretive, re-
spectively. T is said to be a pseudocontraction, strong pseudocontraction, and @—strong
pseudocontraction if and only if (I — T') is accretive, strongly accretive and ¢—strongly ac-
cretive, respectively, where I denotes the identity operator on X. Let F(T) = {z € D(T):
Tz = z}. T is said to be a quasi-pseudocontraction, strong quasi-pseudocontraction and
¢—hemicontraction if (I — T') is quasi-accretive, strongly quasi-accretive and ¢—strongly
quasi-accretive, respectively. Such operators have been studied and used extensively by
several researchers (see, e.g.,[12,14, 16, 18]).

Recently, Zhou and Jial'®, and Zhoul'”) established several convergence results con-
cerning iterative solution involving nonlinear accretive-type operator equations in uni-
formly smooth Banach spaces without Lipschitz assumption. These results extended and
generalized many known ones. Actually, the main ideas and methods used in the proof
of Zhou and Jial'®l are still effective for the case where the accretive operator A is only
defined on a closed ball in X.

An operator T : D(T') C X — X is called locally bounded at some zo € D(T) if there
exists a closed ball B,(z9) C D(T) such that T(B,(z¢)) is bounded. Accordingly, T is
said to be locally bounded if T is locally bounded at every z € D(T). It is well known
that if X is a uniformly smooth Banach space and T : D(T) C X — X is an accretive
operator with an open domain D(T'). Then T is locally bounded.

It is our purpose in this paper to localize the main results of Zhou and Jiall®! by using
Reich’s inequality instead of Xu and Roach’s inequality. For this purpose, we need the
following known result due to Reich(t3].

Lemma 1.1 Let X be a real uniformly smooth Banach space. Then there exists a
nondecreasing continuous function b : [0,00) — [0, 00) satisfying

(i) b(ct) < cb(t) for all ¢ > 1;

(i) Tim,_q b(t) = 0

(i) 2 + YII? < ]2 + 20, 3(2)) + max{lzll, Hvl18(llyll) for all 2,y € X.
The inequality (iii) is called Reich’s inequality.

In the sequel, we always assume that X is a real uniformly smooth Banach space.

2. Main Results
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Theorem 2.1 Let T : D(T) C X — X be a ¢—hemicontraction. Suppose T is locally
bounded at its fixed point ¢ € F(T). Then there exists a closed ball By such that the
Ishikawa iterative sequence {z,}.>0 defined by

zo € By
(Is)l Tyl = (1 - an)zn + anTynyn _>_ 0’
Yn = (1 - ,Bn)zn + BnT2n,n 2 0,

remains in By and converges strongly to q provided that {a,} and {8,} are two real
sequences in [0, 1) satisfying the following conditions:

(i) an < min{r, f7},n>0;

(ii) Bn < min{r, %, F7},n>0;

(i) 37io on = 00;

(iv) an — 0, B, — 0 asn — oo, where r, T, M and § are some fixed constants.
Proof Since T : D(T) C X — X is locally bounded at ¢ € F(T'), we can choose r» > 0
such that B, = {z € X : ||z — ¢q|| < r} is contained in D(T) and T'(B;) is bounded. Let
M = sup{||Ty — y||: ¥y € B1} + 1 and M; = max{r,1}(M + r)%. Since b: [0, 00) — [0, 00)
is continuous and nondecreasing, we can choose the largest positive number 7 such that
%&1} < -'%i‘—). This is possible, because '1’—(_3% -+ 0 as t — 0. Since X is uniformly smooth,
7 is uniformly continuous on bounded subsets of X. Consequently, for given ¢ = %—),
we can also choose § > 0 such that ||jz — jy|| < ¢ whenever 2,y € B,(0) and ||z — y|| < 6.
Now we are in a good position to choose {a,,} and {f,} satisfying conditions (i) and (ii).
We finish the proof of Theorem 2.i by the following two steps.

Step I. We shall prove that the sequence {z,} defined by (IS), is well-defined and
remains in B;. To this end, we show first that y, € By whenever z, € B;. Let z, € By,
then ||z, — ¢|| < r, and this implies that ||Tz,, — z,|| < M.

By using Reich’s inequality and (IS);, we have

l9n = gli* =II(1 = Ba)(zn — 9) + Ba(Tzs — g)I?
5(1 - ﬂn)2||=vn - QHZ +26,(1 - ﬂn)<Tzn - ‘I»j(zn - ‘1)>+
max{||zn — gl|,1}B.[|Tzn — gl[b(BullT2n — qll)
<[(1 = Ba)* + 26,(1 - B,))r*-
28n(1 = Br)e(llzn — gll)llen ~ gll + M1Bnb(Bn)
<r? = 26,(1 = Bn)e(l|zn — gl)l|2n — gl + M1Bnb(Bn)- (4)

Assume that ||y, — ¢|| > 7, then

|zn = qll 2 7 = BullT2n — 2ull 27— B M 2

5 (5)

and hence r
elllzn = all) 2 #(3)- (6)

Combining (5)-(6) with (4), we have ||y, — ¢|| < r, which is in contradiction with the
assumption that ||y, — ¢|| > . This contradiction shows y,, € By whenever z, € B;.
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Let z,, € B, then y, € B, by the above argument. It follows that ||z,, — Tya| <
Nz = yull + llyn — Tynll < 2M.
Set a, = ||j(zn — ¢) — j(yn — )||. Then

r

ro(s)

D) "

a
since (|25, — ynl] < B M < 6.

Now we want to prove that z,,; € B;. If it is not the case, assume that ||2,41—¢|| > 7.
Then

len = qll 2 7 — 200 M > 2, (8)
and so
Iy = qll > = — B > (9)
Yn 3 n =y
which implies that o((ly» - qll) > ¢(7)-
Again using Reich’s inequality, (IS);, and (7)-(9), we have
f2n+1 — QI|2 :“(1 —an)(zn — ‘I) + an(Tyn - Q)Hz
<(1 = an)?llzn = glI* + 2a0(1 = an)an(M + )+
200 (1 - an)llyn — ql* -
2an(1 = an)e(llyn — l)llyn — gll + Mianb(an)
<r?, (10)

which implies that {{z,4; — ¢|| < r, a contradiction. This contradiction shows that z,4+1 €
B; whenever z,, € B,. By induction, we see that z,, € B; for all n > 0. Consequently, we
have ||Tz, — 2.} < M and ||Ty, —¢|| < (M +7) for all n > 0.
Observe that
lyn — 2all < M — 0, (11)

as n — 00, we assert that a, — 0 as n — 0o. by the uniform continuity of j.
Step II. We shall prove that z,, — ¢ as n — oo. By the argument above, we have

2ns1 = all® < llzn — ¢lf” = 2a(1 ~ an)e([lys — alllyn — gll + o(an)- (12)

Set a = iminf{||ly, — ¢|| : » > 0}. Then a = 0. If not, assume that a > 0. Then there
exists some N such that ||y, — g|| > § for all n > N, and hence ¢(|ly. — q||) > ¢(5) >0
for all n > N. At this point, we can choose ny > N so large that

a.a
ofan) < an(1 ~ ) 1), (13)
for all n > ng. It follows from (12) and (13) that
a ,a, &
E‘P(E) Z an(l - an) < “zno - ‘IHZ’ (14)
n>ngp
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i.e., a contradiction. Consequently, liminf, . ||y, — ¢|| = 0. Hence there exists a subse-
quence {yy;} of {y,} such that y,. — g as j — oo. It follows from (IS); that z,; — ¢ as
j — oo. Again using (IS);, we can prove that for arbitrary ¢ > 0, there exists some fixed
n; > 0 such that ||z, 4m — g|| < €&, Ym > 0. This implies that 2, — g as n — o0. We
complete the proof of Theorem 2.1. O

Corollary 2.1 Let T: D(T) C X — X be a p—strong pseudocontraction with an open
domain D(T). Suppose T has a fixed point ¢ € F(T). Let {a,} and {8,} be as in Theo-
rem 2.1. Then the conclusion of Theorem 2.1 holds true.

Proof We observe that (I —T') is ¢-strongly accretive and hence is accretive. Since D(T)
is an open subset of X, we see that (I — T') is locally bounded at ¢ € D(T'). Consequently,
T is locally bounded at ¢ € D(T) and ¢—hemicontractive. Now the conclusion follows
from Theorem 2.1. O

Corollary 2.2 Let T : D(T) C X — X be a p—hemicontraction. Suppose ¢ is surjective
and D(T') contains a closed ball B; = {z € D(T) : ||z — 2o|| < 3¢~ !(Jlzo — To||)} such
that T(B;) is bounded for some initial value zo € D(T). Then the Ishikawa iterative
sequence {2z, }n>0 generated by

zo € By
(IS)2 ¢ Znt1 = (1 - an)zn+ anTyn,n > 0,
Yn=(1—-Bn)zn + BuTzn,n >0,

remains in B, and converges strongly to the unique fixed point of T provided that {a,}
and {f,} are two real sequences in [0,1) satisfying the following conditions:
-1 _
(i) an < min{r, u”—miﬂlgn > 0;
.o . & - —Ta .
(i) P < min{r, 757, ¢ U57T2ly 0 > o;
(i) 350 on = 0

(iv) an — 0, B, — 0 as n — oo, where 7, M and § are some fixed constants.

Proof Since T is ¢p—hemicontractive, we know that T has a unique fixed point in D(T),
say, ¢. Set r = 2p7Y(||zo — Tzo||). Then B, = {z € D(T) : ||z - ¢|| < r} is contained in
B,. Now the conclusion of Corollary 2.2 follows from Theorem 2.1. O

Theorem 2.2 Let T : D(T) C X — X be a p—strongly quasi-accretive operator.
Suppose T is locally bounded at its zero ¢ € N(T). Then there exists a closed ball B3
such that the Ishikawa iterative sequence {z,}.>o defined by

Zg € B3
(IS)S Tntl = Tn — anTyn,n > 0,
Yn = Zn — BrT2n,n >0,

remains in B3 and converges strongly to ¢ provided that {a,} and {83,} are two real
sequences in [0,1) satisfying the following conditions:

(i) an <min{r,5%},n>0;

(i) Bn < min{r, &, F7}n > 0;



(iii) E?:O Qyn = 00;

(iv) an, — 0, B, — 0 asn — oo, wherer, 7, M and § are some fixed constants.

Proof We observe first that there exists a positive number » > 0 such that By = {z €
D(T) : ||z — q|| < r} is contained in D(T) and T(Bs) is bounded. Set M = sup{||Ty|| :
y € B3} +1 and M; = max{r,1} M?%. Observing that b is a continuous and nondecreasing

r

function, we can choose the largest number 7 > 0 such that b(7) < %;IL). This is possible,
since b(t) — 0 as t — 0. Since X is uniformly smooth, j is uniformly continuous on
bounded subsets of X. Therefore for some ¢ = r—:(Mﬂ, we can choose § > 0 such that
l7z — jyl| < ¢ whenever ||z — y|| < & provided that for all 2,y € B,(0). Now we can
choose {ay,} and {B,} satisfying conditions (i) and (ii). The rest follows as in the proof
of Theorem 2.1, and this completes the proof of Theorem 2.2. O

Corollary 2.3 Let T : D(T) C X — X be a p—strongly accretive operator with an open
domain D(T'). Suppose T has a zero ¢ € N(T'). Let {a,} and {8,} be as in Theorem 2.2.
Then the conclusion of Theorem 2.2 holds true.

Proof We observe that T is locally bounded at ¢ € D(T') and p—strongly quasi-accretive.
Now the conclusion exactly follows from Theorem2.2. O

Corollary 2.4 Let T : D(T) C X — X be a p—strongly quasi-accretive operator.
© Suppose ¢ is surjective and D(T') contains a closed ball By = {z € D(T) : ||z — zo|| <
3¢~ (JITzol||)} such that T(B,) is bounded for some initial value zo € D(T). Then the

Ishikawa iterative sequence {z,}n>0 generated by

To € B4
(IS)s ¢ Zn+41 = 2pn — axTyn,n >0,
Yn = 2n — BuT2n,n >0,

remains in B4 and converges strongly to the unique zero of T' provided that {a,} and
{Bn} are two real sequences in [0,1) satisfying the following conditions:
-1
() an < mingr, 20T 15 o
-1
(i) Bn < min{r, ﬁ’ ‘P_g%m}’n > 0;
(i) 3520 atn = 005

(iv) an — 0, Brn — 0 as n — oo, where 1, M and § are some fixed constants.

Proof Since T is ¢—strongly quasi-accretive, we know that T has a unique zero point in
D(T), say, g. Set r = 207 (||Tzo||). Then B, = {z € D(T): ||z — gq|| < 7} is contained in
B4. Now the conclusion of Corollary 2.4 follows from Theorem 2.2. O
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