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1. Introduction

The following inequalities (1) is well-known as the equivalent form of Hilbert’s integral

inequality
/0 ( o :EL Ldz) dy < =’ /Ooo f2(z)dz, (1.1)

where 72 is the best value(cf.[1,Chap 9]).
Recently,Yang Bicheng!?! gave the following result.

/f( abzi(%d‘”) dy <’ ( \[) /f(z')dz (1.2)

/o ( 0 a{(+ z,d”)zdy < n? /Ob <1 - %{/%) f(z)dz, (1.3)
F (220 aer [ (ot e, o

which generalize the inequality of (1.1) by introducing two parameters a and b.
In this paper,some generalizations of (1.1)-(1.4) are given in the following theorems.
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Theorem 1 LetO0<a< b,p> 1,11) + l =1, f € L*[0,00), then

P20 et [ o
/Ob( Ob zi%dz)pdy <B (%,%)p—lfo (B (; 2) 61/ (:)Uq) fP(z)de, (1.6)
I (/oo g—%dzy dy < B (% %)H/a (B (% %) b1/, (a) /,,) f2(2)dz, (1.7)

where

11 a 1 a
C = B, ) = sy 71V2, D = B, ) = 288 5) 1,

1 1
6, :/ L Lydu, 5=
o 1+u'u
B(m,n)(m,n > 0) is B-function, and f > 0.
Theorem 2 Let0<a<bp>1

S ‘QI'—‘
PSR

k) b

1,1 _ _ 1 P
gt =11 m<t§1,f€L[0,oo),then

/,, ( . (z _ﬁ)td’*’)pdy < max{E,F,G,H} /ab 2P(1-8 fP(z)dz, (1.8)
_/ob ( Ob(z_s_wy)):dz)pdy
<o (-2 [(B( e ) B (5))

2P(14) f2(2)dz, (1.9)
/a </ (ﬂ;fiz!/))tdz) I o
o (b)) B ()

(1.10)
Where
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1 p(1-t) 1 = —= a
B(;'i‘ p ;P(t—l)-}- E)—Q (oﬂ!q—l) iep(l_t)_’_l; <Z)

ﬂl—l!)%
q
( ) p(la—1)+l ?
1 p(1-t 1 — - a q
o 5 s ()
H = B(-l—,t—}—)—2 (51.5 Ly
q q » P

a
b
pi~t)
1 p(l1-t) 1 PR
85+ By h-n ) 2( Prons (5)

~ 1 1V 1 plt—1)+1
=]/ —— [~ = - ~——t o .0 el —t
o /0 (1+u) (u) du, 3 p’2 ’ P(L-1)

p q

B(m,n) (m,n > 0) and f are indicated as in Theorem 1.

1
~
—_

Ll

"UI'—'

Proofs of theorems

First we prove the following Lemmas.

Lemma 1 Letp>1,%+%:1anddeﬁnek5 and 6, as

o0 g 1 s
o[ e [ () e
o l14+u\u o0 1+u\u

thenk, = B(s,1-5)=01_5+60, = k1_,. Where s = %, %,B(m,n) (m,n > 0) is indicated
as in Theorem 1.

Lemma 2 Let p > 1,-1;; + % =1, and define h,(y) as

he(y) = "_l/y ! (l)adu for y € (0,1]
s\Y)=Y b 1+u\u ¥ » 1

ha(y) 2 ha(1) = 0, (y € (0,1)). (211)

The equality contained in (2.11) holds only when y = 1. Where s = %, %.

then
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Proof Fixed s, we have

K (y) = — ""2/yLdu<0
sy - y 0 (1+u)2 .

Then h,(y) is strictly decreasing on (0,1]. Hence h,(y) > h,(1) = 6,,and the equality
holds only when y = 1. This proves the Lemma 2.

Lemma 3 Letb>a>0,p> 1,;7 + % = 1, and define the weight function w,(a,b,z) as

b ]
w_,(a,b,:c):/ 1 (5—) dy for z € [a,b],

z+y
fher B(s,1-3)—2(8,01-5 (2)")F  for2s—1>0
3,1 —38)—2(0,0,_, (2 or 2s — 1 > 0,
we(a,b,z) < N (2.12)
B(s,1-38)—-2 (0,01_, (%) _’) * for2s-1<0,
01(0,b,2) = lim w,(a,b,2) < B(s,1 - 5) - b1, (%) (2 € (0,8]), (2.13)
1-s
wy(a,00,2) = Jim wy(a,b,z) < B(s,1 —3) -4, (S) (z € [a,00)). (2.14)

Where the constant 8, is indicated as in Theorem 1, and s = ;7,%

Proof Putting u = ¥, we have

w_,(a,b,z):/:: ! (%) du
L e [ ()
:k,—/ —(5) au+ 11 (1)@]
=k, — ( ) ( )+(%) hi,s (% ] (2.15)

and k, is indicated as in Lemma 1. By Lemma 1,2, we have

b <k KS)I w(3)+ () me (€>2] = k- [(g)lo + (%)’ol_s]
a1 (1) ()]

When 2s — 1 > 0, we have w,(a,b,z) < B(s,1—3)-2[6,6_, (%)’]1/2.

al—s 1/2
= B(S,l - 3) -2 [0801—3 —b—a—z2’_1:| .
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a 1—8 1/2
When 2s — 1 < 0, we have w,(a,b,z) < B(s,1—3)—2 [9,91_, (%)

Relation (2.12) is valid. By (2.15) and Lemma 1,2, as a — 0 and a — 00,(2.13) and (2.14)
can be proved. This is the proof.
Using the same method, we can prove the fiollowing Lemmas 4-6.
_ 8
Lem_ma 4 Letp > 1,11; + % = 1,1 - pl—q- <t<1, and d_eﬁne-k, = f0°°_(1+1—u); (37) du
and 0, as in Theorem 2, then k, = B(1 —s,s+t—1) =0, + 02_,_¢t = ka_,_¢+. Where

s = -;-,2 - % -tk t_ql a1 —t) + %,B(m,n) (m,n > 0) is indicated as in Theorem 1.

Lemma 5 Letp>1,1+1=1,1- L <t <1, and define h,(y) as

— v s
hy(y) = y"l/(; ! (l) du for y € (0,1],

(1+u)t \u
then
ho(y) > hs(1) =0, (y € (0,1]). (2.16)
The equality contained in (2.16) holds only wheny = 1. Where s = ’%,2—%—15, 2 t—ql +1,p(1—
t)+ 1.
P

Lermma 6 Letb>a>0,p> 1,% + % =1,1- piq < t <1, and define the weight function
Ws(a,b,z) as ,

b s
D,(a,b,:c):/ 1 (E) dy for =z € [a,b],

a (z+y)\y
then
1
zi-t [B(l ~st+s—1)—2 (5,52-44 (%)H’_l) 2] fort 4+ 2s > 2,
U,(a,b,:c) < - 1

zl-? [B(l —st+s—-1)-2 (93—9_2—34 (%)1_") 2} fort 4 2s <2,

(2.17)
_ z t+s—1
w,(0,8,2) = lin(l)u_.z,(a, be) <zt [B(l —s,t+s—1)~ 0y, (3) ] , o (2.18)
_ a 1-s
w,s(a,00,z) = lim w,(a,b,2) <27t |B(1-s,t+s—-1)-9, (—) . (2.19)
a— 0o T

Where s = %,2 - % -—t,ﬂt—%ﬁl,p(l —t)+ %.
Proof of Theorem 1. We first prove relation (1.5) for ¢ > p.
By Holder’s inequality and Lemma 3, for y € [a, ], we have

(L 2] = ([ s () o ()]

< /ab Iiy (g)l/qu(z)d:c (/abziy (g)”vdz)l@/q
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b y\P/e b1 (z\, d
it [ 5 3] o

11 al/p%p/qbl 2\ /9
: (f’ G3)-2(m ()") ) [ () e

then

(L 2030 o (n (52) -2 o 0)")') £ )" s
r/q
|

1
11 1/p\ 2 b
-\° (5’ E) - (0150% (% ) / wi/q(a,b,2) fF(z)dz

(o222 0)")) [ ome

Similarly, relation (1.5) for ¢ < p can be proved.Using the same method, we can show that
(1.6) and (1.7) are valid. Theorem 1 is proved.

In a similar way to the proof of Theorem 1, Theorem 2 can be showed.

Remark 1 When p = ¢ = 2, (1.5),(1.6),(1.7) change to (1.2),(1.3),(1.4) respectively, it
follows that Theorem 1 is a generalization of (1.1),(1.2),(1.3),(1.4).

Remark 2 When ¢ = 1, Theorem 2 changes to Theorem 1, it is obvious that Theorem 2
is a generalization of Theorem 1.
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