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Abstract: In this paper, we construct Stancu-Sikkema operators and obtain the point-
wise direct and converse theorems in terms of pointwise modulus of smoothness. Some
results about Bernstein-Sikkema operators and Stancu operators are extended.
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1. Introduction

Bernstein-Sikkema operators are defined by

Culf2) = L pesf (ppy) 0 <alm) <0050,
k=0

where pni(z) = (})z¥(1 — 2)"™* (Cn(f,z) denotes Bernstein operators when a(n) = 0).
LilYl studied the operators and obtained the following results.
Theorem A Let f € C[0,1],4 <n € N. Then

/2 W2
1Cuf — fllw < C ( / M wolhit) 4y En(f)) /n.

t3

Theorem B Let1 > f > 0. Thenw?(f,1/v/) < Cn™* (Tioy (2VIICKf - £l + Plif1l).
Stancu operators were defined in [2] by

Lﬂ(faz) = ibn,k,s(z)f(S) zel= [Oal]a
k=0
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(1 - z)pn—s,k(z)a 0<k<s,
wheres € N,0<s<n/2,b,p,(2) =< (1 —2)pp_si(®) + 2Pn—si-s(z), <k <n-—s,
TPn—s k—s(2), n—s<k<n.

When s = 0 or s = 1, Stancu operators are Bernstein operators.

The properties of the operators were given in [3],[4]. In [5] Ditzian gave a direct theorem
for Bernstein operators by using a new modulus of smoothness wi,\( 5t} (0 <A <1). His
results contained the results of the classical modulus of smoothness w?(f,t) and Ditzian-
Totik modulus w?(f,t). Using the new modulus of smoothness, we in [6],[7] studied the
pointwise approximation theories for some positive linear operators.

In this paper, we will construct the Stancu-Sikkema operators and study the pointwise
direct and converse theorems.

Definition Let f € C[0,1], Stancu-Sikkema operators are defined by
ud k
M.(f,z)= bnk,s( —
(f ) kgo -k, ( ).f(n+a(n)
where the definitions of b, 1, ,(z) and a(n) are same as above.

Obviously, when a(n) = 0, M,(f,z) denotes Stancu operators; When s = 0 or s = 1,
M,(f,z) denotes Bernstein-Sikkema operators. By simple computation, we obtain that
Ma(1,2) = 1, Mot — 2,8) = — 200 M, ((t - 2)%,) = (=stde e’ (70) =
Z [ f( "+a(")) + zf(,,+a(ﬂ))]pn s k(m)

The following definitions are needed in this paper.

wi(f,t) = Sup {IIA f@N wialft) :Oi‘iﬂt{||Aiv*f(”)||};

), f(=) € Clo,1], (1.1)

. . —
RE(LE) = i (17 -l + 1P 4505 (o= sup 1550 (o))
A

z€(0,1)

Ifll2 = sup |85 (2) " (2)l; KZ,A(f,t2)=gEig§ {If - gllo +*llgll2}-
@A

z€(0,1)

where D2 = {f € C[0,1]|f € A.C.,p**f" € Ly[0,1]}, 6u(z) = max{p(z), T\/l—a"ﬁ}’

ng,\ = {f € C[0,1], £(0) = f(1) = 0,[|fllo < +00}, Cc“;,A ={f¢ Cao‘/h fle ACoe, lifllz <
+00}.

From (8, p.11, p.24], we know that wi,\(f,t) ~ ?Zx(f,tz).

In this paper, we will get the following main results.

Theorem 1 Let f(z) € C[0,1],0< A< 1, u,, = ﬁ*f%;, then

|Ma(f,2) — £(2)] < Cwla(f, 65 N(2)y/Brz) + Cun(f, _%)

Theorem 2 Let f(z) € C[0,1],0<A<1,0< a< 2, then

KZ,(f,1/n) < Cn7t Y |Mif = fllo-

k=1
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Theorem 3 Let f € C[0,1],0< A< 1, 0< a< 525, a(n) #0, up, = T’ZT_;?;:—;)T, then

|Mn(f,2) = f(2)] = O((\/inabx*(2))*) <= w2i(f,1) = O(t*).
Remark 1 Let A = 1. It is obvious that Theorem 2 contains Theorem B. Using [8, p25]
W' (f,0/1B) < Cwi(f,t) (B = 1/2) and [8, p43] w'(f,2) < Ot (f¢ Llihdu+ | f])),
we get wl(f,\/Un,) +wi(f,1/n) < C (fll/j— —H—dt + En(f)> /n. Thus, Theorem 1 also

consists of Theorem A.

Remark 2 Let A = 0. Similar to the discussion of Bernstein-Durrmeyer operators (see
[9]), we get that there is no continuous function ¥(z) satisfying w?(f, k) = O(h*) <
IM.(f,z) — f(z)| < Cy(z)forl < a< 2.

Throughout this paper, C denotes a constant independent of n and z, which is not
necessarily the same at each occurrence.

2. Lemmas

Lemma 1 IffEC’(fw\,0<a<2, then

M fll2 < Cnl|fllo, | ML fl| < Cn2=o0=23) £,
M I < N1 £, | M fll2 < | fll2 + CoC= 2221 £
Proof Since
" _ iy k+1 9 k+s+1
M (f,z) =(n—-s){(n-s-1) Z (1-=2) "+an)f(m)+zAmf(m)]x
n—s—1 k
Pr-s—2k(2) +2 Z A_1 m(f(m))l’n—a—l,k(z)}’
n ! k
M, (f =) Z{[ 1-2)pn_,i(2) - 2pn—a,k(z)]f(;l__}T(n))+
1 / k
(ePh-al®) + 28N )

we can prove Lemma 1 by simple computation or by the method of Lemma 2.1 in [7].

Lemma 2 Suppose that n € N, 1 < k < n,l > 0,0 < » < and the non-negative
sequences {v,},{¥n}, {pn} satisfy vi = u; = 0. If v, < (f-l)luk + Cthg, i < (f)’uk +
Ok + ), then pn < Cn™" 35 k1.
k=1
The proof is similar to Lemma 2 in [10].

Lemma 3[6 IerN,0<t<sl—r,rt/2<:c<1—rt/2and0<ﬂ§r,then

t/2 t/2 r
/ / (z + Zu;)dul coodu, < Ct'ﬁ;ﬂ(z)

t/2 /2 o
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3. Proof of Theorems

Proof of Theorem 1 By the definition of M, (f,z), we have || M, f|| < | f]-
Let To(f,2) = f(z + 220%5) = £(2), An(f,2) = Ma(f,) + Tal f, 2), then

Au(L2) =1, Au(t-2,2)=0, A ] <3|fl. (3.1)

From the definition of Fix( f,t%), we can choose g € D? such that

1 = gll + (VEna6 (@) le2 9" | + (Vimabi (2)) 75 |1g”
< CE oA (fytun,, 62070 (2)). (3.2)

Applying Taylor formula, we have
9(t) = g(2) + (¢ - 2)¢’ +/ (t — u)g'( (3.3)

By 3'%}(% < % for u between t and z (see [8, p141}), (3.1) and (3.3), we have

14n(g,2) = 9(2)| = l4a( [ (¢ ~ w)g" (W), 2)

a(n)z

< ” n+a(n) a(n):c _ "
M [ ¢ = g+ [ 4 S )
< 6@ 1M - 22) + ("2’))21 82N @), 620", (3.4)
Similarly, by ﬂ%}z‘% < -Jﬁ—% (see [8, p141]), we have
|4n(g,2) — 9(2)| < CE2(2)un 02 ()l ¢"||- (3.5)

Ifz e E, =[1/(n+ a(n)),1 -1/(n+ a(n))], then é,(z) = ¢(z). From (3.2) and (3.5), we
get
|4a(f,2) = F(2)] < ClIIf = gll + una2 V(@)™ g" ]
< CE oa(f,un 16207 N(2)) < Cwla(f,/Unsta())-
fzeE=[0,1/(n+a(n)))U(l-1/(n+a(n)),1], then é,(z) = \/'_‘_‘5‘_'_(_’3’ from (3.2) and
(3.4), we obtain
|4n(F,2) - f(=)|
< C{If = gll + un, o620V (@)1 9" | + uns 627V (2)(n + a(n)) Mg |1}
< OIS = gl + un 820D (@) 92" || + (Vs (2)) 7 9”1}
< CE or(f,4n 62070 (2)) < CwlA(f, Vimabi ™ (2)).
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Thus

[Ma(£,2) = £(2)] < [4n(£,2) = F@)H|Ta(f,2)] < Copalf,v/amabi (@) Hen(f, —n(ﬁ)(%).
(3.6)

Proof of Theorem 2 Let p, = n7|Myfllz, v = n~2¥2U=N2| MU f|l, 4 = || Mo f -
fllo, then gy = v»; = 0. Similar to the proof of [10, Theorem 2.2}, the theorem follows by
Lemma 1 and Lemma 2.

Proof of Theorem 3 “==" Since M, (f,z) preserve constants, it is sufficient to prove
the theorem for f ¢ CO

If [Mo(f,2) = f(2)] = O((\/uns65*(2))*), then || Mu(f,2) — f(z)llo = O((\/8ns)%)-
By Theorem 2, we have K2 ,(f,n"!) < Cn™! E (u,)*/? < Cn=a/2,
k=1

Choosing - ———— <t<l -y we get
K \(fitTh) <ot/ (3.7)

For f € CJ 5, we have

A2 (@) < 1 fllol6a M (24802 (2))+2650 7N (2) 4650 N (2t (2))] < 48707 ()] £]lo-
(3.8)
From Lemma 3, forgECa,\,l—tZ;th,wehave

te*/2  rter/2
A2, g(2)] < |/ / 0" (z + ur + uz)duy duy| < Cllgl|ot262- VPV (z).  (3.9)

tor/2 tv"/2
According to the definition of K2 ,(f,t), we can choose a proper g € C;‘;,’\ such that
If = gllo + *llgll2 < 2K2 \(f,1?). (3.10)

Thus by (3.7)-(3.10), we have

A% f(2)] < IALA(f = 9)(=)] + AL, r9(2)|

< CEIN(@)|If - gllo + CE8Z~ AN (z)| g,
< CEON (@)K A (£, 828552V (2)) < ¢t

That means w?,(f,t) = O(t).
" =" Using[*#] w"(f,¢"/(=3?) < Cw’,(f,t) and 8, p43]

C ,,r+1 u
W (f,t) <Ot (/t %du + IIfH) ;

we get that wy (f,t) < Ct!=*/2) under the condition of w:A(f,t) = 0(t*).

— 63 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Thus, from Theorem 1, we have

|Mn(frz) - f(z)l S C{w?p'\( \/m61 (z) +w1( n+ ( ))}
< CLu260-N2(2) 4 (n + a(n))~ 0¥} < O( gt (2))"
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