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Abstract: With regards to Shepard method, iu the paper, we present a better one based
on partial approximation to fit messy data. In the method, partial cubic cardinal spline
function is chosen as weight function () in the Shepard forimla which is ¢(z) €C?
and has good attenuation characteristics. So the traditional Shepard method is improved
and the better results can be achieved in practical applications.
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1. Introduction

Shepard method is applied in the messy data fitting for surface. We can construct the
surface by averaging the reciprocal of distance with weight. Generally, the surface can be
expressed as follows.

Assume there are a serials of messy vertices (z;,y;) and the corresponding value of the
function fi = f(zi,4i),t = 1,2,...,n. Let r; =v/(z — z:;)? + (y — vi)?, the fitting surface
z = f(z,y) can be expressed as

(S J)/(Sis o) i #0,
fia r, = 0.
The formula is a globe interpolation expression about (z;,y;),7 = 1,2,...,n. If (z,y) is

not an interpolation vertex, then f(z,y) is the average of all the value of function f; with
weight, and the weight ;1,7 is related to (z,y). p is a positive real number as which we

z=f(z,y) = { (1)

usually select a constant> 1.
Let ¢(r;) = -, then (1) can be expressed as

z= f(z,y) = { %}1:1 file(ri))t] i (o))", :: 7:5 0?
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In the Shepard method, it is important to choose a good weight ©(r;) € C?, and the
better decay characteristics of the chosen weight function, the better results for messy
data fitting can be achieved.

2. A partial approximation Shepard method based on cardinal spline
2.1 Cubic cardinal spline function

Suppose ¢(z) is a cubic spline function with all integer numbers in (—o00,+0) as
its nodes. (z) satisfies the interpolation condition ¢(j) = 8¢;(j = 0,%1,+£2,...) and is
limitary in the whole number axis. So the function can be expressed as

(38X +2)z° - 3(A + 1)2? 4 1, 0<z<1,
pz) = N[A+)(z -3 -(A+2)(z -5 +(z-J), 1<2<i+1(i=1,2--),
¢(—-1:), z2<0

with A =+/3 — 2 ~ ~0.268.
2.2 A partial approximation method based on cardinal spline

Suppose there are a serials of messy vertexes (z;,y;) and the corresponding value of
the function f; = f(z:,%:),% = 1,2,...,n. We construct the interpolation surface f(z,y) as
follows.

Step 1. Let R > 0,and make sure there are a certain number of control vertexes in the
field of a circle with center (z;,y;) and radius R. Suppose m is the number of the vertexes
being denoted (z;-,y;-),j =1,2,...,m.

Step 2. Calculate the distance between (z;,y;) and (z},3}),j = 1,2,...,m, that is

Bj= \/(”5 —z)? 4+ (v -w)? i=1,2,.,m

Suppose that R;(j = 1,2, ...,m) are not equal. We sort R; with incremental degree. Let
0< Ry <Ry <..<R,,.

Step 3. Using partial approximation method, we construct ¢(z). The cubic cardinal
spline function can be expressed as

(3A + 2)23 - 3(A + 1)2? + 1, 0<z<1,
VA + )2 -5 +1)° = (A+2)(z -5 +1)°+
_) @-i+)l j-1<z<j
e(z) = (j=1,2,---,m—1),
V[(A+1)(z =3P - (A+2)(z -5 +(z~3), i<e<j+l(ij=m-1),
. 0, z > m.

In order to make ¢(z) € C?,we reconstruct ¢(z)in m—1 < z < m. Because the conditions
need to be satisfied for ¢(z) € C?,we have
pr(m—1) = p_(m—1), pi(m—-1) = ¢_(m-1), pi(m—-1) = ¢_(m-1),
p-(m) =0, ¢_(m) =0, p_(m) = 0.
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Using Hermite interpolation, we have

e(z) = 3A™ 1Hy(z) — 6A™ 1 (A + 2)Fp(z), m—1 <z < m,
(z —m)P*(z —m + 1)?
5 .

Ho(z) = —(z —m)*B(z —m +1)> + (z — m + 1)], Fo(z) = -

Step 4. Choose the uniform cubic cardinal spline function as weight ¢(r;), and trans-
form the field of definitions to make the interpolated vertexes and integer in the number
axis bijection.

Let ri(z,y) = k+ﬁfT—lI_l‘}§:,Rk <R< Ry, k=0,1,2,--- m-1,R=+/(ze -z’ +(y—-y

Step 5. Put r;(z,y) in the formula of cubic cardinal spline function ¢(r;). We have

(BA+2)rd = 3(A+ 1)rf 41, 0<r<l1,
BMTA+ 1)(r — 5+ 1)% — (A +2)(rs — 5 + 1)2+
Y — (T,‘—j~+—1)]’ j"1§7‘,'<j
p(r) = (G =1,2,...,m-1),
3Am—1H0(T,') - GA"‘—I(,\ + 2)F0(7‘,')], m— 1 S r; < m,
0 ri 2 m,

Ho(ri) = —(ri = mPP[3(ri = m + 1)* + (ri = m + 1)],
(ri = m)*(r; = m + 1)?
5 :

Step 6. By the five steps ahead, we reconstruct the partial approximation weight
function based on cardinal spline ¢(r;), and get the improved vector expression of Shepard

Fu('l‘,') = -

surface. N =
5 =1 fip(ri) 2
P(Z,y): —E'—Ivl——i’i—)‘a fi:(zivyi7fi)~
1=1 So(r.})’

3. Contrast of the partial approximation methods

Choose R > 0, we have for Shepard’s partial approximation method have that

1/r, 0<r<R/3,
p(r) = ¢ TR pi3 < g < R,
0, r> R.

Clearly, ¢(r) is differentiable, and ¢(r) = 0 when » > R. The method implements partial
approximation, but ¢(r) € C!, the smoothness of the fitting surface is not perfect. The
improved Shepard method makes use of the cubic cardinal spline function, by transaction,
@(r) € C?% 50 the effect of fitting is better than that of fitting with weight function ¢(r) €
C*.

From the properties of cubic cardinal spline function, we know that ¢(z) is an attenu-
ating wave motion function, which attenuate A times pre segment. That is to say if only
change the value of the function in the position of node 7 , the influence to the position
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after j segments will come to decrease rapidly at speed of AJ. The property makes the
spreading speed of errors attenuated rapidly, which makes the calculation more stably.

From the point of view of theoretical analysis, the method in the paper is easy to extend
to the high dimensional space. As for n-dimensional space (n > 3), by bijection, any n -1
dimensional sphere or circle can mapped to the domain [0, 1]. After we have implemented
the transformation of field of definitions, by making use of partial approximation cardinal
spline, we can also construct the fitting surface in the high dimensional space.
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HTEHRBEIELAELRIENIE PEY Shepard FiE

E A& ¥ kK FEXH
(PRFEHEVNRBRR, 7&K M 510275)
OB AT REEARM A Shepard HiE, U T —HREIEEGH L. AL
R =R B R R BAE R Shepard AR HHIAREL FrISRERA B FAIZREM
ZEEgEYE, WTBGET RRFIENARZAL, EEFRNABRET.

@) Shepard ¥k BELLIRME; KHFEE; HHER.
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