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On Sectional Cycles in Translation Quivers *
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Abstract: In this paper, we prove that there exists no sectional cycle in a translation
quiver under certain conditions. So, we genecralize Bautista and Smal¢’s corresponding
result on AR-quiver of an artin algebra.
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In [1], Bautista and Smal¢ proved a well-known result.

Bautista and Smal¢’s Theorem Let A be any artin algebra . Then the Auslander-
Reiten quiver of A never contains a sectional path which is a cycle.

In this paper, we will show that Bautista and Smal¢’s proof can be translated into a
purely combinatorial one. Before we state our combinatorial result for the above theorem,
let us fix some terminology.

Let ' = (T'y,I'1, 7) be a translation quiver without loops and multiple arrows, where
T'p is the set of vertices, I'; is the set of arrows and 7 : T{ — Ty is an injective map
for some subset I'y; C T'g. Given a vertex z, denote by =¥ the set of vertices y such that
there is an arrow z — y ; the set 2~ consists of all vertices y such that there is an arrow
y — z. A vertex z with 2 = z for some positive integer ¢ > 1 is said to be periodic.
Let § : Ty — N x N be a map and denote the values by §(a) = (65,6, ,) for each
arrow a : X — Y, where N is the set of natural numbers. The triple (I',7,6) is called
a valued translation quiver if the following conditions are satisfied for all non-projective
vertices z : (1). 6}, =6y forally € 27. (2). brpy =6, forally € z”. Forany z ,y
inT,if 6,y = &,, =1,T is said to be trivially valued. A map I: Ty — N (the set of
natural numbers ) is called an additive length function for I' = (I',T'1, 7) if the following
conditions are satisfied for all vertices z,

1). Uz)+Urz) = 3 eo- byl(y), if z is non-projective;
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2). U(z) > ¥y co- by.2l(y), if 2 is projective;

3). Uz)> X ezt &y (y), if 2 is injective.

Given a quiver A , we now define its path category as follows: it is an additive cat-
egory, with objects being direct sums of indecomposable objects. The indecomposable
objects in the path category of A are given by the vectices of A, and given a ,b €
A the set of maps from a to b is given by the k—vector space with basis the set of all
paths from a to b . The composition of maps is induced from the usual composition of
paths: (alar ,--- , a1 |B)(4|B1 ,-- ,Bs |¢) = (alar ,-++ , a1 ,B1 , -+ ,Bs |c), where
(alar ,--- , a; |b) is a path from a to b, and (b|f; , - ,fB, |c) is a path from b to c.

Given a translation quiver I' = (I'g,T'1, 7), a polarization of T' is given by an injective
map o : I'y — T'; where I'} is the set of all arrows a : a — b with b not projective,
such that o(a) : 76 — afor a : a — b. In case T has no multiple edges, there is
a unique polarization. Given a translation quiver I' , its mesh category k(I',o) can be
defined as follows. First, we define the mesh ideal in the path category of (I'g,T'1) as the
ideal generated by the elements

m, = Z Z o(a)a

yEz~ OY—z

with z a non-projective vertex. The mesh category k(T',o) is defined as the quotient
category of the path category of (I'g,I';) modulo the mesh ideal. In case I is a transla-
tion quiver without multiple edges, o is uniquely determined by I' | thus we denote the
corresponding mesh category just by k(T').

We define the radical of the mesh category k(T') as follows: If X ,Y are indecomposable
(that is , they are vertices in T'), let rad(X,Y") be the set of non-invertible morphism from
X to Y. The powers of the radical are defined inductively as rad’t(X,Y) = {f €
Homy,ry(X,Y) | 3M € k(T) and g € rad’(X, M),h € rad(M,Y) with f = hg}. Now ,
the infinite radical is defined as rad®(X,Y) = [ rad*(X,Y).

i<oo
A sectional path is a chain of vertices z; and arrows z; — ;41 in I' such that
z;42 # 7" 'z;. A sectional path which is an oriented cycle will be called a sectional cycle.

Theorem Let I' = (Fy,I'y,7) be a connected translation quiver without loops and
multiple arrows. Assume there is an additive length function on a translation quiver
I' = (Ty,T'y, 7) with the property that l(z) # l(y), for any arrow X — Y in T, and k(T)
is the mesh-category. Assume moreover that for any z € Iy there exists a natural number
n(z) such that rad®®)(z,z) = 0. Then there is no sectional cycle in T.

For any artin algebra A, let modA denote the category of finitely generated A—modules.
Then we know that the radical of End(A) is nilpotent for any A—module A in modAl?,
So, our theorem implies Bautista and smal@’s theorem since there is an additive length
function on AR—quiver I'(A) of the artin algebra A , and for any irreducible morphism
f:A— BinT(A), f is either monomorphism or epimorphism and thus I(A) # {(B).

Now we are going to prove our theorem. In the following we assume that T is the
translation quiver which satisfies the conditions in our theorem. It suffices to prove the
non-existence of a minimal sectional cycle in the translation quiver which satisfies the
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conditions in our theorem. Hence, when we refer to a sectional cycle, we will always
assume the following indexing

Tp—— T — Ty~ ——F Ty — T,

where 2o = z, and 2; # z; when 7 # j and ¢ ,j < n. Thus we only need to give the
indices modulo n when we are dealing with a sectional cycle. We can use the following
picture.

2,—,,_1/3:I\~ T

2p+2\ / Ip
Zp+l
Lemma 1 Let X be a sectional cycle in T', then no z; is injective or projective.

Proof Let us choose 7 such that I(z;) is minimal in the set {I(z;) | z; in X, for j =
0,1,2,---,n — 1}. As the arrow z; — 2,41, we know that I(z;) < l(z;41). Then z; is
not injective, furthermore, as I(7~z;) + I(2;) > 6s,,, 2;{(zi+1), we have that I(r7z;) >
bzl (@ir) — Uzi) 2 Uzipa) — U(zi). Hence , Uziya) +H(772:) — Uzi1) 2 Uzig2) +
Wzig1) = U(z:) — Uzigr = Uziy2)) — U=2:) 2 0.

Thus, z;4; is not injective and I(77z;41) > zig2) {77 2:) = Uzi41) = W ziz2) — U(2:).
Now by induction on j we get l(ziyjt2) + U7 2ig;) — UZitjs1) = Uzivjaz) + UZipje1) —
(=) = zivj41) = Uzitjs2) — U(zi) > 0. So, zi4 ;42 is not injective for any j.

Dually, we can show that no z; is projective.

Lemma 2 If there exists a sectional cycle X in T, then the meshes in T are of the form

7,
kg, 7 ktle. ke Z.
7/
T *zin
Thus, T contains neither projective vertices nor injective vertices, and all vertices in T’ are
of the form 7=*z;, i =0,1,---,n— 1, and k € Z, and T is trivially valued.

Proof Consider the sectional cycle X, then by Lemma 1, no z; is projective or injective
and hence, 7~ — and 7—translates of the sectional cycle is a sectional cycle. So, by in-
duction on k using Lemma 1, we get that the 7~*— and r*—translates of the sectional
cycle are sectional cycles. Thus, for any k € Z and i = 0,1,--+,n — 1, 7~F2; is neither
projective nor injective. Further, for any k € Z and ¢ = 0,1,---,n—1, we have the follwing
sub-quiver,
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T—k2i+1

—kp, (k1) g,

/

g,
Thus, we have
(¥ 2+ 20)) > 6,y | g HT742040) + 8 minrg, g I V2i0)

forallk € Zand ¢ =0,1,---,n—1, where §__
1.

~(k+1) g, > 1and 6T-(k+1)z'._h.r—(k+l)z'. >

Tig1,T

Now, by keeping k fixed and summing over all indices ¢ € {0,1,---,n — 1}, we get
that this has to be an equality, showing that the subquivers are complete meshes and
by o=ttty = 1= 8einyg | rm(hin)g,-

Therefore, we get that the set {r~%z; |1 =0,1,---,n — 1,k € Z} is the whole set Ty
of the translation quiver I' since the set does not contain injectives or projectives, and is
closed with respect to meshes and T is trivially valued.

Lemma 3 If there is a sectional cycle X in T, then no z; is T-periodic.

Proof By Lemma 2, the translation quiver T' is stable, and every mesh is a rectangle.
So, if one of z; is 7-periodic, by using Happel-Preiser-Ringel theorem!® and Lemma 2, we
know that I' ~ ZA(/(7™) . Hence , we get that rad™(zo,20) # 0 for any natural number
m since £g — T3 — Ty — -+ — T,_1 — g is sectional. This contradicts the condition
that there is a natural number n(z) such that rad™®)(z,z) = 0 for any z. So, no 2, is
periodic in X.

Lemma 4 Let X be a sectional cycle in T'. Then

a). for any p, ¢ € {0,1,2,---,n — 1} and 0 # k € Z, we have that z, % 7 Fz,.
b). Homyr)(zp,72,) = radz‘(’r)(zp,‘r:cq) for all p,q € {0,1,2,---,n — 1}.

Proof a). Assume that z, ~ 77%z, for 0 # k € Z and p,q € {0,1,2---,n — 1}
Then p # ¢ by Lemma 3. Further, if z, ~ rh z, and z, ~ -r"”:cq with ky,ky € Z,
ky # 0,ks # 0, then z, ~ -r’“"”:cq. Hence k) = k; by Lemma 3. Therefore, for each pair
p,qin {0,1,2---,n — 1}, there exists at most one k such that z, ~ T‘k:cq. So, we have
the following mesh in T' |

Tp+1
Tk, ~ 2, (kg
7

- (k41
gy =7k ):cq__l

Hence by Lemma 2, 2,1, is either isomorphic to T‘kzq.H or isomorphic to T_(k+l):cq_1. By
the choice of k, we have 2,41 ~ 77%z,,,. By induction on j we get that Tppj = T Fzgy;
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and therefore 7= permutes the set {zg, 21, -+, 2,_1}. Then some power of =% fixes the
set, this contradicts Lemma 3.

b). By a) we get that there is a chain of arrows from 7~ *'z; to 7=*22; if and only if
k2 > ky. Thus, there is no chain of arrows from z; to rz; for any ¢ and j in {0,1,---,n—1}.
Hence , b) follows.

Now , we are ready to prove our theorem.

Assume that T’ contains a sectional cycle X'. Let X contain n vertices, then we have X' in
the form 29 —» 291 — --- — 2,17 — 2¢. From Lemma 1-4, we know that C ~ Zgn_l. Thus,
we know rad™(zg,z¢) # 0 for any natural number m since zg — 21 — ++ = Zn_1 — Zo
is sectional . This contradicts the condition that for any z there exists a natural number
n(z) such that rad™®)(z,2) = 0. This completes the proof.
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