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1. Introduction

Let M3*!(c) be a (n+1)-dimensional connected Semi-Riemannian manifold of constant
curvature ¢ with index s. It is called an indefinite space form of index s and simply a
space form when s=0. If ¢ > 0, we call M]*(c) a de Sitter space of index 1. Akutagawalll
and Ramanathan(®] investigated space-like hypersurface in a de Sitter space and proved
independently that a complete space-like hypersurface in a de Sitter space with constant
mean curvature is totally umbilical if the mean curvature H satisfies H2 < ¢ when n = 2
and n?H? < 4(n — 1)c when n > 3. Later, Chengl?l generalized this result to general
submanifolds in a de Sitter space.

To our knowledge, there are almost no intrinsic rigidity results for the space-like hy-
persurfsces with constant scalar curvature in a de Siteer space until Zheng!® obtained the
following result.

Theorem 1 Let M be an n-dimensional compact space-like hypersurface in M*'(c)
with constant scalar curvature. If M satisfies

(1) K(M)>0,

(2) Ric(M) < (n-1)c,

(3) R < c, where R is the normalized scalar curvature of M,
then M is totally umbilical.

In this paper, we will prove the following rigidity theorem for compact space-like
hypersurface with constant scalar curvature in a Sitter space.
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Theorem 2 Let M be an n-dimensional (n > 3) compact space-like hypersurface with
constant normalized scalar curvature R in M} (c). If

(1) R—¢<0, and

(2) the norm square |B?| of the second functional form of M satisfies

n[n(n — 1)(c — R)? + 4(n — 1)(c — R)c + nc?|

(n— R)e < |BJ < (n = 2)[n(c - &) + 2] ’ (1)

then
|B|? = n(c — R), (2)

and m is totally umbilical.
2. Preliminaries

Let M7*(c) be a (n+1)-dimensional semi-Riemannian manifold of constant curvature
¢ with index 1. Let M be an n-dimensional Riemannian manifold immersed in M7'*?(c).As
the semi-Riemannian metric of M}**?(c) induces the Riemannian metric of M, M is called
a space-like hypersurface. We choose a local field of semi-Riemannian orthonormal frames
€1, ,€n,€Enyq in M{‘”(c) such that at each point of M, e, s, €3, -, e, span the tangent
space of M and form an orthonormal frame there. We use the following convention on the
range of indices:

1<AB,C,--<n+1;,1<14,j5,k---<n. (3)
Let w;, - -, w41 be its dual frame field so that the semi-Riemannian metric of M{*(c)
is given by ds? = Z;(w;)? — (wn41)? = Taea(wa)?, where e; = 1 and e,41 = ~1. Then

structure equations of M{**(¢) are given by

dws = — Y egwap ANwp,wap +wpa =0, (4)

B

1
dwsp = - Y ecwac Awep + 2 Y Kapcpwe A wp, (5)
c c.D

Kapcp = cepaep(6acépp — 6apdBC)- (6)

Restrict these form to M, we have
Wp41 = 0. (7)
The Rimannian metric of M is written as ds? = ¥ ;(w;)?. From Cantan’s lemma we

can write

Wny1i = Y hijwj, hij = hji. (8)

J

From these formulas ,we obtain the structure equations of M

dw; = > wij Awj,wij + wj = 0, (9)
J
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1
dw;; = — Zwik A wi; + 2 Z Kjrwi A wy, (10)
k ki

Rijii = c(b:ix85 — a8;1) — (hahji — hahji), (11)

where R;;; are the components of the curvature tensor of M.

For indefinite Riemannian manifolds in detail,refere to 0’Neilll4,

The quadratic form h = -, hijw; ® w; is the second fundamental form of M. From
the Gauss equation (11) we have

n(n — 1)(c — R) = n®H? — |B|%, (12)

where R is the normalized scalar curvature, H = 1 ¥, h;; the mean curvature and |B[?-
Yijh;;the norm square of the second fundamental form of M.

A hypersurface M is said to be totally umbilical if h;; = Hé;;.

Codazzi equation is

hijx = hixj, (13)
where the covariant derivative of the second fundamental form is defined by
Z h,-jkwk = dh,’j — Z h,‘k‘wkj — Z hjkwki. (14)
k k k

The second covariant derivative of h;; is defined by
D hijuw = dhije — 3 hijrwne — Y hagwi; — Y hyjrws, (15)
Then we have the following Ricci identities

hijit — Bijik = ) him Renjit + D Rjm Renia- (16)

For a C*-function f defined on M, the fradient and the hessian (f;;) are defined by
df =Y fowi, | fiwy = dfi + ) fiwji. (17)
' J J
The Laplacian of f is defined by Af = Y; fii.
Let T = Eij T;;w; ® w; be a symmetric tensor defined on M, where
T,'j = nHﬁ,-j - h,‘j. (18)

Following Cheng and Yaul®), we introduce an operator associated to T acting on any
C?-function f by
Of = 3 _Tiifij = Y _(nHE; — hij) fij. (19)
J i,

Since Tj; is divergence-free, it follows [3] that the operator is self-adjoint relaive to the

L%-inner product of M, i.e.,
/M fog = /yC‘f. (20)
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Near a given point p € M, we choose an orthonormal frame field e;, - - -, e,, and their dual

frame field wy,---,w, so that h;; = k;6;; at p. From (19)and (12) we have

O(nH) = nH A (nH); - Y (nH)s = % AmH) - S rE): - Y ki(nH)a
1 1
= —En(n -1)AR+ 3 A B - n?| g Hy? - Zk;(nH),-,-.

On the other hand, using(13) and (16), by a standard calculation we have

1 1
5 A |B‘2 = Z h?jk + Zk;(nH),',' + 5 E R,'j,'j(ki — kj)z.
i 1,7

1,5,k

Substituting (22) into (21), we have

1
Cl(nH) = —%n(n—— 1)AR+‘VB|2 —n2|VH|2+ _2_ZRijij(ki —kj)z.

]

3. Lemmas and estimates

If the normalized scalar curvature R of M is constant, then from (23) we have
1
O(rH) = | v B* = n*| 7 H" + 2 3 Rjij(ki — k;)*.
in

From(11), we have R;;;; = ¢ — k;k;. Substituting it into (24), we get

O(nH) - | v B> —n?| v H|? = n?H% + nc|B|* + |B|* - nH ) _k}.

Let p; = k; — H and |Z|* = 3, 2. We have

z#i = 0,|Z|2 = lBlz _nHza

Yk} =) pd+3H|Z? + nH®
From (25)-(27), we obtain

O(nH) = |B* ~ n?| 7 H* + |Z*(nc — nH* + |Z[") - nH 3.

Lemma 3.1 The same notations as above, for n > 3, we have
n—2
1Z|?

n—2 4 3
B CER MR I ey

and the equality holds in (29) if and only if at least (n — 1) of the p; are equal.

)
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(25)

(26)

(27)

(28)
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Combining (28) and (29), we have
n(n — 2)

WIH”ZI)- (30)

O(nH) > |B* = n*| v H|* + |Z*(nc ~ nH? + |2 -

Lemma 3.23] Assume the normalized scalar curvature R is a constant and R — ¢ < 0.

Then
|7 BI* > n?| 7 H|?. (31)

Proof From (12), we have
n*H? - Zh?j =n(n —1)(c - R). (32)
‘j

Taking the covariant derivative of the above equation, we obtain

nzHHk = Z hijhijk- (33)
i’j
It follows that
YontHA(H)? = 3 (D hijhi)® < (3 k) D0 ki (34)
k ki3 1,7 1,5,k
that is
n*H* v H* <|B|*|v B*. (35)
On the other hand, from ¢ — R > 0, we have n?H? — |B|? > 0. Thus
n*H?| v HI? < |H*| v BI%, (36)
and Lemma 3.2 follows.
By (12), we know

n-1

|21 = |B - nH? = “"2(|BJ? - n(c - R)). (37)

Note that |B|? > n(c — R), and |B|?> = n(c — R) if and only if M is totally umbilical.
From (12), (30), (37) and Lemma 3.2, we get

O(nH) =" (|BI* - n(c - B)][ne - 2nH? + |B? - (n - 2)|H|\/|B| - n(c - B)
=222 1BP ~ n(e ~ R)Jine — 2(n ~ 1)(c — B) + 2| B[~
=2\ a(n ~ 1)(c~ B) + [BR)(IBI - n(c - B)) ] (38)

4. Proof of Theorem 2
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It is easy to check that our assumption condition (1), i.e.,

n[n(n — 1)(c — R)? 4+ 4(n — 1)(c — R)c + nc?}
(n - 2)[n(c — R) + 2¢] ’

|B|? < (39)

is equivalent to

(n -

me—2(n-1)(c~B)+ “ 2181 > ("= Dyin(n-1)(c- B)+|BPY| B -n(e- B)). (40)

But it is clear from (39) that (40) is equivalent to

n

-2
- - 2 —_ -
—)y/(n(n —1)(c - R) + |B*)(|B| ~ n(c — R)).
(41)
Therefore the right hand of (38) is non-negative. We also have [, O(nH)dv = 0, since M
is compact and the operator is self-adjoint. Thus

nc—2(n—-1)(c— R) + nT—2|B|2 > (

|B|?> = n(c - R), (42)
that is, |B| = nH?, M is totally umbilical. Thus, we complete the proof of Theorem 2.
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