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1. Introduction

By a space, we mean a topological space. The purpose of this paper to give a Hasudorff
star-LindelSf space X having property (a) such that e(X) = 2°. Let X be a space and U
a collection of subsets of X. For B C X, let St(B,U) = U{U €U : UN B # 0}. As usual,
we write St(z,U) for St({z},U).

Definition 1Y A space X is star-Lindeléf if for every open cover U of X, there exists a
countable subset B C X such that St(B,U) = X.
Clearly, all Lindedf spaces and all separable spaces are Lindelof.

Definition 22 A space X has the property (a) if for every open cover U of X and every
dense D of X, there exists F C D such that F is discrete closed in X and St(F,\U) = X.

Moreover, the extent e(X) of a space X is the smallest infinite cardinal « such that
every discrete closed subset of X has cardinality at most k. The cardinality of a set 4
is denoted by |A|. For a cardinal k,x" denotes the smallest cardinal greater than x. Let
w denote the first infinite cardinal and ¢ the cardinality of the continuum. As usual, a
cardinal is the initial ordinal and an ordinal is the set of smaller ordinals. When viewed
as a space, every cardinal has the usual order topology. Other terms and symbols that we
do not define will be used as in [3].

2. An example on star-Lindelof spaces
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In [4], Song gave an example that the extent of a Tychonoff star-Lindelof space having
the property (a) with e(X) = ¢ which answered Question 4.5 from [5]. Further, Matveev
asked if there exists of a star-Lindeldf space X having the property (a) such that e(X) > c.
The purpose of this section is to answer the former questions positively in the sphere of
Hausdorff.

Next, we give a machine that produces star-Lindelof space having the property (a). In
the following, we state the definition of the machine. For a separable space X and its a
countable dense subset D, we define

S$(X,D)= X U(D x k%), where k= |X]|,

and topogize S(X, D) as follows: A basic neighborhood of z € X in S(X, D) is a set of
the form
Gua(z)={z}U((UnD)x {B:a< B <’}

for a neighborhood U of z in X and for a < «*, and a basic neighborhood of (z,a) € Dx«™*
in §(X, D) is a set of the form

Gv({z,a)) = {z} xV

for a neighborhood V of a in k*. When it is not necessary to specify D, we simply write
S(X) instead of S(X, D).

Recall from [6] that a space X is absolutely countably compact (=acc) if for every
open cover U of X and every dense D of X, there exists a finite subset F' C D such that
St(F,U) = X. It is known that every T, absolutely countably compact space is countably
compact space having the propery (a) (see [2,6]). Moreover, Vaughan!”l proved that every
countably compact GO-space is absolutely countably compact. Thus, every cardinal with
uncountable cofinality is absolutely countably compact. By a Tychonoff space, we mean
a completely regular T)-space.

Theorem 2.1 Let X be a separable space with a countable dense set D. Then, S(X, D)
is star-Lindelof space having the property (a).

(1) If X is a Ty-space, so is S(X, D);

(2) If X is a regular space, so is S(X, D);

(3) If X is a normal space, so is S(X, D).

Proof Put § = S(X,D). Now, we show that 5§ is a star-Lindelof space having the
property (a) simultaneously. For this end, let I/ be an open cover of S. Let T be the set
of all isolated point of k* and let F = D x T. Then, F is dense in S and every dense
subspace of S includes F. Thus, it suffices to show that there exists a countable subset
B C F such that B is discrete closed in S and St(B,U) = S. For each d € D,{d} x x*
is acc, there exists a finite subset By C {d} x T such that {d} x x* C St(Bq,U). Let
B' = U{Bq : d € D}. Then, D x k¥ C St(B’,U). For each z € X, take U, € U with
¢ € U; and fix a; < k% and d, € D such that {{d;,a): a; < @ < k*} C U. For each
de D,let X3 ={z € X :d; =d} and choose ; € T with 8; > sup{e, : z € X }.
Then, X4 C St({d, Ba),U). Thus, if we put B” = {(d,Bq) : d € D}, then X € St(B",U).
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Let B = B’U B"”. Then B is a countable subset of F such that § = St(B,U). Since
BN ({d} x k*) is finite for each d € D, B is discrete and closed in S, which proves that
S is a star-Lindelof space having the property (a).

The proof of the statements (1) and (2) is obvious. We omit it here.

Finally, to prove the statement (3), assume that X is normal. Let Ay and A; be
disjoint closed subsets of S(X, D). Since X is normal and x* > | X|, we can find disjoint
open subsets Uy, U; of X and a < &% such that 4; N X C U; and

(Ui U ((U, n D) X (a,n+)) NA_; =90
for each i = 0,1. Let Xo = D x k* and put
B; = (U; N D) x (a,k%))U(4; N Xo) for i=0,1.

Then, By and B, are disjoint closed in X,. Since Xy is normal, there exist disjoint open
sets Vo and V; in Xg such that B; C V; for each i = 0,1. Let G; = U; UV; for ¢ = 0,1.
Then, Gy and G, are disjoint open sets in S(X, D), A; C G; for each ¢ = 0,1. The proof
is complete. O

For a Tychonoff space X, let B(X) denote the Cench-Stone compactification of X.

Example 2.2 (Arhangel’skii and Gordjenko[s]) There exists a separable Ty-space X such
that e(X) = 2°.

Proof Let X = f(w). We define another topology on X as follows: every point of w is
isolated and a basic neighbourhood of a point z € f(w)\w takes the form {z} U (U, Nw),
where U, is a neighbourhood of z in §(w). Clearly, X is T, and separable, since w is a
countable dense subspace of X. Since f(w)\w is discrete and closed in X with |8(w)\w| =
2°, we have e(X) = 2¢, which completes the proof. O

Remark 1 Arkhangel’skii and Gordienko!® called the topology of Example 2.2 to be
strong topology of f(w).

Remark 2 Recall from [6] that a space X is absolutely star-Lindelof if for every open
cover U of X and every dense D of X, there exists a countable subset F C D such that
SHFU)=X. Bonanzingal®] constructed an example having same properties as example
2.2.

It is open whether the extent of a Tychonoff star-Lindel”of space having the property
(a) is greater than c. Now, we give a Hausdorff example.

Example 2.3 There exists a T, star-Lindelof space S having the property (a) such that
e(S) = 2.

Proof Let X be the same as in the proof of Example 2.2, § = S(X,w). Then, Sisa
T, star-Lindelof space having the property (a) by Theorem 2.1. Since f(w)\w is discrete
closed in § and |B(w)\w| = 2¢, we know ¢(S5) = 2°. O ‘

Remark 3 Songl¥ constructed that the extent of a Ty star-Lindeldf space having the
property (a) can be arbitrarily large.
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