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Explicit Factorization of Pascal Matrices
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Abstract: In this paper, two kinds of generalized Pascal matrices P, x and @ &, and two
kinds of generalized Pascal functional matrices O,, k{2, y] and Q. x[z,y] are introduced
and studied. Factorization of Pascal matrices into products of (0,1) Jordan matrices
is established. Factorization of Pascal functional matrices into products of bidiagonal
matrices is obtained.
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1. Introduction

Pascal matrices were introduced in [1] and [2]. In [3], [4] and [5], it was proved that
all kinds of Pascal matrices may be factorized as products of special summation matrices.
One of the purposes of this paper is to discuss two kinds of generalized Pascal matri-
ces Pp g, @nk. Factorization of such generalized Pascal matrices into products of (0,1)
Jordan matrices is established. We call such factorizations the Jordan factorizations of
(generalized) Pascal matrices. Factorization of Pascal functional matrices into products
of bidiagonal matrices is also obtained. This factorization is an analogue of Jordan factor-
ization of Pascal matrices. In the last part of the paper, two kinds of generalized Pascal
functional matrices O, i[z,y], Q. 1[2,y] are introduced with their algebraic properties.

2. Basic Properties of Pascal Matrices
The (n + 1) x (n + 1) Pascal matrices P, and Q[r}’zl are defined as

AN
. ,Z,]ZO,].,"',TL
J

Pn(iaj) = (
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with () = 0,if j > §; Qu(4,4) = (*9),4,5 = 0,1,---,n.
Now we introduce two kinds of generalized Pascal matrices:

Definition 1 Ifn is a natural number and k is a nonegative integer,we define the gener-
alized Pascal matrices P, and Qn of order (n + 1) x (n + 1) by

. i+ kY .. . i+ k cr
Pn' a' = . I :071""1 1Wth . :0, if > 1
M3) (]+k) " m (-7+k) ’

., i+i+k\ ..
nk\%J) = . ’ =0,1,---,n.
Qui(ird) (]+k )u: n
Further we need the (n + 1) x (n + 1) matrices

1, if j<uq,

Iﬂ:dla'g(la]-a’l)) Sﬂ(lvj):{ 0, if 7>z

. (1)), if j=dorj=1i-1,
D”(z’])—{ 0, if j>iorj<i-1;

In—-k—l 0
Gy, ( 0 Sy ) , 1,2,---,n , and G, o

- I, & 0
nzcgz( o 0

>, k=1,2,---,n~1, and F, = D,.

Lemma 101! The Pascal matrices P, and Q,, can be factorized as:
(1) Po = GuGr_y---G2Gy; (2) P7Y = FyFy - Fy_1Fy; (3) @n = P, PT.

Lemma 2%/ The generalized Pascal matrix P, 1. has the following factorization:
(1) Pagtr = SnPak; (2) Pox = GEY1G,_1---G2Gy;
(3) Py = FiFy- - Fu aFEYY 0 (4) PA(i5) = (1) (31)).

Theorem 1 The generalized Pascal matrix Q,,  has the following properties:
(1) Qni = PapPL; (2) Qui = GEM'Guor -+ G2G1G{GY ---GT;
(3)Quk = (B Pk (4 Quh= F - FIFIFiFy e By R

Proof The (4,7) element of PT is ({). Let P, PT = (C(4,5)), we have
o itk (5 " (it k) (j it k) [
cen=3 (1) () -2 (0 -2 (5
= \t+E) A\t o \i—t)\¢ o\t \¢
(it i+kY [+t k
S\ ) iR )
Thus, Q. = P xPT. The other statements can be infered from (1).
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3. Jordan Factorization of Pascal Matrices
Definition 2 We define the (n + 1) X (n + 1) matrices K,,, T,,, Hy, and E;, by

)L, if j=dorj=i-1, (=) P>,
K"(”’)"{o, if j>iorj<i-—l; T"("J)‘{ 0, if i<j;

= In—k—l 0 _ _ .
Hk_( 0 Kk),k—1,2,-,n—1,and H, = K,;

= In—k—-l 0 _ .
Ek_< 0 Tk),k—l,Z,-,n—l,and E, =T,

1 0
0 P
to see that Tﬂ:K;l,Hk“1 =E.Lk=0,1,---,n

Furthermore we need the matrices P, = ( ) € RE+2)x(k+2) b > 0. It is easy

Lemma 3 P, K, = P, fork > 1.

Proof Since the productof two lower tringular matrices is again lower triangular, the

two sides clearly agree on the upper triangular (including the diagonal) positions. Thus it
suffices to consider 7 > j. If 7 > j, then

Pk—-lKk(iaj) = Pk—l("/’])Kk(]aj) + Pk—l(i’j + I)Kk(] + 11.7)

+(2) (59 - () e

From Lemmal, Lemma 3 and the definition of Hj, we have the following factorization
theorem:

Theorem 2 The Pascal matrices P,, and @Q,, can be factorized by the Jordan matrices
Hy:
Py=HyHy - Hy 1 Ho;Qu= HiHy - Ho yH HY - HT H.

Corollary 2.1 P! = E,E,_q---EyEy; Q7' = ETET .. .ETE, .- E,E;.

1 0 o0 o0 1 0o o0 0 1 0 o o 1 06 0 o0
1 1 0 o o 1 0 o 0 1 0 o 1 1 0 o
Examplel 1 2 1 0 = 0o 0 1 0 o 1 1 o o 1 1 0 :
1 3 3 1 o 0o 1 1 6 0 1 1 0 0 1 1
That 18, P3 = H1H2H3.
| B 1 1 10 9 0 1 0 o o 1 0 o0 o 1 1 o0 o
T2 3 4 _ 0 1 0 o0 o 1 0 o t 1 0 0 o 1 1 0
I 3 6 10 - 0o o 1 @ o 1 1 0 o 1 1 0 o o6 I 1
1 4 10 20 0 o6 1 1 6 0 1 1 0o 0 1 1 0o 0 o0 1
1 0 o o t 0 o0 o
6 1 1 o o 1 o o
o 0o 1 1 0o 0o 1 1 '
e o o 1 o 9 0 1

That is, Q3 = H1H:Hs HF HT HT .

Theorem 3 P,KF = ks PnkHln = Pnryr-
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Proof By the well-known identity KX(i,5) = ( ) we have
N WP NIIE ¥ £V B B B 4 k (i+k
i = Sreonien =2 ()(5) =2 () .5-) - (1)

Thus, P,K* = P, and P, K, = (P.KF)K, = P,KF' = P, 1
According to Theorem 2 and Theorem 3, we have the following results:

Theorem 4 The Pascal matrices P, and (), ;. can be factorized by the Jordan matrices
H,:

Pnj=HiHy - - Ho  H*' Qu=H\Hy- Hy H¥'HTHT ... HTHT.

Corollary 4.1 Pn_,lc = EME, .- -EyEy; an = ETET .. -ETEFIE, 4 ---E.E,.
Since H; and its transpose HkT are Jordan matrices, from Theorem 2 and Theorem 4

the Pascal matrices Py, Q,, P, and @Q,, ;. all can be factorized by Hj and HZ, we call this
factorization Jordan factorization of (generalized) Pascal matrices.

Example 2
1 o o o 1 o o o 1 o o o t o o o\?
- 3 1 0 o }y_[ o 1 0o o 0o 1 0 o 1 1 o o )
3.2 = 6 4 1 0 = 0o o0 1 o o 1 1 o0 o 1 1 o ’
16 10 5 1 \ o 0o 1 1 o 0 1 1 0 o 1 1
[ I | 1 0o o o 1 o o o 1t 0o o o
2z 3 4 s _f o 1 o @ o 1L 0 o 1 1 0 o
Q= 3 6 10 15 = o 0o 1 0 o 1 1 o o 1 1 o0 x
4 10 20 35 0 0 1 1 0o 0 1 1 0 0 1 1
2
1 6 0 o0 110 o 1 6 0 0 1 o o o
1 1 0 o 0 1 1 0 0 1 1 o© 0 1 0 0
o 1 1 o 0 0 1 1 0o 0 1 1 o o0 1 1
0 0 1 1t o 0 0 1 o o 0 1 o 0 o0 1

That is, Psy = HiHoH3, and Q3 = HiH, HHTHT HT.

4. Pascal functional matrices

Definition 31! Ifn is a natural number and z,y are any two nonzero real numbers, the
Pascal functional matrices ®,(2,y;1,j) and ¥,(z,y;1,5) of order (n + 1) X (n + 1) are
defined by ®,(z,y;%,j) = z*~ Jy‘“( ),%4,7 =0,1,---,n, with ( ) = 0,ifj > i;

J
Furthermore we define the (n + 1) x (n + 1) matrices K,[z),T,[z], Hi[z] , and Ei[z]
by
e j=dorj=i-1,
Kn(z,z,])_{ 0, if j>iorj<i-1;
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.. —1)iJgi, if P>
Tn(w;z,1)={( )0 o i;;;

= In-k-1 0 — 12— - ;
Hilz] = ( 0 Kijz] ) ,k=1,2,---,n—1,and H,[z] = K,[z];

_ In—k—l 0 —_ . _ —
Eplz] = ( 0 Tylz) ) k=1,2,---,n -1, and E,[z] = T.[z]

Lemma 4 T,[z] = K;![z), Ey[z] = H'[z],k = 0,1,---,n.
From the Theorem 2 and Lemma 4, we have the following factorization theorem:

Theorem 5 The Pascal functional matrix ®,[z,y] and ¥,[z,y] can be factorized into
products of bidiagonal matrices Hy[zy] and H{[;—y] and the diagonal matrix dia(1,y2, - - -, y*")

Bu(z,y] = HileylHalzy] - Hooa[2y]Holzyldiag(L, %, - -, ¥*");

U, (e,y] = Hilzy|Halzy] - H,,[zyw:-i‘[ﬁ;] . HT [j—wa‘ [f;]diag(l,yz, .

Proof By using the Jordan factorization of the Pascal matrices P,,Q, and the matirix
product rules, we have

. " . z z.,
Qn[z,y] :dlag(l,zy,---,(:cy) )Pﬂdlag(lv 51’(5) )

. n . z Tin
:d]ag(11zyv"'7(zy) )HIHZHndlag(]-’;):(_y_) )

. . 1 1 . n
=diag(1,zy,- -, (2y)") Hidiag(1, —, - -+, —) - - - diag(1,zy, - -, (2y)" ) Hn X
ey’ (zy)

z T
diag(1, —,---,(=)"
g1, 5o (3)")

=Hilzy|Hs[zy]- - - Hooa[zy]Halzyldiag(l,y%,- -, y™");

‘I'n[‘c’ y] :diag(l’ Y, -, (zy)")Qndjag(l, ;—, RN (%)")

:diag(l,zy, ... ,(:cy)")Hle el H,,HZ‘ S HgH;‘rdiag(l, ~z—, cee (g)n)
1}

1 1
=diag(1, 2y, -, (2y)*)H diag(1, —, -+, ——) - -diag(l, 2y, -+, (z2y)" ) Hp X
8( (zy)")Hydiag( v (;cy)") ( (zy)")
diag(1, — L \diag(1,29, -+, (2y)")H x
’zy’ ’(:cy)" g\, 2y, ’ n
1

1
diag(1, —,-- -,
&l zy (zy)"

1 1 1., n
=H1[ry]Hz[my}-“Hn[ry]Hf[E]--'HE[E]HT[E]dJag(l,yZ,---,y2 )-

. n . z ..
)"'dlag(l)zy""v(zy) )H?dlag(l’;»""(;) )
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Corollary 5.1 The inverse of the Pascal functional matrices ®,[z,y] and ¥,[z,y] can be
factorized as:

(1) #;%[z,y] = diag(1, 1, -, 77w) Enl2y] En-a[2y) - - - Eafzy) Ex[2y);
(2) &;'[z.y] = Hll—;,]Hz[ £)- - Ho[-Z]diag(1, Jr, - ,,7217),
(3) ¥;'[z,y] = diag(1, , - ,;%)ET[ VBT (55 EX 3] Ealey] - - Bo[zy] Er [2y];

(4) ‘I’,_,l[:c,y]:HZ[—-%]---H%‘[_i]Hl[ y] - y]ffz[—%!]l Hn[——]dlag(l,——f, ,5%—;)

Proof (1) By Lemma 2 and Theorem 1, we have

@;*[z,ylz(ﬂl[wmz[zy] Hyoafey) Holzy)diag(L,y?, -, 7))

= diag(1, — 2 Zn)H ey H  [2y] - Hy Hzy)H zy]

1 1
= diag(1, 2 ,?;)En[zy]En—l[zy]---Ez[zy]El[zy];

(2) @;1[2’?/] - Qﬂ[—zv ilj] = Hl[‘%]HZ[_';:] o 'Hn[“:{,']diag(la ;12'1’ Ty y%n);
(3)

¥z, y]
= (Tn[z,y])"!

-1
= (Hl[zy]Hz[zy]-~-Hn[ry]H3[-z-%]~-H [zy]fh[ |diag(1,y?, --,yz"))

= ding(1, 75,00 50) (HlT[—l—])_l (BTSN (Haleal) ™ (i)™

zy
) 1 1 1
= diag(1, =5, ) B | y}Ez[ y] B[V Ealzy) - Boley) Eafey)
(4)
-1 _pTi_ 2% _z_l_: Ti_Ty1g-1y,
¥z, y] = P18z, ] = P 120 e )
z z z 1 1
=Hf[—;]---H§[~;]HT[—§—]H1[—§]H2[—y] Hn[——wmg(l, s )

Corollary 5.2 Puty =1, and z = 1 respectively, we have
Pn[z] = Qn[:ca 1] = Hl[z]HZ[z] Tt Hn—l[z]Hn[z];

Qn[y] = ‘I’"[l, y] = Hl[y]HZ[y] T Hﬂ—l[y]Hn[y]djag(l’ yzv e ’yZn)_

Example 3
1 0 0 0
&3] ] = Ty yz 0 0
3lz. ¥l = z2y2 21y2 y4 0
B3y 322yt 3z 48
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1 0 0o o 1 0o o 1 0 o o0 1 6 0 0
o1 o o 0 1 o o 2y 1 0 0 0 ¥ o o
‘(00 1 0)(0zy 1 0)(0 zy 1 o)(oo yi o)'
0 0 =zxy 1 0 0 zy 1 0 0 zy 1 0 o o yﬁ
That is, ®3(2,y] = Hi[zy]|Ha[zy] Hs[zy]diag(1,y°, 3%, 4°).

2 3
t ¥ y_ ﬂT
z =2 =, 1 0 o0 o 1 o o o 1 o o o
2 y 6 1 o0 o 0 1 o o x 1 o 0
= xy 2y 3i 4 _ ¥y
¥3l=, ) z =2 =t o 0o 1 o 0 zy 1 0 0 zy 1 o0
22y2 ‘.uyil 6y4 10 0 0 xy 1 [ 0 ry 1 0 [1) zy 1
x,
z"}ys 4:2y4 lO.:ry5 20y6
i z‘—y 0 0 1 o o 0 f o o0 o 1 6 o o
o 1 Lo ot A e o 1 o o o 2 o o
o o 1 L o 0 1 5 o 0 1 g5 o oyt 0 -
o o 0 ¥ o o o f 0o 0 0 1 o 0o o ¢

That is, U3(z,y] = Hiley|Holey|Ha[zy) Hy [ L) HY [ 21HT [ )diag(1, 47, v*, 3°).
5. Pascal k-eliminated functional matrices

Definition 4 Ifn is a natural number and k is a positive integer,z,y are any two nonzero
real numbers,we define Pascal k-eliminated matrices of order (n +1) X (n 4 1) as

. i+ k 1+ k .
Poi(z,y;i,5) = 279 i, =0,1,---,n, with | . =0,ifj > i.
Kz y54,5) =27y (]-Hc) (]+k) j

Theorem 6 The Pascal k-eliminated matrix P, i[z,y] may be factorized into products
of bidiagonal matrices H;[z] and the diagonal matrix diag(1,y,---,y"):

P, = Hi[z]Hs[z] - -- Hn_l[:c]H,}iH[z]diag(l, Y, y")

Proof

Pn,k[m)y] - diag(laz, o 11:n)Pn,kd-iag(1, %a Tt ’(_f_:)n)

= diag(1,z,---,2")H1Hy - ~-H,’f+1diag(1, y,---,(
T
= Hy[z]H;[z]--- Hn_l[:c]H,’:'“[z]djag(l,y, ce ).

8|«

)")

Corollary 6.1 The inverse of the Pascal k-eliminated matrix P, [z, y] may be factorized
as:

(1) Prile,y] = diag(1, 5, >E‘“[z1 wcafe] - Bale) Eula);
(2) Prile.y)= Hl[—g]Hz[—g] w2 HEH [ 2]ding(1, L, .-, ).
Example 4

1 0

3z I
Pyale, 9l = 622 4sy
2

1023 101 y 5

@
SRR

o
0
y2
ry

1t 0 0 o0 1 0 o0 0 t o o o\? 1 o0 0 0

_ 0 & 0 o 0 1 o0 o z 1 6 0 o ¥y 0 0

={ o o 1 o 0 z 1 0 0 x 1 o0 o 0o y2 o :
0o 0 =z 1 0o 0o =z 1 0o 0 =z 1 0 o 0 ¥
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That is, P 2[z,y] = Hi[z)Ho[e)Hs[e]*diag(1,y, 3%, 3°).
6. Generalized Pascal k-eliminated functional matrices

Definition 5 If n is a natural number and k is a positive integer, and z,y are any two
nonzero real numbers,we define generlized Pascal k-eliminated matrices of order (n+ 1) x

(n+1) as

. k i+ k
On'k[z,y](i,]’)z :L" - (;:::k> .o :0711”’7"«; Wit.h (;’ik) = 071[] > i;

it itk
Qn‘k[l,y](i,j) = z'“3y1+1 (z—f] * ),i;j =0,1,---,n.

O,.x[z,y] may be considered as a parallel generalization of P, i[z,y], and Q. x[z,y]
may be viewed as a direct generalization of ¥,[z,y], in fact, Qnolz,y] = ¥,[z,y].

Theorem 7 The generalized Pascal k-eliminated matrix O, [z,y] has the following
properties

(1) Onyk[z,y]On’k[u,v] = On,k[lu, u + U]

(2) O.ilz.y] = Onil, —2y);

(3) Onk = diag(lv Ly ,z")Hl[y]H-_,[y] e Hn—l[y]H1’:+l[y]'

Proof (1) Putting O, x[z,y]0nx[u,v] = (aij(z,y,u,v)), we have

R A E e AW R AN i Yyice e[ttt kY [i—]
aij(a:vy’uyv)“;zy uv (t+k) (]+k) ";(zu)(;) v (]+k) (t—])

— (zu)t i+k) & Yyi-tyt-i i—J zu itk

= (T R) S () - i (1)

(2) Since On,k[z,y]On‘k[%, —zy] = 0,4[1,0] = I, it follows that Og’i[z,y] = On,k[:—,,, —zy|
(3) Since Op klz,y] = diag(1,z,---,2")Pur[y, 1], it follows from theorem 3 that

On = diag(1, 2, -+, 2" )H1[y|Haly] - - - Haca[y)HE [y).

Corollary 7.1 For any two real number ¢,y with z # 0,1, we have

(1) On k[ [ I]On,k[l; _:1/1] = Iny

(2) On,k[x y] On k[ ) ;.ylldlag(l z, & )On k[11 —1
This impies that O,, [z, y] is similar to dmgona] matrix dJag(l z,---,2"), and the distinct
eigenvalues of matrix O,, x[z,y] is 1,2, -+, 2", and their corresponding eigenvectors are the
columns of matirx Oy, ;[1, 2%].

-1

Theorem 8 The generalized Pascal k-eliminated matrix Q,, x[z,y] has the following
factorization:

(1) Quilz,y] = Hiley|Halzy] - Huor[zy] Hy P eyl HT (5] - HY (5 )diag(L, 97, -, ™)

— 80 —
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(2) Qn.k[z’y] = Pn,k[xyvl]ég[i"y]'
Proof (1)
. n . Y Yin
Qn,k[zay] = dlag(l,lﬁy,' o 7(273/) )Qn,kdlag(l, ;a' )(;) )
= diag(l»zy"" a(:cy)n)HlHZ v 'Hn—lHr;i+1HZ" H;Hlejag(l, %, 7(%)n)

: 1 1. n
= Hl[wy]Hz[zy]~-Hn—l[zy]H,ﬁ*‘{xy]Hf(;;]--'HlT(a]dlag(l,yz,---,yz )i

Qn,k[za y] :d-ia'g(la Y, - (zy)”)Qn kdlag(

=diag(1,zy,---,(zy)") ,lkP diag(1,

1 1
. n n
:dJag(l,:vy,--',(:cy) )Pﬂkdla‘g( . ’(_—) )X
zy’ Iy
diag(1 ") PT diag(1 Yy
ag( ,a:y,~--,(:cy) ) n ag( 1;""a(;) )
7.1
- "vk[zy71]¢n[;?y]'
Example 5
1 0 0 0
Szy x 0 [}
03 2. 9] = 6222 122y 2 o
10343 10232 523y L3
L o 0 0 1 0 o0 o 1 o 0 o 1 0 0 0 3
o0 = 0 0 0 1 o o o 1 0 o y 1 0 0
= 0o o £ o ¢ 0 1 a0 0y 1 o 0y 1 0
0 o 0 3 0o 0 y ot 0o 0 y 1 0o 0o y 1
H 3
That is, O3 2(z,y] = diag(1,z,2%,23)H1(y|H2(y|H3[y].
2 3
. y ¥ ¥
x e )
. 3 4
Q3 lx, 3] = 3xy 1w s & 6‘;%:'
ﬁzy l():y lf)y4 l‘vl;
10343 202yt 35245 560
1 0o 0 o 0 00 1 0 o o \°?3 ! E% 0 0
_ o 1 0 0 0 1 0o 0 ry 1 0o 0 o 1 ;‘7 0 N
- 0 0 1 0 ry 1 [} 0 Ty 1 [ Q 0 y 1.
0 Ty 1 o 0 ry 1 0 [0} Ty 1 o 0 0 :ly

-

0 o 1 0 0 o0 1o 0 0
1 2
&L e o 1 ® (I) 0y 0 0
[ o o 1 L o o gyt o '
ry y 6
o | 0 0 o 1 o o0 0 g

That is, @32[z,y] = Hl[zy]Hz[zy]H [ry]H3[ ]H P ]Hl[ ]dmg(l vty )

e @ -
o e - o

References:
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Pascal %Eﬁﬂ'ﬂ—ﬁiiﬁﬁﬁg

B R
(EMBITRPERICER, HA 2M 730050)

B AXEINTHFT X Pascal RE Py, Qne BRFF X Pascal f¥UERE

Onklz,y], Qnilz,y], iERA T Pascal FREEEAEFRIRE (0,1)-Jordan 48 MEA NG H. Pascal
bR KU R B 2 AR R U AR R iR AR

XHi8): Pascal EE; Pascal REEME; Jordan 2R

82 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



