Journal of Mathematical Research & Exposition
Vol.24, No.1, 83-88, February, 2004

On Left (X,U)-Coherent Dimensions of Rings *

LIU Zhong-kui
(Dept. of Math., Northwest Normal University, Lanzhou 730070, China)

Abstract: Let R, S be rings, U a flat right R-module and V a flat right S-module. We
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1. Introduction and preliminaries

A ring R is called left coherent if every finitely generated left ideal is finitely presented.
As generalizations of left coherent rings, the concepts of left N-coherent rings and left
(N, U)-coherent rings were introduced and investigated for any infinite cardinal number
N and any flat right R-module U by Loustaunaulll and by Oyonarte and Torrecillas!?l,
respectively. Let U be a flat right R-module. A ring R is said to be left R-coherent (left
(R, U)-coherent ) if every finitely generated left ideal is R-finitely presented ((R, U)-finitely
presented, respectively). In [3], the concept of left R-coherent dimensions of rings was
introduced and investigated for any infinite cardinal number R. In [4] we introduced a
concept of left (X, U)-coherent dimensions of rings and shown that the left R-coherent
dimension of ring R introduced in {3] is the superior of (X, U)-coherent dimensions of
R for all flat right R-modules U. Other properties of left (R, U)-coherent dimensions of
rings were also discussed in [4]. In this paper we continue to study the properties of left
(R, U)-coherent dimensions. Let R, S be rings and Ug a flat right R-module and Vs a flat
right S-module. We will show that (X, (U, V))-le.dim(R® S) = sup((X, U)-le.dimR, (X, V)-
le.dimS).

Let R be an infinite cardinal number and M a left R-module. Following Loustaunau [1],
M is said to be R-finitely generated, denoted R-fg, if every subset X of M, with | X| < N,
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is contained in a finitely generated submodule of M. For example, every left R-module is
Ny-fg, and every finitely generated left R-module is R-fg for all R > Ry. If X > |M| and M
is R-fg, then M is finitely generated.

Let U be a flat right R-module. According to [5], a left R-module M is called (R, U)-
finitely generated, denoted (R, U)-fg, if for any subset S C U @ g M with |S| < R there
exists a finitely generated submodule N < M such that § C U ®r N. Clearly every
R-finitely generated module is (X, U)-finitely generated for any flat right R-module U.

Let U be a flat right R-module and M a left R-module. According to [6], we will say
that M is n-finitely presented (n-R-finitely presented, n-R-U-finitely presented), denoted
by n-FP ( (n,R)-FP, (n,R,U)-FP, respectively), if there exists an exact sequence:

0—K, —F,.1—...— F—M-—20

such that Fy,..., F,,_; are finitely generated free left R-modules and K, is finitely gen-
erated (R-fg, (R, U)-fg, respectively). Note that n-finitely presented modules are called
n-presented in [7], [8] and [9].

It is easy to see that a left R-module M is finitely presented if and only if M is 1-FP.
Clearly we have the following implications: (n+1)-FP = (n+ 1,R)-FP = (n+1,8,U)-
FP = n-FP, but not conversely.

From [10,Theorem 3.3] it is clear that R is left coherent if and only if every 1-FP
left R—module is 2-FP. Generalizing this result, the left (R, U)-coherent dimension of R,
denoted by (R, U)-lc.dimR, is defined in [4] as

inf{nlevery (n + 1)— F P left R—module is (n + 2,R,U)—-FP}.

If no such n exists, we say that (X, U)-lc.dimR = oco.
If U = Rp, then (R,U)-lc.dimR gives the concept of left R-coherent dimension of R,
denoted by R-lc.dimR, that is

N-lc.dimR = inf{n|every (n + 1) — F P left R—module is (n + 2,N)-FP.}
If no such n exists, we say that N-le.dimR = oo. Left R-coherent dimension of R has been
investigated in [3].
Take X > |R|®¢. For every N-fg left R-module K with K < F for some free left R-
modules F of finite rank, we have |K| < |F| < |R|" < R. This implies that K is finitely

generated. Thus when R > [R|® and U = Rp, (R,U)-lc.dimR gives a concept of left
coherent dimension, denoted by lc.dimR, that is,

le.dimR = inf{n|every (n + 1)~ FP left R—module is (n + 2)—FP}.
If no such n exists, we say that le.dimR = .
2. Direct sums of rings

The following result appeared in [2].
Lemma 2.1 Let Mi,..., M, be left R-modules. Then &% , M; is (R, U)-fg if and only if



every M; is (R, U)-fg.

Lemma 2.2 Let M be a left R-module and R an infinite cardinal number. Then M is
n-FP ((n,R,U)-FP) if and only if there exists an exact sequence:

00— K, — P, 1—...—Php—M-—70

where Py,..., P,y are finitely generated projective left R-modules and K, is finitely
generated ((R, U)-fg, respectively ).

Proof By induction for n, it follows from Schanuel’ Lemma, Lemma 2.1 and standard
techniques.

Lemma 2.3 If (R,U)-lc.dimR = m, then for any n > m, every (n + 1)-FP left R-module
is (n+ 2,8, U)-FP.

Proof It follows from [4, Lemma 3.5].

Let ® be an infinite cardinal number. Suppose that I is a set and {M;|i € I} is a
family of right R-modules. Let = = (z;)icr € [I;c; Mi. We define the support of z as
supp(z) = {¢ € I|z; # 0}. For an infinite cardinal number R, define the N-product of the
M;’s as

R
HMi = {:c € HMi | |supp(z)| < N} .
el el

Clearly one may view the direct sum and the direct product of a family of modules as
two special cases of the same object, namely, the R-product of the family of modules.
R-products of some families of modules have been studied by Loustaunaulll, Dauns(t}(12]
Teply'314 and Oyonarte and Torrecillas(2515],

Lemma 2.4 Let N be a left R-module. The following statements are equivalent:

(1) N is (R,U)-finitely generated.

(2) The canonical map ¢y : ([['e; U)®rN — [I%;(U®rN) defined by on((u:)ier®
z) = (w; @ );er Is an epimorphism of abelian groups for all index sets I.

Let R and S be rings. Suppose that U is a right R-module and V a right S-module.
Then (U,V) = U x V is aright R® S-module by the multiplication (u, v)(r,s) = (ur,vs).

Lemma 2.5 There is an isomorphism of abelian groups:

N N N
Mo vy={JIUv.II V)
el el el

Proof Define a mapping f: [[/(U, V) — (I, U, T, V) via:

F((ui, vidier) = ((wi)ier, (vi)ier)-

Suppose ¢ = (u;, v;i)ier € H?E[(U,V). Then |supp(z)] < R. Set u = (w;)icr, v = (vi)ier.
Then supp(u) C supp(z), supp(v) C supp(z). Thus |supp(u)] < R and |supp(v)| <
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R. Hence u € HzeIU and v € H,EIV This means that f is well-defined. For any
u = (4)ier € [I%;U, and any v = (vi)ies € I—I,GIV set ¢ = (u;,v;)ic;- Then clearly
supp(z) C supp(u) U supp(v). Thus |supp(z)| < N since R is an infinite cardinal. Hence
T € H?e ;(U, V). This means that f is an epimorphism. Now clearly f is an isomorphism.

Lemma 2.6 For any modules rA, sB, Ur and Vs, there is an isomorphism of abelian

groups:
(U ®r A,V ®s B) &~ (U,V) Ores (A,B).

Lemma 2.7 Let U be a right R-module and V' a right S-module. Then (U,V) is a flat
right (R & S)-module if and only if Ur and Vs are both flat.

Proof It follows from Lemma 2.6 and standard techniques.

Lemma 2.8 Let U be a flat right R-module and V' a flat right S-module. Then for any
left R-module K and any left S-module L, (K, L) is an (R, (U, V))-fg left R ® S-module if
and only if K is (R, U)-fg left R-module and L is (R, V)-fg left S-module.

Proof Consider the following commutative diagram:

(LT V) 0res (K,2)  —  Tir((0.V) @rss (K1)

(s or k(M VI 0r L) — (AU 0 K, ITAV 85 1)

where ¢ = |( ie1(U,V)) ®res (K, L) = ( ier UTler V) Bros (K,L) — ~ ([lier U) ®r

(HzEI V) ®s L] and ¢ = [[[}c/((U,V) ®res (K,L)) — [Lic/(U ®r K,V @5 L) —
(I1%;(U ®r K),[1%(V @5 L))] are isomorphisms by Lemma 2.5 and Lemma 2.6. Now
the result follows from Lemma 2.4 and Lemma 2.7.

Theorem 2.9 Let R, S be rings and U a flat right R-module and V' a flat right S-module.
Then
(X, (U,V))-lc.dim(R @ §) = sup((R, U)-lc.dimR, (R, V)—lc.dimS).

Proof Suppose that (R,(U,V))-lc.dim(R & S) = m < oco. Let A be an m + 1-FP left
R-module. For any left R-module X, we can regard X as a left (R® S)-module by defining
(r,8)z =re, forr € R,s € S, andz € X. Then (1,0)X ~ X as R-modules. It is well-
known that pX is projective if and only if (pgs)X is projective. Thus, by Lemma 2.2, it is
easy to see that A is an m+1-FP left (R® §)-module. Hence (rgs)A is (m+2,R,(U,V))-

FP, that is, there exists an exact sequence
0'_’K1n+2 B Fm+1 — Fy,— ... — F—A—0,

where Fy, 11, Fip, . .., Fy are finitely generated free (R®.S)-modules and K, 5 is (R, (U, V))-
fg. Thus we have the following exact sequence

0— (1,0)Kpmys — (1,0)Fpy1 — ... — (1,0)F — A — 0,
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where (1,0)Fy41,(1,0)F,,,...,(1,0)Fy are finitely generated projective left R-modules.
By Lemma 2.8, (1,0)K,,,4+2 is (R,U)-fg. This means that gA is (m + 2,8, U)-FP. Thus
(X, U)-lc.dimR < m. Similarly we have (R,V)-lc.dimS < m. Thus sup((R, U)-lc.dimR, (R, V)-
le.dim S) < (X,(U,V))-le.dim(R & S). If (R,(U,V))-le.dim(R & S) = oo, then clearly
sup((X, U)-lc.dimR, (R, V)-lc.dimS) < (R, (U, V))-lc.dim(R @ §).

Suppose that (R, U)-Ic.dimR = m < oo and (R,V)-Ie.dim§ = n < o0, m > n. Let M
be an m + 1-FP left (R ® §)-module. Then there exists an exact sequence:

0 —Knuy1 —F,—...— Fp— M —0,

where F,,, ..., Fy are finitely generated free left (R @ S)-modules and K,y is finitely
generated left (R @ S)-module. Thus we have exact sequences

0— (1,0)K,,41 — (1,0)F,, — ... — (1,0)F, — (1,00M — 0

and
0— (0,1)K,41 — (0,1)F,, — ... — (0,1)Fp — (0,1)M — 0

where (1,0)Fp,,...,(1,0)F, are finitely generated projective left R-modules, (1,0)K 11 is
R-finitely generated, (0,1)F,,,...,(0,1)F, are finitely generated projective left S-modules
and (0,1)K,,41 is S-finitely generated. By Lemma 2.3, every m + 1-FP left R-(left S-)
module is (m+ 2,8, U)-FP ((m+ 2,R,V)-FP, respectively). Thus, by Lemma 2.2, (1,0)M
is (m + 2,R,U)-FP left R-module and (0,1)M is (m + 2,8, V)-FP left S-module. Hence

there exist exact sequences:
0 — Kpy2 — Pppy1— ... — Ph— (L,O)M — 0

and
0 — Ltz — Q41 — ... — Qo — (0,1)M — 0

such that Py, 41,. .., Py are finitely generated free left R-modules, Qum+1,- . ., Qo are finitely
generated free left S-modules, K12 is (X, U)-fg and L4 is (X, V)-fg. Now we have an
exact sequence of left (R @ S)-modules:

0— (K,n+2,Lm+2) — (Pm+1,Qm+1) —_ ... (P(),Q()) —_ M — 0.

Clearly (Pm+t1,Qm+1)s .-+, (Po, Qo) are finitely generated projective left (R @ S)-modules.
It follows from Lemma 2.8 that (K,i2, Liny2) is (N, (U,V))-fg. Thus M is an (m +
2,R,(U,V))-FP left R@ S-module. Therefore (R,(U,V))-lc.dim(R® S) < m = sup((R,U)-
lIe.dimR, (R, V)-lc.dimS).

Ifsup((R, U)-lc.dimR, (R, V)-Ic.dimS) = oo, then obviously (R, (U, V))-Ic.dim(R® S) <
sup((R, U)-lc.dimR, (R, V)-Ic.dimS).

Hence, (X, (U, V))-lc.dim(R & §) = sup((R, U)-le.dimR, (R, V)-lc.dimS).

Corollary 2.10 Let R, S berings. Then R—lc.dim(R® S) = sup(R—lc.dimR, R—lc.dimS).

Corollary 2.11 Let R;,7=1,...,n, be rings. Suppose that U; is a flat right R;-module
for any i. Then (R, (Uy,...,Un))-lc.dim(R; & ... ® R,) = sup{(R, U;)-lc.dim(R;)}.

— 87 —



Corollary 2.12 Let R, S be rings and M a flat right (R @ S)-module. Then

(R, M)—lc.dim(R & S) = sup((¥, (1,0)M)—lc.dimR, (R, (0, 1) M)—lc.dimS5).
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(X, (U,V))-le.dim(R & S) = sup((R, U)-le.dim R, (R, V)-lc.dimS§).
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