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R-Spaces and mssc-Images of Metric Spaces *
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Abstract: In this paper, we give some characterizations of R-spaces by mssc-images of
metric spaces, and prove that a space X is an R-space if and only if X is a sequence-
covering (sequentially quotient) mssc-image of a metric space, which answer a conjecture
on N-spaces affirmatively.
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How can generalized metric spaces be characterize by mapping images of metric spaces?
This is one of the key questions of P. Alexandroff Conjecture [1]. In [2], S.Lin introduced
mssc-mappings and proved that a space X is an R-space if and only if X is a compact-
covering mssc-image of a metric space. Related to this result, recently Lin raised the
following conjecture in a private letter to the author.

Conjecture N-spaces can be characterized by certain sequence-covering mssc-images of
metric spaces.

In this paper, we investigate structures of some sequence-covering mssc-images of
metric spaces, and give some affirmative answers for the above conjecture. We prove that
a space X is an R-space if and only if X is a sequence-covering (pseudo-sequence-covering,
subsequence-covering, sequentially quotient) mssc-image of a metric space.

Throughout this paper, all spaces are regular and T}, and all mappings are continuous
and onto. N and w denote the set of all natural numbers and the first infinite ordinal
respectively. {z,} denotes a sequence z1,z5,--,2,, - of points in a space and ()
denotes a point (23,23, :-,2,,---) in a product space. Let A be a subset of a space, and
A the closure of A. Let X be a space, U be a collection of subsets of X,and f: X =Y
be a mapping. Then

fU)y={f(U):U eu}.
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For terms which are not defined here, refer to [3].

Definition 1 Let f: X — Y be a mapping. Assume that each convergent sequence ir
the following definitions contains its Iimit.

(1) f is an mssc-mapping'? if X is a subspace of the product space Il,,en X,, with
each X,, being a metric space, and for each y € Y, there is a sequence {V,,} of open
neighborhoods of y in Y such that

pu(F1(V2))

is a compact subset of X,, for each n € N, where p,, : [I,en X, — X,, is the projection;

(2) f is a sequence-covering mapping'!l (pseudo-sequence-covering mappinglsl ) if for
each convergent sequence S inY, there is a convergent sequence L (a compact subset K)
in X such that

f(L)=S5 (f(K)=5);

(3) f is a sequentially quotient mapping!® (subsequence-covering mappingm) if for
each convergent sequence S in Y, there is a convergent sequence L (a compact subset K )
in X such that f(L) (f(K)) is a subsequence of S.

Remark 1 The following implications are obvious(®l.
sequence-covering mapping==pseudo-sequence-covering (sequentially quotient) map-
ping =subsequence-covering mapping.

Definition 213 Let X be a space, and let P be a cover of X.
(1) P is a network for X if whenever z € U with U is open in X, then

rePCU

for some P € P;
(2) P is a k-network for X if whenever a compact subset K C U with U open in X,

then
KcPcU

for some P € P.
(3) P is a cs-network for X if whenever {z,} is a sequence converging to a point

z € U with U open in X, then
{z}u{gp,:n>m}CPCU

for some m € N and some P € P;
(4) P is a cs*-network for X if whenever {z,} is a sequence converging to a point

z € U with U open in X, then
{z}u{z,, :teN}CPCU

for some subsequence {z,,;} of {,} and some P € P.

Remark 28 A space X is an R-space if and only if X has a o-locally finite cs-network.
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Lemma 1 Let f: X — Y be an mssc-mapping. Then there is a base B of X such that
f(B) is a o-locally finite network of Y.

Proof Since f: X — Y is an mssc-mapping, let {X, : n € N} be the family of metric
spaces which satisfies the condition of Definition 1(1). For each n € N, X,, has a o-locally
finite base P,. Put

B, = {X N (Nicap7 (B;)) : Pi € Pi,i < n}, B = UpenBa.

Then B is a base of X. It is easy to see that f(B) is a network of Y. Let each y € Y.
For each n € N, there is a sequence {V,,} of open neighborhoods of y in Y such that
pu(f~1(V4)) is a compact subset of X, for eachn € N. Put V' = 0;<,V;, then V intersects
at most finite members of f(B,,), hence f(B,,) is locally finite in Y. This proves that f(B)
is a o-locally finite network of Y. 0O

Lemuma 208 If P is a o-hereditarily closure-preserving cs*-network of a space X, then P
is a k-network of X.

In {3}, S. Lin proved a pseudo-sequence-covering mapping is a sequentially quotient
mapping if the domain is a space in which points are a Gjs ([3, Proposition 2.1.17]).
We point out pseudo-sequence-covering mapping can be relax to subsequence-covering
mapping. That is; we have the following lemma.

Lemma 3 Let f: X — Y be a subsequence-covering mapping, and points in X be Gjs.
Then f is a sequentially quotient mapping.

Proof Let S be a sequence in Y, which converges to y. f is a subsequence-covering
mapping, there is a compact subset K in X such that f(K) = 5’ is a subsequence of S.
Put S = {y} U {y,. : n € N}, then {y,} converges to y. Pick z,, € f~}(y,) N K, then
{z.} C K. Notice that K is a compact subspace in which points are Gjs. K is the first
countable, so K is sequentially compact, thus there is a subsequence {z,,, } of {z,.}, which
converges to z € f!(y). This proves that f is sequentially quotient. O

Lemma 4 Let f: X — Y be a mapping, and {y, } be a sequence converging toy in Y. If
{Bn} is a decreasing network of some z € f~!(y) in X, and {y,.} is eventually in f(B,) for
eachn € N, then there is a sequence {z,} converging to & such that each z, € f~1(y,).

Proof For each k € N, as {z,} is eventually in f(B}), there is n, € N such that
Yu € f(Br) for n > ny, so f~y,) N By # ¢. Without loss of generality, we can assume
1 < ny < npyy. Foreach n € N, pick z,, € f“l(yn) if n < ny, and pick z,, € f”l(y”) N By,

ifny <n < npyq,then 2, € f71(y,). It is not difficult to prove that {z,.} converges to z.
d

Theorem 5 The following statements are equivalent for a space X :
(1) X is an R-space.
(2) X is a sequence-covering mssc-image of a metric space.
(3) X is a pseudo-sequence-covering mssc-image of a metric space.
(4) X is a subsequence-covering mssc-image of a metric space.
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(5) X is a sequentially quotient mssc-image of a metric space.

Proof (2) == (3) = (4) is obvious. (4) => (5) from Lemma 3. We need only to prove
that (1) = (2) and (5) = (1).

(1) = (2). Let X be an R-space, and P = U{P, : n € N} be a cs-network for X,
where each P, = {P, : a € A} be a locally finite collection of closed subsets of X.
Without loss of generality, we can suppose that each P, is closed with respect to finite
intersection and X € P, C Pny1. We can assume that Al s are mutually disjoint, and
each A,, is endowed the discrete topology. Put

Z = {b = (an) € l,enAn: {Pan}

is a network of zy in X for some z, € X, and P,,,, C P, }.

Then Z is a subspace of the Tychonoff product space I,exy A, of the family {4, : n €
N} of metric spaces, so Z is a metric space. It is easy to see that f : Z — X defined by
f(b) = zp is a mapping.

Claim 1. f is an mssc-mapping.

Let z € X. For each n € N, since P, is locally finite, there is an open neighborhood
V.. such that V, intersects at most finite members of f(P,). Put

B, ={a€ A,:V,N P, # ¢}.

Then B, is finite and p,f~'(V,.) C By, hence p,f~1(V,) is a compact subset of A, so f
is an mssc-mapping.

Claim 2. f is a sequence-covering mapping.

Let S = {2, :n € N} U{z} be a sequence with its limit z. As P is a cs-network, and
notice the supposition of P, there is z = (an) € H,cnAn such that {P,, :n € N}isa
decreasing network of z in X and § is eventually in P,, for each n € N. Then f(z) = =.
Put Z, = {(B) € Z : B = a;, for k < n}, then {Z,} is a decreasing base of z in Z. Now
we prove that f(Z,) = Ni<nPa, for each n € N as follows.

Let b = (Bi) € Z,,. Then

f(b) € Nien Po, C Ni<n Py

s0 f(Zn) C Nk<nPay- On the other hand, let y € Ng<p Pa,. Then there is ¢’ = (1;) € Z
such that f(¢') = y. Foreach k € N, let P, = P‘v,ﬁ N Py, € Py if k > n, and put 7 = ai
if £ < n. Put ¢ = (y1). It is easy to see that ¢ € Z,, and f(c) = y, that is y € f(Z,), so
Nk<nPay C f(Z2). Thus f(Z,) = Ni<nPa, for each n € N.

“As Sis eventually in P,, for each n € N, § is eventually in Nx<nPa, = f(Zn) for each
n € N. By Lemma 4, there is a sequence {z,} converging to z such that each z, € f71(z,),
so f is a sequence-covering mapping.

By the above, f is a sequence-covering mssc-mapping.

(5) => (1). Let f : Z — X be a sequentially quotient mssc-mapping, and Z be a
metric space. Then there is a base B for Z such that f(B) a o-locally finite network for
X from Lemma 1. By Lemma 2, we need only to prove that f(B) is a ¢s*-network for X.
Let {z,} be a sequence in X, which converges to a point z € U with U open in X. Since
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f is sequentially quotient, there is a sequence {z,} converging to z in Z with f(z) = zn,
for each k € N. Notice that z € f~*(z) C f~}(U) and B is a base for Z. Thereis B € B
such that

z€ BcC fY(U),

so {z}U{zx: k> m} C B C f}(U) for some m € N, thus
{£}U{zn, :k>m}C f(B)C fFFY(U)=U
for some m € N and f(B) € f(B). This proves that f(B) is a c¢s*-network for X. O

The author would like to thank the referee for his valuable amendments.
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