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Abstract: In this paper it is shown that a refinement on the weighted Hilbert inequality
for double series can be established by introducing a proper non-zero real number R,,.
The expression of R, is given by means of the positive definiteness of a Gram matrix.
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1. Introduction

The inequality of the form

(23 2ty <w?(3 ad)(3 82) ()

is called Hilbert’s double series theorem!!l. The equality contained in (1) holds if and
only if {a,}, or {b,}, is a zero-sequence. In our previous paperl? the weighted Hilbert
inequality was established. To be specific, the inequality (1) can be generalized into the
following form:

(3335 2mbe 2 (3 wlmad (3 (i), 1)
m=1n=1 n=1 n=1

where w(n) = 7 — 6—\(/—':—% (with (n) > 0). Gao and Yang®l proved that an infimum of 6(n) is

6(1) =% - 572 + 3%6(0 < £ < 1). However, if we select a proper non-zero real number R,,
such that the right-hand side of (1') is replaced by (o2, w(n)aZ)(L oz, w(n)bZ) — R2,
then some further results of the papers [2] and [3] will be obtained. The main purpose of
the present paper is to prove the existence of the non-zero real number R, and to find an

expression for it.
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For convenience, we first introduce some notations and define some functions.
The inner product of two vectors a and § in an inner space E is denoted by (a, ),
and the norm of a is denoted by ||a]] = /(a, ). We next introduce a binary quadratic

form defined by
F(z,y) = ||la|*z® - 2(a, B)zy + [1B]*y*, (2)

where z = (3,7) and y = (a,7).
We further define
R = [|al|(8,7)] = IB8NII(a, 7)1 (3)

The results involve R with a and 3 specified beforehand, and v to be chosen for
maximum felicity. It is obvious that, if ||«|||(8,7)| = ||Bl/|(a,7)], then R = 0. Therefore,
it is shrewd in every case to choose ¥ such that [|a|||(8,7)] # |18I||(a,7)]-

2. Lemmas

In order to prove our assertions, we need the following lemmas.

Lemma 1 Let F(z,y) and R be functions defined respectively by (2) and (3). If
ledll(B,)1 # 11B111(er,7)], then F(z,y) > R* > 0, and the equality holds if and only if

zy = 0.

Proof Applying Cauchy-Schwarz’s inequality to estimate the right-hand side of (2) as
follows:

Flz,y) = [lal®s? - 2(a, oy + 16]%?
> |lall’2® - 2|(a, B)zyl + [1B1%* > (lalllel - (181 ly])*.
Since [|all|(8,7)] # lIBl|l(e,7)I, it follows that
F(z,y)> R? > 0. (4)
Clearly, the equality in (4) holds if and only if zy = 0.

Lemma 2 Let a,8 and v be three arbitrary vectors of the space E. If ||y]| = 1 and

Helll(8, 7)1 # 118111(a, 7)1, then
(e B)* < llal*[1B]* - B, (5)

where R is a function defined by (3). And the equality contained in (5) holds if and only
if the vector vy is a linear combination of a and 8, and zy = 0.

Proof Consider the Gram determinant constructed by the vectors a, 8 and vy. According
to the paper (4] we have

(a,a) (a,8) (a,7)
(B,a) (B,8) (B,7) |>0. (6)
(v,a) (1,8) (v, 7)

The equality contained in (6) holds if and only if the vectors a, and 5 are linearly
dependent. Since [|a|l|(8,7)| # [|8]l|(a, 7)|, the vectors a and g are linearly independent.
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As a result, the equality (6) holds if and only if the vector « is a linear combination of the
vectors a and S. ‘
Expanding this determinant and using the condition ||y|| = 1, we obtain from (6) that

ladl?*l1811* = (@, 8)* — F(z,y) 2 0,

where F(z,y) is a binary function defined by (2). And then using the inequality (4), the
result follows at once.
Actually, the inequality (5) is a refinement of Cauchy-Schwarz’s inequality.

3. Theorem and its corollaries

Now let us come to our main results.

Theorem If0 < 32,42 < 400 and 0 < 322, b2 < 400, then

Ambn - 2y( % 2 2
n)a w(n)b2) - R:, 7
;1§m+n nz::]w( )n)(; (n)6n) i ©
where w(n) = 7 — ﬂ"—) , 8(n) >0, and R? >
Proof Define two double-sequences by
m by, n\1/4
= — = T - ’ 8
arnn, (m+n)1/2( ) 5 ﬂnm (m+n)1/2(m) ( )

and let @ = (@mn), B = (Bnm ). An inner product of the vector a and 3 is defined by
(a,ﬂ) = E: Z amnﬂnm- (9)
m=1n=1
Applying the inequality (5) to estimate the right-hand side of (9) we obtain

z 2 b2 (55 e < (30 Y NS S AL B, (10)

n= m + n m=1n=1 m=1n=1 m=1n=1

where R is defined by (3).
Notice that

DI SR S5 S MR I )

m=1n=1 n=1 m=1n=1 n=1
where w(n) = Y oe ———(m)l/2 According to the paper [2] we have

m=1 m+n
6(n)

w(n)==w - N
where §(n) > 0 for all n € N.
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The norm of the vector z with weight w(n) is denoted by

zile = w——g—(—ri)—azz 1z, 11
Il = (3_( \/ﬁ) n) (11)

n=1

We write R in (10) in the form

Ry = flallul(B, ) = liblluwl(es 1)l (12)
where a and 3 are given by (8), and 7 is chosen by
6

mnw?

7= (13)
It is easy to deduce that [[7]] = (S50, S0 (5:5))? = (% iy 2 Tiy &)1/2 = 1.
Hence the vector 7 satisfies the condition of Lemma 2, and it is obvious that lall1(B,7)] #
16llwl(@,7)]- Whence the inequality (10) can be written as

[o el o]

(55 2y a2z - B2, (14)

n
m=1n=1 m+

where R, is given by (12).

Evidently, the vectors a,8 and 4 defined respectively by (8) and (13) are linearly
independent, it is impossible to take the equality in (14). And owing to the fact that the
conditions of Lemma 1 are satisfied, we have RZ > 0.

Thus the proof of the theorem is completed.

Note According to the paper [2], the expression of §(n) contained in (7) is given as
follows:

O(n) = Aan) + Coln) = 5o,

3 B, : -
where A(n) = 2\/ﬁarctan71; and Ca(n) = — Y724 %)—-gi(%)?’vf(“ V(L) +p,, f(2) =
—l—lﬁ(%)l/z,t € (0,1], Bji, are Bernoulli numbers, viz.By = %, By = —%, Bs = 5, Bs =
— 3, etc., p, is the remainder having the same sign as that of the first to be dropped, and
having smaller absolute value in comparison.

Corollary 1 If0 < Y02, a2 < 400, then

n=1

5 by S O(n) :
(> 2 ) < (D (r - —=)dl)’ - R,
m=1n=1 m+n 1; \/ﬁ

where §(n) > 0 and R2 > 0.

Proof We need only to show that R? > 0. We obtain from (12) that

R = [lal2 (108, = [, M), (15)
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where o and 7 are given respectively by (8) and (13), and S,,, is defined by
= (—1n 24
ﬂnm ((m + 'n)l/z(m) )-

Notice that Bm/amn = (v/na,)/(v/mam) # k, for all m,n € N, where k is a constant.
Hence R in (15) is not equal to zero. In other words, we have R2 > 0.

Consequently, the corollary is proved.

Corollary 2 With the assumptions as the theorem, we have

o = ba mﬂ_iazww__g_z_z
(§1§m+n) <(n§( \/ﬁ) n)(';( ﬁ)bn) RS, (16)

where § = 7 — % + 3%(0 < ¢ < 1) and R, is given by (12).

Proof In the paper [3], it was shown that w(n) < 7 — 7511-, where w(n) is a weight function
of the form w(n) = £2_; —2-(2)/2 and ¢ = - L4 3—55(0 < <1).

m+n

Thus the corollary follows.
If RZ contained in (16) is replaced by zero, then the result of the paper [3] is yield.
Clearly, the inequality (16) is an improvement of the corresponding result of the paper [3].

Similarly, some results in (5] and [6] might be improved.
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