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Abstract: In this paper, we define the piecewise algebraic sets by using multivariate
spline functions and discuss their irreducibility and isornorphism problem. We present
two equivalent conditions for the irreducibility of piecewise algebraic sets, and turn the
isomorphism and classifying problem of piecewise algebraic sets into the isomorphism
and classifying problem of commutative algebras.
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1. Introduction

Piecewise algebraic variety is a generalization and development of the algebraic variety.
R. H. Wang!? introduced the piecewise algebraic curve for studying the suitability of
interpolation nodes of bivariate spline function many years ago.

Algebraic geometry deals with the solutions of systems of polynomial equations in an
affine or projective space. In other words, it studies the algebraic varieties. By using the
multivariate splines to replace the polynomials defined in the algebraic variety, we can
define the piecewise algebraic set. Some basic results on the piecewise algebraic varieties
have been given in [2,3]. In this paper, we study the irreducibility and isomorphism
problems of piecewise algebraic sets.

2. The irreducibility of piecewise algebraic sets

Let D be a domain in k™, k a fixed algebraically closed field of characteristic zero, and
A a partition of D consists of a finite number of hyperplanes

l;(.’l:],...,:l:n)Zailicl-{—----}—aina:n—{—bi:(], i=1,...,N.
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Denote by $#(A) the C* spline function ring, a k-algebra. In fact, SH(A) is a
k[z,...,z,)-algebra. By [6], any multivariate spline function s in S#(A) has the fol-
lowing representation

3(131, vy 23.,1) = p(zlv ey zn) + Z[li(zla s 1zﬂ)]l:+1qi(z'la L )xﬂ)i

where g;(21,...,2,) are the smoothing cofactors satisfying the conformality condition, so
that S#(A) is a finitely generated k[zi,...,z,]-module that generated by its elements
1, [11(221, ey :cn)]’*‘“, [ ,{lm(231, ooy :Cn)]f:—*-l.

Since k[z1,...,2,] is a Noetherian ring, we have

Proposition 2.1 S*(A) is a reduced Noetherian ring, but not an integral domain.
As a generalization of the algebraic set, we define piecewise algebraic set by using the
multivariate spline functions.

Definition 2.2 Let A be a partition of k™. A subset Y of k™ is called a piecewise algebraic
set respect to partition A, if there exists a subset T of S*(A) such that

Y = Z(T)={P € k™s(P)=0, forall seT}.

It is clear that if I is an ideal of S#(A) generated by T, then
Z(T) = Z(1).

Furthermore, since S#(A) is a Noetherian ring, any ideal has a finite set of generators
81,...,5t, Z(T') can be expressed as the common zeros of the finite set of splines sq,..., 3¢.

If s € S#(A), we obtain a piecewise algebraic set Y = Z(s), which is called a piecewise
algebraic curve if n = 2, or a piecewise algebraic surface if n = 3, or a piecewise algebraic
hypersurface if n > 3.

Definition 2.3 A piecewise algebraic set Y is called to be irreducible if Y = Y; UY; in
which Yy and Y, are piecewise algebraic sets, impliesY =Y, or Y = Y,. An irreducible
piecewise algebraic set is called a piecewise algebraic variety.

Proposition 2.4/2 Every piecewise algebraic set can be expressed uniquely as a union
of piecewise algebraic varieties, no one containing another.

Next, we need to explore the relationship between subsets of k™ and ideals in S#(A)
more deeply. For any subset ¥ of &£™, the ideal of Y in S#(A) is defined by

I(Y)={s € S"(A)|s(P)=0 forall PeY}.

Now there are two functions Z and I, which map subsets of S#(A) to piecewise alge-
braic sets and subsets of k™ to ideals of $%(A) respectively. Their properties are summa-
rized in the following proposition.

Proposition 2.5 If S and T are subsets of S#(A), X and Y are subsets of k™, then
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(1) If S C T, then Z(S) 2 Z(T).

(2) IfX CY, then I(X) D I(Y).

(3) (XuY)=I(X)nIY).

(4) ZI(X)= X, the closure of X.

(5) S CIZ(S); X C ZI(X).

(6) Z(S)= ZIZ(S); I(X) = IZI(X).

Proposition 2.6 A piecewise algebraic set Y is irreducible if and only if its ideal I(Y)
is a prime ideal of S¥#(A).

Proof if Y is irreducible, we show that I(Y') is prime. Indeed, if s -t € I(Y'), then
Y C Z(st) = Z(s) U Z(t).
Thus
Y = (Y NnZ(s))u(Y nZ(t).

Since Y is irreducible, we have either Y = Y N Z(s), in which case Y C Z(s), or Y C Z(t).
Hence either s € I(Y) or t € I(Y).
Conversely, if P = I(Y) is a prime ideal, and suppose that Y = Y; U Y3, then

P:I(‘YI)OI(YZ),
so either P = I(Y1), or P = I(Y3). Thus
Y=Y or Y =Y,

and Y is irreducible. O
In this section, we will give an equivalent proposition for a irreducible piecewise alge-
braic set.

Definition 2.7 IfY C k"™ is a piecewise algebraic set, we define the coordinate ring S(Y)
of Y to be S¥(A)/I(Y). IfY is a piecewise algebraic variety, then S(Y') is an integral
domain.

Definition 2.8 Let k, k' be two extended fields of k, £ = (£1,..-,&:) €K, 0= (M, ,Tn)
€ k™, if for arbitrary element s of S#(A), s(€) = 0 implies s(n) = 0, then we call the {
to be a generic point of n with respect to k or n to be a k-specialization of {. Let Y be
a piecewise algebraic set, If I(Y') has an extension zero £ such that all extension zeros of
I(Y') are k-specialization of £, then § is called a generic point of Y.

Theorem 2.9 A piecewise algebraic set Y is irreducible if and only if Y has a generic

point.

Proof If Y has a generic point £, we show that I(Y') is a prime ideal of S#(A) .

Indeed, if fg € I(Y), then f(£)g(€) = O, thus either f({) = 0, or g(§) = 0. Assume
f(€) = 0, since ¢ is a generic point of Y, then for very extension zero 5 of I (Y') we have
f(n) = 0, thus f € I(Y). In the same way, we can prove that g(§) = 0 implies g € I(Y).
So I(Y) is a prime ideal. Hence by Proposition 2.6, we know that Y is irreducible.
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Conversely, if Y is irreducible, by Proposition 2.6, I(Y') is prime ideal of 5"(A). Hence
the coordinate ring S(Y) of Y is an integral domain, the quotient field k = K(Y') of
S(Y) is an extended field of k. Denote by ¢; the homomorphic image of z; in k. Thus
E=(61,.-..,&n) € k. Next we will prove that £ is a generic point of Y.

First we prove that £ is an extension zero of I(Y). For arbitrary f(z1,...,2,) € I(Y),
the homomorphic image f in S(Y) is zero, and hence the homomorphic image of f in
k = k(Y) is also zero, ie., f(21,...,2,) = 0. Thus f(£1,...,&) = 0, so £ is an extension
zero of I(Y).

Assume that f(z1,...,2,) € S#(A) of satisfying f(£1,...,&,) = 0. Thus

f(zy,...,2,) =0, felI(Y),

and for every extension zero n of I(Y'), f(n) = 0, namely, f(£) = 0 implies f(n) = 0. So
all extension zeros of I(Y) are k-specialization of £, with £ being a generic point of Y.

3. The isomorphism of piecewise algebraic sets

In section one, we attached to each piecewise algebraic set Y a coordinate ring S(Y').
We ask if isomorphic coordinate rings determine the “same” piecewise algebraic sets in
some sense. For solving the problem, we will give the following definition and result.

Definition 3.1 Let V C k™ be a piecewise algebraic set respect to partition A, W C k™
be a piecewise algebraic set respect to partition A'. A mapping f : V — W is called a
spline mapping if there are splines fi(z1,...,2z,) € S*(A) (1 < i < m) such that

f=(Alzr, . ozn), oo, f(2a, o, 20)).
Iff:V - W andg: W — V are spline mappings such that
fog=1lw, gof =1}y,
then we say V and W are isomorpliic.

Theorem 3.2 Let V C k™ be a piecewise algebraic set of A, W C k™ be a piecewise
algebraic set of A’', Hom(V, W) denote the set of all spline mappings from V to W,
Hom(S5(W), (V) denotes the set of all k-algebraic homomorphisms from S(W) to S(V)
Then the mapping Hom(V, W) — Hom(S(W), $(V))

fr—fTismsof

is surjective. Moreover f : V — W is isomorphic if and only if f* : S(W) — S(V) is
k-isomorphic.

Proof Let f € Hom(V,W). Then for every g € S(W), g : W — k, we have a spline
mapping g o f : V — k. Thus f induces a mapping:
F7o85(W) = S(V), ff=gof.
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Assume that V and W are not empty, S(W), S(V) are all k-algebra and contain k as their
subalgebra. Every element a € k is regarded as an element of S(W), thus a is a spline
function on W which maps all elements of W to a. Obviously f*(a) = a. This shows
F*|k = 1. It is easy to prove

o1+ g2) = f(91) + £ (92), f*(g192) = f*(91)f"(g2)-

So f*: (W) — S(V) is a k-algebraic homomorphism, and it has the following properties
(1) If g: W — U is a spline mapping, then (g o f)* = f*g* : S(U) — S(V).

(2) (Alv)" = 15wy
Thus if V and W are isomorphic, then there exist spline function f : V — W and
g:W — V such that fog = 1|y, go f = 1|y, hence by properties (1) and (2), we know

ffg=(gof) =(1lv) = 15wy,
g =(fog) =(w) = lsw)-

So f*: S(W) — S(V) is a k-algebraic isomorphism.
Conversely, let ¢ : S(W) — 5(V) be a k-algebraic homomorphism. Consider special
spline functions y; € S(W). Then ¢ gives spline functions

ely)) = filzi, ... 2.) € S(V), i=1,...,m.

Thus we have

f: (fla'--afm):kn I km“

(a1,...,a.) — (f1{a1,---,@n), .-, frlar, .- ., an)).

We prove first that f(V) C W. For every g(y1,..-,¥m) € (W), g(y1,...,ym) is zero
element of S(W). Since ¢ is a k-algebra homomorphism, it maps zero to zero, hence

<P(g(y11 . ayn)) = g(fl(:cla' .- 1"‘“"'!1)3' "afm(:cl’- '-azn))

is the zero element of S(V), thus ¢(g) € I(V). It shows that if (a;,...,a,) € V, then for
every g(y1,..-,¥m) € I(W),

g(filar, ... an), ..., f(a1,...,aa)) = 0,

hence

g(fl(ala”-)an)a-” »fm(alv--- )an)) € w.

Thus f(V)C W,so f:V — W is a spline mapping.
Second, we prove that f* = ¢. Since for every g(y1,...,%m) € I(W),

f*(g(ylv" 7ym)) = g(fl(mla'-‘ :zn)a" . >f1n(z11--~ azn)) = So(g(yla"',yn))v

hence f* = ¢. Thus we have the following result: for every k-algebraic homomorphism
¢: S(W) — S(V), there exists a spline mapping f : V' — W such that f* = ¢.
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Finally, if ¢ is the identity homomorphism of S(W), then the f obtained as above is
an identity mapping on W, hence if ¢ : S(W) — S(V) is k-algebraic isomorphism, then
f:V — W is an isomorphism of piecewise algebraic sets. O

We have turned the isomorphism and classification problem of piecewise algebraic
sets into the pure algebraic problem of isomorphism and classificationof k-commutative
algebras.
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