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1. Introduction

Throughout this paper, all rings are associative with identity. A ring R is called right
self-injective if Rg is injectiveltl. It follows from [1] that R is self-injective iff for every
right ideal S of R, each R-homomorphism f : S — R can be extended to an endomorphism
of R. For several years, many generalizations of self-injective ring, such as P-injective ring,
GP-injective ring, AP-injective ring, simple-injective ring and n-injective ring, are studied
(see for example, [2-5, 7]). It seems that to understand the relations among them is
important and meaningful. In this paper, we will investigate such relations. We first give
the definitions of these generalizations.

Definition Let R be a ring.

(1) R is called aright P-injective ring if every R-homomorphism« : aR — R, a € R,
can be extended to R — R!2.

(2) R is called a right GP-injective ring if, for any 0 # a € R, there exists a
positive integer n, such that a™ # 0, and any right R-homomorphism of a™R into R can
be extended to R — RI3.

(3) R is called a right AP-injective ring if, for every 0 # a € R, Ilr(a) = Ra ®
Xa,Xa <R RM
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(4) R is called a right simple-injective ring if every R-homomorphism with simple
image from a right ideal of R to R is given by left multiplication by an element of RB),

(5) R is called a right n-injective ring if R-homomorphisms from n-generated right
ideals to R are given by left multiplication.

In [2] and [3], Nicholson, Yousif and Nam etc. characterize P-injective ring and GP-
injective as follows

Lemma 1.1 The following conditions are equivalent for a ring R:
(1) Rp is P-injective;
(2) Ir(a) = Ra for all a € R.

Lemma 1.28! The following conditions are equivalent for a ring R:
(1) Rg is GP-injective;
(2) Y0 +# a € R, there exists n such that lr(a™) = Ra™.
By definitions, Lemmas 1.1 and 1.2, we have the following conclusions.

Proposition 1.3 For a ring R:

(1) Rp is a right self-injective ring = R is a right P-injective ring => R is a right
GP-injective ring.

(2) Rg is a right self-injective ring = R is a right P-injective ring = R is a right
AP-injective ring.

(3) Rg is a right self-injective ring = R is a right simple-injective ring.

We should mention that all inverse implications are not true.

Remark (1) von Neumann regular ring is right P-injective, but is not self-injectivel®.
(2) Right GP-injective ring is not P-injectivel”.
(3) Right AP-injective ring is not GP-injective (or P-injective) ring4.
(4) There exists ring R is P-injective which is not simple-injectivel®l.
(5) The ring of integers is an example of simple-injective ring which is not self-injective
(or P-injective) ringl8.

2. Main results

In this section, we establish the conditions under which AP-injective, P-injective
and self-injective are equivalent; and GP-injective, AP-injective, P-injective and simple-
injective are equivalent.

We need the following Lemmas

Lemma 2.1 Let R be a left AP-injective ring, i.e. for any r € R, rl(r) = rR® X,., where
Xr < Rp. Then for any f : Rr — R, f(r) =rm-+y, wherem € M, y € X,.

Proof Let r € R, z € R. Assume I(r) C I(z), then ri(z) C ri(r) = rR® X,. Hence
z € TR® X,. For any f : Rr — R, we have 0 = f(0) = f(I(r)r) = I(r)f(r), so,
I(r) C UI(f(r)), f(r) € TR @ X,, and hence there exists an m € R,y € X, such that
fry=rm+y.

Lemma 2.2 Let R be a commutative domain, M a torsionless R-module, then g M
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is P-injective iff R M is injective.

Corollary 2.3 Let R be a commutative domain, then R is a left self-injective ring.
The following theorem is the first main result.

Theorem 2.4 Let R be a commutative domain, then R is left AP-injective iff R is left
self-injective.

Proof “«” It is clear.

“=” Assume R is a left AP-injective ring, A is an ideal of R, and f : A — R is an
R-homomorphism. It suffices to show that for every ideal B of R with B D A, there exists
an R-homomorphism g : B — R such that g is an extension of f. Let 2 = {(T,®)|T
is an ideal and A < T < B,® : T' — R is an R-homomorphism, ®|4 = f}. It is clear
that (A, f) € Q, and it is easy to show that € is a partially ordered set. Hence €2 has a
maximal element (Ag, g) by Zorn’s Lemma. We will show Ag = B.

If Ay # B, then there exists z(# 0) € B, but z ¢ Ag. Let L = {r € R|rz € Ap}, then L
is an ideal of R. For any 1 (# 0) € L, we have amap ¥ : Rry — R; rry — g(rr1z), Vr € R.
Then ¥ is an R-homomorphism. Because R is AP-injective, by Lemma 2.1. there exists
my € R, y1 € X, (where rl(r;) = r1R® X,,, and X,, C Rg) such that

U(ry) = g(riz) = rimy + 41.

Similarly, for any ro(# 0) € L, there is an mg € R,y2 € X, C Rp such that ¥(rp) =
g(r2x) = romgy + y2, where rl(r2) = 1R ® X,,. Claim y; = yo = 0.
Since R is commutative, and g(roriz) = rorimy + royi, g(r1mex) = riTome + r1Y2, We
have
g(remiz) = g(riraz),

ie.,
Torimy + Toy1 = TiTemg + Ty, T1T2(m1 —me) = T1y2 — ray = reri(my — ma).

(1) fy; = 0,y2 # 0, then riro(my — mg) = r1y2, and hence rire(my — me) €
roRN Xy, = 0. So, r1y2 = 0. Since R is a domain and r; # 0, y2 = 0, a contradiction.
(2) If yo = 0, y1 # 0. Similarly, we get a contradiction.
(3) If y; # 0, y2 # 0. Then, since rori1ya(mi — mg) = y2(r1y2 —T2y1) € 2BENX;, =0,
we have
Ty =royr = yime € RN Xy, =0.

Since R is a domain and r; # 0(i = 1,2), y1 = y2 = 0. It is a contradiction!
From the above (1), (2) and (3) we have

y1 = y2 = 0, rarymy = riromg,

S0, m; = mp, i.e., for any r(# 0) € R, there exist m € R, such that g(rz) = rm. If
ap + 1oz = af + 14T € Ap + Rz, then

ag — ay = (ry — o)z € Ao,
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ie.,
rh — 1o € L, ap — ag = g((ry — ro)x) = (1 — r0)m = rjm — rom.
Hence we have an R-homomorphism g : Ag + Rz — R : ag + rz — g{ag) + rm, Vr € R,
and glga = g. Let By = Ao + Rz, (Ao,9) C (Bo,g) € R, then (Ao,g9) # (Bo,g).- This
contradicts the maximality of (Ao, g). So, Ap = B, and there exists R-homomorphism
g: B — R extends f. Therefore, R is left self-injective.
As a consequence of the theorem, we obtain the following result.

Corollary 2.5 If R be a commutative domain, then R is left P-injective iff R is left
self-injective iff R is left AP-injective.
In order to prove the second main theorem, we give following more general result.

Theorem 2.6 If M,(R) is right (left) GP-injective, and R is a domain, then R is right
(left) n-injective.

Proof ForgivenT =0 R+---+b,R, 0#b, € R,let o: T — R,

b1 b2 e bn ab1 abg s abn
B=| ° 9 0 g 0 0 O
0 0 0 0 0 0

Since M, (R) is right GP-injective, there exists m such that Ir(B™) = M,(R)B™. If
B™X =0, for X = (aij) € M,(R). Since

A P
pr=| 0 0o 0,
blayy + b7 Tboasy + - U7 nans o s Barn + P baags + - 4+ B bnann
BmY — 0 0
0 0

Since R is a domain and b’l"_1 # 0, biag1 + baaoy + - - - + bpany =0, brayy, + boagy, + - +
bnann =0,

aby aby --- ab, a1 a2 -+ Qn

BeY = o 0 - 0 <.121 aze -+ aon

0 0 cee 0 Gnl QGn2 -°* Qnp

a(brair +beagy + -+ -+ bpan1) - a(drain + boaon + - - + bpang)
0 ... 0
- . e . e *« o e = O.
0 . 0
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Hence B € lr(B™) = M,(R)B™, and there is C = (¢;;) € My(R) such that

cy Gzt Cn bi by --- by
pr=opr=ypt| e |1 00
Crl Ca2 “** Cpp 0o 0 --- 0
enbi enby - cubn by b2 br,
il R o’ IO
0 0 - 0 0 0 --- 0

Hence a = b{”_lcn, so, R is n-injective.
Similarly, if M,(R) is left GP-injective, then R is left n-injective.
In Theorem 2.6, let n = 1, we have

Corollary 2.7 Assume R is a domain. Then R is right GP-injective iff R is right P-
injective.
From above we have the following result

Corollary 2.8 Let R be a commutative domain. Then R is left self-injective iff R is left
P-injective iff R is left AP-injective iff R is left GP-injective.

A ring R is semiprime [1] in case the lower radical N(R) = 0. For a semiprime ring
we have '

Lemma 2.9V Let R be a semiprime ring.

(1) If R is GP-injective (or P-injective), and r(a;) C r(a2a1) C r(agaza;) C ---
terminates for every infinite sequence ai,az,as,--- of R, then R is semisimple.

(2) R is right self-injective iff R is right simple-injective.

It is clear that semisimple rings are self-injective, from the above Lemma, we have

Theorem 2.10 Let R be semiprime, and r(a1) C r(aza;) C r(agaza;) C --- terminates
for every infinite sequence ay, az,as,- -+ of R. Then the followings are equivalent.

(1) R is self-injective.

(2) R is P-injective.

(3) R is GP-injective.

(4) R is AP-injective.

(5) R is simple-injective.

Proof (1) implies (2) and (2) implies (3) trivially.

(3) implies (4) since by Lemma 2.9, R is semisimple, and hence R is AP-injective.

(5) implies (1) by Lemma 2.9.

(4) implies (5): By Lemma 2.9, it suffices to show that R is semisimple. Since R is
AP-injective and 7(a;) C r(aga1) € 7(azaga;) C - - - terminates for every infinite sequence
ay,a9,0a3,--- of R, R is a right perfect ring, and so R/J is semisimple and J is nil. It
follows from [4] that Z(Rg) = J since R is AP-injective. It suffices to show Z(Rg) = 0.
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If Z(RR) # 0, it is easy to get that there exists 0 # b € Z(Rg) such that
r(b) = r(y), Vy € Rb

because r(a;) C r(asai1) C r(agaza;) C - - - terminates for every infinite sequence aj, az, as, - - -
of R. Since R is semiprime, there is ¢ € R such that bcb # 0. Hence r(b) = r(beb). Since
c € r(b), (bc)? # 0 and cbe ¢ r(b) = r(bch), and hence (bc)® # 0. Repeating this process,
we have (bc)™ # 0 for any positive integer n. This contradicts the fact that J is nil. Hence
Z(Rgr) =0=J, and R is semisimple.

A ring R is called a nonsingular ring if the left and right singular ideals of R are zerol!%.

Lemma 2.111 If R is nonsingular right GP-injective (or P-injective), and satisfies right
finite dimension, then R is semisimple.
The following is the last main result.

Proposition 2.12 Let R be nonsingular right finite dimension. Then the followings are
equivalent.

(1) R is right self-injective.

(2) R is right P-injective.

(3) R is right GP-injective.

(4) R is right AP-injective.

Proof (1) implies (2) and (2) implies (3) trivially.

(3) implies (4) by Lemma 2.11.

(4) implies (1): Assume R is right AP-injective and has right finite dimension. For any
(0 #)a ¢ Z(Rg), there exists nonzero right ideal L of R such that L & r(a) is an essential
right ideal of R. For any (0 #)b € L, we have r(ab) = r(b). Since R is right AP-injective,

Rb&® Xy = lr(b) = lr(ab) = Rab® X g, Xp, Xap <r R.
There is ¢; € R, z € X such that
b=cab+z, ax = ab— aciab € RabN X, = 0,

hence b € r(a — acia). Write a1 = a — acya, then r(a) C r(a;) since b € r(a). Thus there
exists (0 #)b1 € R such that r(a) ® bR C r(a1). If a3 ¢ Z(Rg), we can have cp, by € R
such that r(a;) ® baR C r(ag), where as = a; — ajcoa;. Repeating this way, we have

r(a) @ RO®1RD --- D bR C 7(ay),

where a; = a — acia, a; = a;-1¢0;—1, ¢ = 2,3,---. Since R has right finite dimension,
an € Z(Rg). Hence a,_1 = an—1 + J is a regular element of R/J. From this we can get
that @,—3, - - -, a1, @ are all the regular elements of R/J. Therefore, R/J is von Neumann

regular, and R is von Neumann regular because R is nonsingular. So, R is right P-injective,
and hence R is right self-injective by Lemma 2.11.

Corollary 2.13 Let R be a reduced, noetherian ring, then R is self-injective iff R is
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P-injective iff R is GP-injective iff R is AP-injective.
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