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Abstract: In this paper, we study some actions of a finite group G on the set of
characters of its subgroups, and by using these actions we determine the existence of a
p-block with given defect group in some cases.
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It is important to study the action of a finite group G on the set of conjugacy classes
or the set of irreducible characters of its subgroup. In this paper , we give a sufficient and
necessary group condition for the property of this kind of action. We give also some group
conditions of the existence of p-block with a given defect group D by using this kind of
action.

We will give a sufficient condition of the existence of blocks by using the action of G on
the set of conjugacy classes in its subgroup. We introduce some notations at first. Assume
that G is a finite group, P € Sp(G), D < P, that |P: D| = p?, N = Ng(D), H = DCq(D)
and that P € S,(N), Py € Sp(H) and Py is a maximal subgroup of P. Let N = N/D,H =
H/D. Define A(g) = {(v,w)[g = vw;v,w € N;oP = wP = 1}, Ao(9) = {(z,9,2)|eyz =
giv,w,z € N;oP =uwP =22 =1}.

Let Cy,---,C, be all p-regular classes of H with representative x; for each C;, and
©1,- -+, @y be all irreducible Brauer characters of defect zero. Let N act on C1,---,Cs and
Y1, -+, pr by conjugation. Then we have

Lemma 1 G has a block of defect D if and only if there exists ¢;,1 < i < r such that
p |||, where ;v is the orbit of ; under the action of N.

Proof By [4], we have that G has block with defect D if and only if there exists a block
of defect zero in H which is covered only by blocks of defect zero in N. By [2, Chart 5,
Theorem 5.6, the lemma follows.
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Let N acts on the multiple (Ch,---,Cs) by conjugation. Let F' be the stabilizer of
(C1,--+,Cs) in N. Then we have

Theorem 1 Ifp? | |F|, then G has no block with defect group D.

Proof For any z € F, we have ¢;* = ¢;,i = 1,---,r. Hence the theory follows from
Lemma 1.

For any ¢;(i = 1,--+,r), we can define relation of equivalence among the elements of
the set C' = {C;};_; as following: C; ~ C, if and only if @;(2;) = @;(x). Then C = |J AY
where AY* is the equivalent class. It is obvious that for z € N, ¢i® = ; if and only if z
fixes every equivalent class A%'. Then from Lemma 1 we have the following:

Proposition 1 G has a block of defect D if and only if there exists a fixed ¢;(1 <i <)
such that for any p—element z € N — H there exists AL* with (A{*)* # Af*.

Proof If G has block with defect group D, then there exists a block b of defect zero in H
is covered only by the blocks of defect zero in N. Hence we have |T'(b) : H| is prime to p,
where T'(b) is the inertial group of b. Since there is only one irreducible Brauer character
@ in b, the inertial group T(y) of ¢ is the same as the inertial group T'(b) of b. Hence
there is no p—elements of N — H in the stabilizer of ¢. Hence we have for any p—element
z € N — H there exists AT s.t. (AL)® # AL

Next we show the converse. If there exists a irreducible Brauer character of defect
zero ¢ in H such that for any p—element = € N — H there exists Af* with (A{*)® # AL
Then there is no p-elements of N — H in T(), so is T(b), where b is the block to which ¢
belongs. Hence b is covered only by the blocks of defect zero in N. The proof is completed.

It is important to determine the properties of representation of a group by group
conditions in representation theory. The following result is of this kind.

Proposition 2 The following statements are equivalent:

(i) There exists a fixed ¢;(1 < i < r) such that for any p-element x € N — H there
exists AY* with (Af)® # AY:.

(ii) There exists a p-regular element z with defect group D such that (|A(g)|,p) =1
ifp >3 and (|40(9)|,p) =1 ifp=2.

Proof The Proposition follows from Proposition 1 and [5, Theorem 4].

Next we will determine the existence of blocks by using the action of N on the set
of irreducible characters of its subgroup. Let N > Ny > N, > H > Hy > Hy > D
be a normal series of N, and Ny = N;/D, H = H/D. Assume that Ny = (n)H and
that N; = H(n), where () is a p-group of order p. Then 7 can acts on H and Ng(Fy)
by conjugacy. n can also acts on their blocks by conjugacy. Let F(H),F(N) be the
sets of fixed points of cl(H) and cl(Ng(Fp)) under the action of n respectively. Let
z = [cl(H)| — |F(H)|,s = [cl(Ng(Po))| — |F(N)|. Then we have

Lemma 2 Letb € BI(H),b € BI(Ng(Py)) and 57 = b. Then we have
(i) (b)" = b if and only if (b)" = b.
(i) If ()" = b, then |Fix(b)| = |Irr(d)| = |Fix(8)| = |Irr(d)|; otherwise |Fix(3)| =
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|F(B)| = 0, where Fix(b), Fix(b) are the set of all irreducible characters fixed by 7 in b,b
respectively.

Lemma 3 Nj has a p-block of defect zero if and only if H has a p-block of defect zero
which is not fixed by 7.

Lemma 4 N; has a p-block of defect zero if and only if 0 < z — s.
The proof of Lemma 24 is similar to the proof of Lemma 5-7 in [1]. We omit it here.

Theorem 2 G has p-block with D as defect group if and only if z— s < 0.

Proof It suffice to show this for N. By [ 2 Chart 5, Theorem 5.15, Theorem 5.16], the
following conditions are equivalent:

(i) N has a block with defect group D.

(ii) N7 has a block with defect group D.

(iii) There exists b € BI(H) such that b” # b and 6(b) = D.
By [2 Chart 5, Theorem 8.11}, (iii) holds if and only if there exists a p—block of defect
zero of H which is not fixed by 5. The theory follows from Lemma 3 and Lemma 4.
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