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A Direct Proof and Extensions of An Inequality *
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Abstract: In this note, we discuss a well-known inequality which attracts considerable
interest recently. We first obtain a full version of the inequality, then we give a concise
and elementary proof which reveals its very essential. This naturally leads us to some
more general extensions of it. Meanwhile, we point out some mistakes in the existing
literature concerning the inequality.
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1. Introduction

By considering monotonicity of the function f(z) = w0 g < 4 < 1, Chenl!]

2xu
gave a simple proof to the following inequalities (see Corollary 1.2 in [1]).

Lemma 101 For 0 < a < b, we have

bz+y—am+y>x+y(a+b

¥
2 () ez Ly > 0y 2y (1)

WY —a™Y  z4yratbd
<

K
< 2.
T " 7 ),0<$<1,y>0,m+y~2 (2)

Tnequalities (1) and (2) are minor extensions of those in [4]-[6]. Similar results are also
considered in [2,3] and references therein.
The main purpose of this note is to prove the following extensions.

Theorem 2 If0 < a < b, then the inequality

b*—a® _ ssa+bys—r \
bT—aTZ;( 2 > 3)
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holds for
(a) r>1,s>2,s>r,
or
(b) r<2,s<1l,s<r ands/r>0
with equality holding if and only if r = 1,s = 2. The inequality (3) reverses for
(c) r>s522,
or
(d) r<1,s<2,s>r ands/r > 0.

Remark
e Setting r = z,s = z + y in conditions (a) and (d) respectively, we easily obtain the

inequalities (1) and (2).

e Note that the condition s/7 > 0 in (a) and (d) can not be omitted.
Counterexample. Let a > 0,0 > 0,r = 1,5 = -1,

-1 _ .~ 5
b a” _ 1 < _(a + b) .
b—a ab —~ 2
This contradicts the inequality (3). If » = —1,s = 1, the inequality (3) fails to

reverse.

e Similar results to our theorem were independently obtained by Y.H.Kim (see Lemma
in [2]). But there are mistakes in [2] since the condition s/r > 0 is neglected. This
makes Theorems 14 in (2] fail to be valid. Furthermore, our proof is much simpler
and casier to be generalized (see below) than that of [2).

2. A simple proof
We shall need the following famous inequalities in our proof.
Lemma 3 Suppose that f is convex on the interval [a,b], then we have

/abf(z)dxzf(“;“b)(b-a). (4)

Lemma 4 Let f(z),g(z) be integrable functions on the interval [a,b], both increasing
or both decreasing. Furthermore, let p(z) be positive integrable function. Then

b
[ )@@ [ prar > [ o) s [ pigte)aa: (5)

If one of the functions f and g is nonincreasing and the other is nondecreasing, then the
inequality in (5) is reversed.

Inequalities (4) and (5) are called Hadamard and Chebyshev integral inequality, re-
spectively. We are now ready to prove our theorem.

Proof Note first that f(z) = z* is convex on [a,b] when p > 1 or 1 < 0 and is concave
when 0 < p < 1.
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Case (a). If r < 2. Both —rz"~! and sz*~! are convex on the interval [a,8]. It follows
from Inequality (4) that

b
bS — S = s—1 _ a+ b s-1
a /a sz® " dx > s(b a)( 5 ) >0, (6)
T T b r—1 a +b r—1
0<b —a Z/T‘:IJ dmgr(b——a)( 5 ) . (7)

Now the inequality (3) follows easily from Inequalities (6) and (7).
If r > 2. We note that both 257" and 2”2 are increasing in [a, ] and £°~"*! is convex
on [a,b]. So we have by Inequalities (4) and (5) that

1
5(62—(1 /:cd:z:/ sxf” 1dﬂn—/ zdzx / rz" 2 825 " dx
+ by s—r+1
> r ld / s—r+1 > _ a —a).
_/a :Basm dz r(b a)( 5 ) (b—a)

Now dividing both sides by £(b? — a?)(b" — a”), we have inequality (3). The condition for
equality can be easily deduced

Case (b). If 1 <r < 2, then 0 < r—1 < 1. In this case, °"! is convex whereas z
is concave on the interval (0, 00).

r—1

b — af B f;SIs“ldIL‘ S i(a+b)s~r
b—ar ffrmr“ld:c TrN 2 '

§—r

If r < 1, then both z°~" and 2"~ ! are decreasing in [a, b] and z*~" is convex on [a, b].

Note that (b" — a”)/r > 0. It follows from Inequalities (4) and (5) that

S _
(b—a)’ a—/da:/ Sldzv—/dm/ 2" 2Ny

a+bys—r b —a"
> [ z° rda:/ ~ldz>(b—a ,
> [(orao [ > (b~ a)(*5-)

r

which yields the desired conclusion.
Cases (c) and (d) follow from Cases (a) and (b) by changing s and r respectively. O

3. Generalizations

In this section, we assume g(z) # 0 unless otherwise stated or implied. Similar argu-
ments to those of the previous section leads to the following theorem.

Theorem 5 Let f,g: [a,b] = R be defined. The inequality
[ f@ydz  f(55°
Jz g(z)dz ~ g(%5

holds if one of the following conditions is satisfied:

) 8
) (8)
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(i). f(z) is convex and g(z) is concave on |a, b] and f;’g(x)dz > 0
(ii). Both g(z) and f(z)/g(x) are nonincreasing or nondecreasing in [a, b] and f(z)/g(x)

is convex on [a, b];
(iii). g(z) is nonnegative integrable and symmetric with respect to T = (a+b)/2 and

f(z)/g(x) is convex on [a,b].
Remark 6 The condition (iii), which is due to Fejér, can be found in (7].

Corollary 7 Let f,g : [a,b] — R be both three times differentiable satisfying f"(z) >
0,¢"(z) < 0,Yz € [a,b], g(b) — g(a) > 0, then we have

) = fla) _ 11(220) ;
o(0) —gla) = g(50) ©)

The inequality (9) reverses if f"(z) < 0,¢"(x) > 0,9(%2) > 0,Vz € [a,b].
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