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Abstract: This paper is devoted to the study of completely restricted Lie superalgebras.
We give some sufficient and necessary conditions for both completely restricted Lie superal-
gebras and strongly completely restricted Lie superalgebras. Some other important results on
completely restricted Lie superalgebras are also obtained.
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1. Introduction

In the last ten years, the study of modular Lie superalgebras has obtained many important
results (18—, But the complete classification of the finite-dimensional modular simple Lie su-
peralgebras remains an open problem. The definition and the necessary and sufficient conditions
for the restricted envelope of a restricted Lie superalgebra were given by V. M. Petrogradskiv
in 19921, If L is a modular Lie superalgebra, such that Lg is a restricted Lie algebra and Lg-
module Lj is restricted, then L is called a restricted Lie superalgebra. Zhang Yong-zheng and
Wang Ying gave an equivalent definition of restricted Lie superalgebrasl%. In [2], it is shown
that the classification of the simple restricted Lie algebras is equivalent to the classification of the
modular simple Lie algebras. Analogously, the study of restricted Lie superalgebras will play an
important role in the classification of the finite-dimensional modular simple Lie superalgebras.

The definition of a complete Lie algebra was given by N.Jacobson in 1962!¢l. In recent years
some important theories of complete Lie algebras over a field of positive characteristic zero have
been developing by Prof. Meng Dao-ji with his students Jiang Cui-bo, Zhu Lin-sheng, Ren Bin
and Wang Li-yun(!2~18], Moreover, some results on complete Lie superalgebras over a field of
positive characteristic zero have been obtained inf'%2%. In this paper, we announce and prove
some results on completely restricted Lie superalgebras and strongly completely restricted Lie
superalgebras. We give some sufficient and necessary conditions for both completely restricted
Lie superalgebras and strongly completely restricted Lie superalgebras.
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Definition 1.11% Let L = L5 @ L1 be a Lie superalgebra over F. A mapping [p]: L — L,a —
al?! is called a p-mapping if

(1) ad(a+b)lP! = (ada)? + (adb)?® for all a € Lg,b € Ly;

(2) (sa+tb)lP! = sPalPl 4 ¢2PplP) for alla € Lg,b € Ly, s,t € F;

(3) (a+b)P = aldl +plrl 1 21;11 si(a,b) for all a,b € Lg,
where s;(a, b) satisfies (ad(a®z+b®1))P"1 (a®1) = >-P"} is;(a, b) @z~ in the Lie superalgebra
L ®r Flz]. The pair (L, [p]) is called a restricted Lie superalgebra.

Obviously, all restricted Lie algebras are contained in restricted Lie superalgebras.

Definition 1.2 Let (L, [p]) be a restricted Lie superalgebra over F. A subalgebra (respectively,
ideal) I of L is called a restricted subalgebra (respectively, restricted ideal) or p-subalgebra
(respectively, p-ideal) of L if zlP) € I for all z of I.

Throughout this paper, let all algebras be finite-dimensional over a field F of positive char-
acteristic p > 3. All ideals of Lie superalgebras are assumed to be graded. Our notation and
terminology are standard as may be found in {1], [10], [12], [13].

2. Main results

Definition 2.1 Let (L,[p]) be a restricted Lie superalgebra over F. L is called a completely
restricted Lie superalgebra if C(L) = {0} and DerL = adL.

Theorem 2.1 Let (L, [p]) be a restricted Lie superalgebra over F. If A is a graded ideal of L,
then C1,(A) is graded and restricted. In particular, C(L) and C(A) are graded and restricted
ideals of L.

Proof If z € CL(A) and a € A = AP Aj, then [z,a] = 0, where z = zo + 71,0 =
ap + a1,x0 € Ly, x1 € Li,a0 € Ap and a3 € A;. Since A is graded, we have ag,a1 € A.
Then [zo + 71,a0] = [To + Z1,01] = 0 and [z, a0] + [z1,80] = [T0,01] + [T1,81] = 0. So
[z0, ag], [z1, @1], [0, a1}, [x1, a0] € Ag N A and [z, ao] = [21,a1] = [To,a1] = [T1,a0] = 0. Then
[xo,a] = [z1,a] = 0. Hence zg,z; € CL(A), i.e., CL(A) is graded.

Let z € Cr(A) and y € L. Since a = ap + a1 € A, we have ag,a1 € A by virtue of
the gradation of A. Then we have [[z,y],a0] = [[zo + Z1,% + 1],a0] = 0 and [[z,9],a1] =
([0 + 1, Y0 +¥1],a1] = 0 by virtue of the graded Jacobi identity and [[z,y], a] = 0. Hence Cr(A)
is an ideal of L.

Let z € CL(A),z = 20 + 21,20 € Ly, 21 € L3. We have 2y € C(4) and z, € C(A) since
C1(A) is graded. Then [z, A] = [+ 217, A] = [2P], 4]+ [P, 4] = (adz0)P(A)+(ad21)?P(4) =
{0}. So CL(A)P! C CL(A), ie., CL(A) is a restricted ideal of L.

Using similar methods, we can show that C(L) and C(A) are graded and restricted ideals
of L. a

Lemma 2.2 Let (L, [p]) be a restricted Lie superalgebra over F. If A is a complete p-ideal of
L, then there exists a p-ideal B of L such that L = A@ B.
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Proof Let A be a complete p-ideal of L, then Cf,(A) is restricted ideal of L by means of Theorem
1.14, ie., [z,A] C A for any z € L. So adz|4 € DerA = ad4, i.e., there is y € A such that
adz|4 = ady. Then [z—~y, A] =0 and z —y € CL(A), i.e., L = A+CL(A). Since A is a complete
ideal of L, we have ANCL(A4) C C(A) = {0}. Let B=CL(A). So L=APB. 0

Lemma 2.3 Let (L, [p]) be a restricted Lie superalgebra over F such that L = A@ B, where
A and B are ideals of L. Then the following identities hold:

(1) C(Lo) = C(Ag) D C(By)-
(2) C(L)=C(A)DC(B).

Proof (1) Let Ly = Ay @ By. Then [4p,Lg] = [A5, Ao D Bs) € [Ap, Ap) + [A,B] C Ay
since [A,B] € AN B = {0}, i.e., Ag is an ideal of L. By virtue of Theorem 2.1, C(Ap)
is an ideal of Lg. Similarly, By and C(Bjg) are ideals of L. Since [C(Ap) @ C(By), Lg] =
(C(Ag) B C(Bo), A D Bo] = [C(Ao), As] + [C(As), Bol+ [C(Bs), Bs) + [C(Bs), As] < [As, By
= {0} by [4, B] = {0}, we have C(4g) D C(By) C C(Lg)- Now let z € C(Lg) and z = a + b,
a € Ag, b € Bg. We have [a, A()] = [.’E, A@] - [b, Aﬁ] = {0} since [A(),B@] = {0} Soa € C(A(j)
Similarly, b € C(Bg). Thus C(45) @ C(B;) = C(Lg)-

(2) By virtue of Theorem 2.1, C(A) and C(B) are ideals of L. Then [4, B] = C(A)NC(B) =
C(A)NB = ANC(B) = {0} since A and B are graded ideals of L and A(\B = {0}. So
(C(A) B C(B), Li= [C(4) B C(B), AD B] — [C(4), A) + [C(A), B] + [C(B), B] + [C(B), 4 €
[4,B] = {0}, i.e.,, C(A)PC(B) C C(L). Now let z € C(L) and z = a + b,a € A,b€ B. We
have [a, A] = [z, A] — [b, A] = {0} since [A4, B] = {0}. So a € C(A). Similarly, b € C(B). Thus
C(A)PC(B) =C(L). O

Lemma 2.4 Let (L,[p]) be a restricted Lie superalgebra over F such that L = A@B. If
C(L) = {0}, then adL = adA @ adB and DerL = Der A DerB.

Proof For any D € DerA, extend it to a linear transformation on L by setting D(a +b) = D(a)
for a € A and b € B. Obviously, D € DerL and DerA C DerL. Similarly, DerB C DerL. Let a €
Ag,b € B and D € (DerL)g. Then [D(a),b] = Dla,b] — (=1)*"[a, D(b)] = —(~1)*#[a, D(b)] €
AN B. Since A B = {0}, [Da,b] = [a,Db] = 0. Let D(a) = a; +b;, where a; € A and b, € B.
Then [D(a), b] = [a1,b1] + [b1,b1] = 0 for any b € B and b; € C(B). By virtue of Lemma, 2.3, we
have C(L) = C(A) @ C(B) = {0},b1 = 0. So D(a) = a; € A. Therefore D(A) C A. Similarly,
D(B) C B.

Let D € DerL and a+b € A+B, wherea € Aand b € B. Define F and F by E(a+b) = D(a)
and F(a+b) = D(b). Then E € DerA and F € DerB. Hence D = E+ F € DerA+ DerB. Since
DerA{\DerB = {0}, DerL = DerA¢D DerB as a vector space. Let D € (DerA)q, E € (DerL)g
and b € B. Then [E,D]b = EDb— (—1)*’ DEb = 0. Hence DerA is an ideal of DerL. Similarly,
DerB is an ideal of DerL. 0

Lemma 2.5 Let (L, [p]) be a restricted Lie superalgebra over F. Then LIP) C Lg or LIP) C C(L).
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Proof Let x = o+ 1, zo € Lg, z1 € Ly. Then adzlf! = ad(zo+ 21)P! = (adzo)? + (adz; )% by
Definition 1.1. For any y € Ly, a € Z,, we have adzlPl(y) = [(zo + z1)), y] = [x[(f’],y} + [xgp],y]
= (adzo)?(y)+(adz1)*(y) € L. We investigate into their degrees, then z?l € Lj or zP) € C(L).
So LIPI C Ly or LIP € C(L). O

Theorem 2.6/") Let (L, [p]) be a restricted Lie algebra over F, and L be the direct sum of ideals
I, Iy, - -+, I, each of which has center zero. Then I, I, - - -, I,, are p-ideals of L.

Theorem 2.7 Let (L, [p]) be a restricted Lie superalgebra over F such that C(Lg) = C(L) = {0}.
If L is the direct sum of ideals I1, I,-- -, I,, then I, I, - -, I, are p-ideals of L.

Proof Let A and B be ideals of L such that L = A B. We claim that A and B are p-ideals
of L. By virtue of Lemma 2.3, we have C(Lg) = C(A45) P C(Bp) and C(L) = C(A) P C(B).
So C(As) = C(Bp) = C(A) = C(B) = {0} since C(Lg) = C(L) = {0}. Since [Ag,Lg] =
[Ag, As D Bg] C [Ag, Ag] + [A, B] C Ap by virtue of [4, B] C AN B = {0}, 4p is an ideal of Lj.
Similarly, By is an ideal of Lg. It is clear that Ly = Ay € Bg. According to Theorem 2.6, Ag
and By are p-ideals of Lj.

By means of Lemma 2.5, we have LP! C Lg since C(L) = {0}. Then A[ip] C Ly and
B%p] C Ly. Let z1,z2,---,2n be a basis of Ay and ¥;1,¥2, -, Ym be a basis of Bs. So there
are a1, 02, -, 0p and B, P2, +,Pm such that alPl = 37 a2 + Z;’;l Bjy; for any a € Aj.
Therefore we have [al?l, L] = [0, cuzi + Yoie1 By AD Bl = [Xi, aam, Al+ D7, Biys, B)-
Since [alP),L] C A, we have (X ie1 Biyi» B = {0}. Clearly, [3°71, Bjy;, Al = {0}. Then
[Zymzl :BjyjfL] = [Z;—L_—l ﬁjyj’AeaB] = {0}, that s, E;?—-I Biy; € C(L) = {0}. Hence Z;n—;l Biy; =
0and alfl = 30, auzi + 31, Bijy; = Sy its € Ap for any a € A;. Thus A[ip] C Ap and
APl C A5 C A, ie., Ais a p-ideal of L. Similarly, we can show that B is a p-ideal of L.

By induction on n, we can show that if L is the direct sum of ideals I;,I5,---,I, and
C(Lp) = C(L) = {0}, then Iy, I5,- -, I, are p-ideals of L. O

Definition 2.2 Let (L,[p]) be a restricted Lie superalgebra over F. L is called a strongly
completely restricted Lie superalgebra if C(L) = {0}, C(Lg) = {0} and DerL = adL.

Theorem 2.8 Let L be a Lie superalgebra over F such that L = A@ B, where A and B are
ideals of L. Then the following statements hold:

(1) L is a strongly completely restricted Lie superalgebra if and only if A and B are strongly
complete p-ideals of L.

(2) If L and A are strongly completely restricted, then B is strongly completely restricted.

Proof (1) If A and B are strongly complete p-ideals of L, then C(A) = C(B) = C(4p) =
C(Bg) = {0}. So we obtain C(L) = C(A) + C(B) = {0} and C(Lg) = C(Ap) + C(Bg) = {0} by
Lemma 2.3.

By virtue of Lemma 2.5, we have Ag—p] C C(A) or A[ip] C Ag, and B%p] C C(B)or B%p] C Bg.
Since C(A) = C(B) = {0}, we have A[ip] C Ag and B%p] C Bg. Then APl C A and B C B,
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By Definition 1.1, we have LIP) = (A @ B)WPl = [(Ag+ Bs) @ (A1 + B1))P! = (Ag+ Bp)P + (41 +
By C A@B = L. If C(L) = {0}, then adL = adA@ adB and DerL = DerA@ DerB by
means of Theorem 2.4. We have DerA = adA4 and DerB = adB since A and B are complete
ideals of L, so DerL = adL. Hence L is a strongly completely restricted Lie superalgebra.

If L is a strongly completely restricted Lie superalgebra, then C(L) = {0} and C(Lj) = {0}.
By Lemma 2.3, we have C(L) = C(A) @ C(B) and C(Lg) = C(45) @ C(Byg), so C(4) = C(B) =
{0} and C(A4p) = C(Bg) = {0}. Since A and B are ideals of L and C(L) = C(Lg) = {0}, A and
B are p-ideals of L by Theorem 2.6. By means of Theorem 2.4, we have adL = adA @ adB and
DerL = DerA @ DerB since C(L) = {0}. Since L is completely restricted Lie superalgebra, we
obtain DerL = adL. Then adA@adB = DerA@ DerB. So DerA = adA and DerB = adB.
Hence A and B are strongly completely restricted ideals of L.

(2) It is clear by (1). a

Lemma 2.9¥! Let L be a Lie superalgebra over F. If the Killing form on L = Ly@ L; is
nondegenerate, then DerL = adL, its restriction to Ly is nondegenerate, and L is semisimple.

Lemma 2.10!"1 Let L be a Lie algebra over F. If the Killing form on L is nondegenerate, then
DerL = adL and L is semisimple.

Theorem 2.11 Let (L,[p]) be a restricted Lie superalgebra over F. If the Killing form on
L = Lg@ L; is nondegenerate, then L is strongly complete and Ly is complete.

Proof If the Killing form on L = Lg@ L1 is nondegenerate, then Derl = adL, its restriction
to Lg is nondegenerate, and L is semisimple by Lemma 2.9. So C(L) = {0} and L is complete.
By Lemma 2.10, Lj is semisimple, then C(Lg) = {0}. Hence L is strongly complete. By virtue
of Theorem 2.4, we have DerLg = adLg and C(Lg) = {0}. Thus Lg is complete. O
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