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Abstract: The conditions for G* continuity between two adjacent bicubic B-spline surfaces
with double interior knots along their common boundary curve are obtained in this paper,
which are directly represented by the control points of the two B-spline surfaces. As stated
by Shi Xi-quan and Zhao Yan, a local scheme of constructing G* continuous B-spline surface
models with single interior knots does not exist; we may achieve a local scheme of (true) G*
continuity over an arbitrary B-spline surface network using these conditions.
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1. Introduction

Geometric continuity between adjacent parametric surface patches has been playing a very
important role in CAD/CAM, geometric modeling and reverse engineering, etc.. This is not
only because geometric continuity provides free shape parameters which can be used to con-
struct and modify very complicated geometric objects, but also because this type of continuity
is in practice the essential continuity between surface patches, i.e., it avoids dependencies on
the parametrizations of the involved patches. It is interesting to note that despite the fact that
B-spline surfaces are popular representation of choice in CAD, geometric modeling, animation
and reverse engineering industries, etc., to authors’ knowledge, very little research has addressed
the issue of G! continuity of B-spline surfaces [Shi and Wang, 1999]. In recent years, a fair
amount of research on G! continuity of a number of other surface formulations has been con-
ducted. Examples include rectangular Bézier patches, triangular Bézier patches, combinations of
rectangular and triangular Bézier patches, Catmull-Rom patches, Gregory patches and Hermite
patches (DeRose, 1990; DeRose and Barsky, 1988; Farin, 1982; Hahn, 1989; Kahmann, 1983; Liu
and Hoschek, 1989; Peters, 1990; Piper, 1987; Shirman and Séquin, 1990; Shirman and Séquin,
1991; Watkins, 1988; Ye et al., 1996), etc.. Unfortunately, none of the above literatures studies

the issue on the conditions for G continuity of B-spline surfaces.
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As stated in [{10], a local scheme of constructing G* smooth B-spline surface models with
single interior knots does not exist. In this paper, we obtain the conditions for G! continuity
between two adjacent bicubic B-spline surfaces with double interior knots along their common
boundary curve, these conditions will result in a local scheme of achieving true G* continuity
over an arbitrary B-spline surface network. These conditions are directly represented by the
control points of the two B-spline surfaces.

2. Two adjacent B-spline surfaces

For two adjacent bicubic B-spline surfaces

mi ni

Si(wv) =) Y PiiNia(w)Nja(v),

e 1)
Sa(u,v) = Z Z Qi,; Ni,a(u)N; 3(v)

=0 ;=0

defined over I? = [0, 1] x [0, 1] with the common boundary curve C(v) = 81(0,v) = S2(0,v), and
the following clamped knot vectors respectively

{0, 0) Oa Oa U1,4, U1,5y .- -5 UL, my, 1’ 11 1, 1}a
V1 = {0,0,0,0,’01,4,’01,5,...,’Ul,nl,l,l,l,l},

——
S
|

and
{O, 0, 0,0, u2,4, U255 - s U2,ma» 1, 1, 1, 1},
Vz = {0,0, 0, 0,’02,4,’02,5, cee s VU200 1, 1, 1, 1},

——
N
|

by knot refinement, we can make S (u,v) and Sa(u,v) have the same knot vectors in u-direction
and v-direction, that is U; = U; and V; = V2. Without loss of generality, we assume both of
S1(u,v) and S2(u,v) have the same knot vectors in u-direction and v-direction below

U=V ={ty,...,tmsa} ={0,0,0,0,%4,...,%m,,1,1,1,1}, n>7,

where fg = ) = 3 = 3 = 0, ;1 = tmse = tma3 = tmya = 1 and U(V) has at least two
distinct pairs of interior double knots, that is ti = t;41 and f,- = Aj+1 for4<i< j<m. The
numbers of the control points in u-direction and v-direction are m + 1.

Before we deduce the conditions for G* continuity between S; (u,v) and S2(u, v) along their
common boundary curve C(v) = S1(0,v) = S2(0,v), we define three curves

( 881 (u,v) 3 «
Cl(v) = _—_BT u=0 - Z ;O(Pl‘j - PO,j)Nj,a('v),
882(u,v) 3 «
Caolv) = —lér T & ;(Ql,j —Qo,;)N;,3(v), v €0,1], (2)
o) = 25 S Posn—Posy
| O Jyu=o S bt
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that is,

=3 inN',s(v),
4 520
Calo) = £ ZQij,a(v), ©

C()(U) =3 Z Nj,z(v),

im0 ti+a — t_7+1
where P; =P1; — Py, Q; = Q1,5 — Qo,; and T; = Po j4+1 — Po,; are respectively the B-spline
control points of C1(v), Cz2(v) and Cy(v). Obviously, Ci{v) and Ca{v) are two cubic B-spline
curves with the knot vector V, and Co(v) is a quadratic B-spline curve with the knot vector

Ve = {03070a£4a"')£ma1a 1’1}
Since the conditions for G continuity of two adjacent B-spline surfaces depend on the
structures of U and V, we only consider the following two typical cases of U and V here.

Case 1. All interior knots are double. This case means the knot vectors U and V are of the
form
U=V =1{0,0,0,0,¢1,%1,...,¢n,tn,1,1,1,1}, (4)

where t; < ... <t, (n >2),and m = 2n + 3.

Case 2. Two pairs of interior knots are double. In this case, the knot vectors U and V have the
following form
U=V ={0,0,0,0,¢1,%1,%2,...,tn—1,tn,tn,1,1,1,1}, (5)
where t; <te < ... <tp-1 <tp, (n>3),and m =n-+5.
The derivation of the G* conditions for the rest cases of knot vectors is similar to the above

two cases, it will not be discussed in this paper.

3. Decomposition of B-spline curves

In this section, for the two cases of U and V, we assume h = t;4; —¢; = 1/(n + 1) for
j=0,...,n (to = 0,ts41 = 1), and decompose the B-spline curves C}(v), Ca(v) and Co(v)
defined in (2) into their constituent Bézier curves.

3.1. All interior knots are double

Inserting ti,...,%, into V for the cubic B-spline curve C;(v) in (3) (refer to Page 143-144
in [8]), we have

3(n+1)
Ci(v) = Z PiN;s (6)
with the knot vector
f} = {0, 0,0,0,1, t1, 81,y tnstn,te, 1, 1,1, 1}1 (7)

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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and the control points f’j as follows

E’o = Py,

P3jt1 = Pajta, i=0,...,m

Pji2 = Pajya, i=0,...,n; 8
P3j = (P2 +Pyy1), J=1,...,m

P3(nt1) = Pan+s.
Analogously, insert ¢1,...,t, into V for C(v) in (3) to get

3(n+1)

Gl =3 Y, QN;slo) ©)
=0

on the knot vector V, where Q,- are defined as same as (8).
Similarly, directly from (3) we obtain

3 2(n+1)
Co(v) = & ;0 T;Nj2(v) (10)
with the knot vector
V;:= {anao’tlatlr'-atnatnalal’l}a (11)
and the control points ”I\‘j below
'/1\10 = To,
Toj+1 = Tajs1, Jj=0,...,m
= i 12
"1:2_7':%’.[‘2]', _7=1,...,n; ( )

To(n+1) = Tomnyr)-

3.2. Two pairs of interior knots are double

In this case, inserting ¢;,%2,%2,...,tn—1,%tn—1,tn into V for the cubic B-spline curve C;(v)
in (3), we have
3 3(n+1)
Ci(v) = - go PN, 3(v) (13)

defined on the knot vector V of (7) where the control points f’j will be defined late.
Analogously, insert ¢1,t2,t2,. .. ,tn—1,tn—1,tn into V for C2(v) in (3) to get

3(n+1)

G =3 > QN;s), (14
=0

with the knot vector 17, where Qj are similarly defined as f‘j.
Similarly, we insert to,...,t,—1 into V; for Co(v) in (3) to get

3 2(n+1) N
Colv) = 4 > TiNja(v) (15)
j=0

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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where the knot vector V of (11), and the control points ’fj will be computed late.
13,- and i‘j are determined by the following equations:

Case n = 3,
13,=P,- i=0,1,2, f>3_ 1(P3+Py), Py=Ps,
Ps =1(Ps+ P3), Pg= 1(Ps+ 2Ps+P3), Pr= 2(Ps +Py), (16)
Pg—'Ps, Pg— 2(P5+P5) P =P; 1 =10,11,12.
T, =T, i=0,1, T;i=T, i=2,3, T4=1(Ts+Ts), an
Ty = %Ti—la 1=35,86, Ty = Ti_a, 1=1,8.
Casen =4
f).,; =P; 1=0,1,2, 133 1 (P3 + Pz) f’4 = P3,
Es= %—(P‘; +P3), Pe:—%( P5+7P4 +3P3) P7— 3(P5+2P4) (18)
123 = %(2]?5 +AP4), Pg = -1—2-(31)6 + TPs5 + 2Py), Pm = (Pa +Ps),
P11 = Pﬁ, P12 = %(P’{ + Ps), P P,,,_ 1= 13 14 15.
':\I\‘i = Tia i = Ov ’1\a Ai = Ti} = 2731 'i‘4 = %T‘i + %T37 r1\“5 = %Tli’ (19)
Te=1Ts5+ Ty, Ti=3iTio, i=178, T;="T;_, i=9,10.
Casen > 5,

P =P; 1=0,1,2, P3-2(P3+P2) P4—P3, P5— (P4+P3)

P6— 12(2P5+7P4 +3P3) P3]+1 3(P]+3 +2P]+2) j=2,. n-—2,

P3J+2 3(2P]+3 +Pjy2), §=2,...,n =2, (20)
P =% (PJ+3 + 4P_7+2 + PJ+1) ] = 3 Y 2

P3(n—1) = 2(3Pn+2 + TPpt1 + 2Py,), P3n 2= 2(Ppy2 +Ppnyi1),

Pin-1=Prya, Psn= L(Pnys +Prya), Panys =Pryoyi, i=1,2,3.

T; =Ty, i=0,1, T_lT,, i=23, Ty=1T4+1Ty,
T2;+1 3Tit2, §=2,. 5N =2 Toj = L(Tijz + Tit1), j=3,...,n—2 (21)
Tz(n—l) = —Tn+1 + ‘Tn, T2n-2+z = _Tn+u i=1,2, T2n+z = Tn+2+z, i=1,2.

4. Conditions for G* continuity

Let the extracted Bézier curves of C1(v), C2(v) and Co(v) defined in (6), (9) and (10) or
(13), (14) and (15) on the interval [t;,%;41) be respectively denoted by

3
Cui(t) ==Y PajriBia(d),

=0
3

Ca5(t) == Z Qsj4:B:3(9), (22)

Co,;(t) : Z Taj4iBia(t

=0

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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where { = (£ — ¢;)/(tj+1 — tj), t € [tj,tj+1] (j = 0,...,n) and to = 0,¢y41 = 1. Therefore,
S1(u,v) and Sa(u,v) are G! smooth joint along their common boundary curve C(v) if and only
if there exist analytic functions h;(£), f;(£) and g;(£) for j =0,...,n such that

hi (QZQ&M i,3( t) = fj(ﬂ ZP3J+1 za(ﬂ + QJ(QZTZJH 12(0 (23)

1=0

where h;(£) f;(f) < 0.
In almost all existing literatures related to constructing G* smooth surface models, it is

usual to take

hi()) = 1,
fi@) = -1, j=0,...,n (24)
9;®) = bi(1-1)+cjt,

to obtain a sufficient condition for G continuity. As usual, we apply (24) to (23) to yield the
conditions for G! continuity between S;(u,v) and S(u,v) as follows
Qg = —Paj +;To;, R
3Qsj+1 = —3P3j41 + 2b;T541 + ¢ T2, ji=0,...,n. (25)
3Qsj+2 = —3Paj42 + b;T2542 + 2¢;T2j41,
Qsj+3 = —P3j43 + ¢ Toj42,

From the first and the last equations in (25), we get
bj+1=c_7', j=0,,'n-—1 (26)
Rewrite (25) as the following form

Qﬁj _P3_7 + bJT211
393j+1 _3P3j+1 + 2b; T2J+1 + CJTZJ, j=0,...,n—1; (27)
3Qaj42 = —3P3jt2 + b Taj42 + 2¢jT2j41,

and N N N
Q3n = —Pa, + bnT2'm

3Q3n+1 —3P3n+1 +2b T2n+1 + ch2m (28)
3Q3n+2 = —3P3nia2+b T2n+2 +2¢2T2nt1,
Q3(n+1) = ”‘P3(n+1) + ch2(n+1)

For brevity in the following discussion, we now write Q; for Q; + P;, that is

Q;=Q;+P;, j=0,...,2n+3. (29)

4.1. G! conditions for the case of all interior double knots
From (29), substituting (8), Q, in (9) and (12) into (27) and (28) for P;, Q; and T yields

Qo = bTo,
3Q1 =2bT1 + T, (30)

— 1
3Q2 = §boT2 + 2¢9T,

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



23 ZHAO Yan, et al: G! continuous condition of B-spline surfaces with double knots

217

Q2; + Qaj4+1 = ¢j—1 T35,
3Q2j+1 = 2¢j—1T2;41 + §CjT2j’ j=1,...,n—1,

~ 1
3Qqj42 = ’2‘Cj—1T2j+2 +2¢; o541,

and _ -
Q2n + Q2nt1 = cn1T2n,

3Q2n+1 = 2¢n1T2n41 + '2'CnT2na
3Qzn+2 = cn-1T2n+2 + 260 Ton41,
Q2n+3 = cnTany2.

This follows that (30)—(32) are equivalent to

([ Qo =b0To,
3Q1 = 2bO'I‘l + COT01

~ 1
3Q2 = §b0T2 +2¢0Ty

- 1 .
J 3Q2j41 = 2¢;_1Toj41 + ECjTZj, ji=L...,n~1,
~ 1
3Qzj+2 = 5¢-1T2j42 + 26, Ta541,

_ 1
3Q2n+1 =2¢p1Tonq1 + §ch2na

3Q2n+2 = cn—1T2n+2 + 2cnTon4a,
\ Q2n+3 = ch2n+2-

Subsequently,

Cj—1+ Cjt1

) )T2j+2) i=0,...,n-1,

2¢;(T2541 + T2j43) = (3¢5 —

where c_1 = bg.
In (34), let
3¢; — %(Crl + ¢j41) = 2kjc;
yields
Tojr1 + Tajys = k;Taja, 5=0,...,n—1.

(31)

(32)

(33)

(34)

(35)

(36)

Let Po,0,Po,1,---,Po,2n+2, Po,2n+3 denote the control points. From (36) and T; = Po_j41+Po,j,

we have
(1+k;)Po2j42 + Po2j44 = Poajt1 + (1 + k;)Po2j43, j=0,...,m—1.
When n = 1,from (38) we obtain
Po =Po,1 — (14 ko)Po,2 + (1 + ko)Po,3.

When n = 2, from (38) we obtain

Py g = —LHF)Pos + (14 ko)(1 +K1)Pos + (1 +k1)Pos — Pog

’ ky + ko(1+ k1)
Py, = —Po,1 -+ (1 + ko)P()yz + (1 + ko)(l + kl)Poys - (1 + kO)PO,G

ki + ko(l + k‘l)

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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When n = 3, from (38) we obtain

Po,s =Po,1 — (1 + ko)Po,2 + (1 + ko)Po,3.
p —-(1+k‘1)P03+(1+k1)(1+k’2)P04+(1+k2)P07-—P03
0,56 =
+ ky (1 + k2) (40)
Pog = P03+(1+k1)P04+(1+k1)(1+k2)P07—(1+k1)P08
’ ko +k1(1+k2)

When n > 3, we can rewrite n = 2r or n = 2r + 1, from (38) we obtain

Po2j+2 = Po,2j—1 — (1 + kj—1)Po2; + (1 + kj—1)Po2j41, j=1...,r—1L
P —(1+kr_1)Po 2r_14+(1+kr—1) (A +kr)Po2r+(1+kr)Po,2r3—Po, 2rtd
0,2r+1 = 1 (1Fkr

P =Pga2,—1+(1+kr—1)Po, 2r+(1+kr——1)(1+£ YPo2r13—(1+ke_1)Po, artd
0,2r+2 = kr+ke—1(1+k,)

P0,2j—1 = (1 + kj_l)Po,gj - (1 + kj 1)P0 2i+1 + P0,2_7+2. j=r + 2,...,n

(41)

Theorem 1 For the G! condition (24), the boundary control points of two G* adjacent bicubic
patches have to satisfy the equations (33) and (34)in case ¢; # 0,4 =0,...,n.

4.2. G* conditions for the case of two pair interior double knots
If n = 3, substitution (16),Q; in (9) and (17) into (25) and (26) for 13]-, 6),]- and T‘j yields

Qo = boTo,
3Qi = 2boTy + ¢oTo, (42)

~ 1
3Q2 = §boT2 + 2¢T,,

(( Q3+ Q2= Cole,
3Qs = coT3 + =1 T2, (43)
3(Qs+Q3) = §CO(T4 + T3) +2¢,Ts,

A

((Qs+2Q4+Qs) = 61('{4 + T3),
3(Qs + Q4) =2cTy + —02(T4 + T3), (44)
| 3Qs = '2'01T5 + ¢2Ty,

P

_ — 1
Qs+ Q5 = §CzT5,

= 1
3Qg = 2¢2T6 + 53T, (45)
3Q7 c2T7 + 2¢3Te,
Qs = 3Ty

From (42,3),(43,1)and (43,2) we have

co + o = 2¢5. (48)

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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Therefore, (49)—(52) equal

( Qo =boTo,
3Q; = 20T + ¢To,

3Q:= %boTz -lizcoTl,
3Qs = T3 + 51Tz,
$ 3Qu = lcoT4 —(2¢1 —
3Qs = 561Ts +¢2Ty,

~ 1
3Q¢ = 2¢3T¢ + §C3T5,
3Q7 = CoT7 + 2¢3 T,

1 1
- e, T 47
200)T3 5o Tz (47)

( Qs =c3Tr.
and
0T — (30 — 5 (e + bo)) T + 200 =,
lcl'r5 — 1Ty + e1Ts — %csz —0, (48)
2¢,Te — (3c2 — —(01 +¢3))Ts +c2Ty =0.
In (48), let

1
3co — = (bo + ¢1) = koco,
(49)

3¢y — 5(61 + 03) = kaco,

where ko, k2 are constants. From (48) and T; = Po 41 + Po,;, we have

Po,s —3Pp5 +4Pp 4 —3Po 3+ Pp2 =0, (50)

Po,a — (14 ko)Po,3 + (2 + ko)Po,2 — 2Po,1 =0,
2Po,7 — (24 k2)Pos + (14 k2)Pos — Po 4 = 0.

We obtain from (50)

Po< = —2(144k2)Po 1+ (1+ko+7k2+4kok2)Po 2+(5+2k2)Po, 6—6P7
03— —3+ ko +Hho(1+4K3)
Py = —6(1+k2)Po,1— (5+k20)(1+k2)Po 2+(14+ko)(5+2k2)Po, 6—-6(1+ko)Po 7 (51
04 = —2+kz+ko(1+4kz) )
P = —6Po,1—(5+2ko)Po,2+(1+7ko-+k2+4koks)Po,6 —(2+8ko)Po, 7
0,5 = —2+tkz+ko(1+4k2)

If n = 4, substitution (18), QJ- in (9) and (19) into (25) and (26) for 13]-, Qj and ’i\‘j yields

Qo = bTo,
3Q: = 2bT) + coTo, (52)

= 1
3Q2 = §boT2 +2¢Ty,

Qs +Qz= Cole,
3Q3 =cTs + 561'{'2, . (53)
3(Qs+Q3) = 2CO(ET4 + ZTa) +2¢, T3,

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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1, - ~ — 1 1
E(2Q5 +7Q4 + 3Q3) = C1('6T4 + ZT3),
_ — 2 1 1
S Qs+2Q4 = 561T4 + 02(6T4 + ZTa),
~ ~ 1 1 2
2Q5+ Q4 = CI(ZTE + 6T4) + §CzT4,

1, - ~ — 1 1
E(3Q6 +7Qs5 +2Q4) = Cz(ZTs + 6T4)’
= ~ 1 1
{ 3(Qs + Qs) = 2¢2Ts + 203(2'1‘5 + ET4),

~ 1
\ 3Qe = §C2T6 +¢c3Ts,

~ ~ 1
Qr+Qs= ECZTGa

~ 1
3Q7 = 2¢3T7 + §C4T6,
3_Q8 = ¢3Tg + +2¢4T7,

Qo = c4Ts.
From (53,3),(54),(55,1) and (55,2) we have
co + ¢2 = 2¢y,
c1 +c3 = 2¢s.

Therefore, (53)—(56) equal

([ Qo = bTy,

3Q1 = 2boT; + coTo,
~ 1

3Q2 = EboTz + 2¢9Ty,

- 1
3Q3 = ¢T3 + §CIT2,
- 1 1 1
3Qq = z¢eTy + (261 — z¢p)Tz — z1' T2,

1 7
3Qs = -a1Ts + (602 - §C1)T4 - ZczTa,

3Q6 = 502T6 + C3Ts,

= 1
3Q7 = 2C3T7 + §C4T5,
3Qs = ¢3Ts +2¢4T7,

| Qo =c4Ts,
and ) 1
ioTs - (3;0 - 5(61 + bo))'Iiz +2¢0 =0,
< ~c1Ts — 501T4 —{icng — =1 T2 =0,
502'1‘6 —cTs + -2-62T4 - Zcsz = 0,
\ 2¢3T7 ~ (3¢3 — %(cz +¢4))Tg 4+ c3T5 =0.
In (59), let

1
3co — =(bo + ¢1) = koco,

3c3 — -2'(02 + C4) = kscs,

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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where kg, k3 are constants. From (60) and T; = P j4+1 + Po,;, we have

Po,4 — (14 ko)Po,3 + (2 + ko)Po,2 — 2Pg,; =0,

Po,s — 3Po5 + 6Po s — 4Pg 3+ 2Pp 2 =0, (61)
2Py 7 —6Pg6 +6Po s — 3P 4 + Pos3 =0,

2Pos — (2 + k3)Po,7 + (1 + k3)Po,6 — Pos = 0.

We obtain from (61)

P (12—54k3)Po,1 +3(— 4+14k3+ko( 2+49k3))Po, 2+(204+6k3)Po 7—24Po, 8
0,3 = ka+ko(—6+27ks)
P (4—42k3)Po,1+(— 4+30k3+ko( 2+9 3))Po,24+2(1+k0)(10+43k3)Po,7— 24(1+ko)Pos

014 6k3+ko(—6+27k ) (62)
P . —12(1+k3)Po 1—8(1+k3)P0 2+(16+54k0+6k3+21kok3)?0 7— (20+66’co)Po 3

05 = 4F6ks+ko(—6+27k3)
P —12Po 1+8P¢ 2+(8+42ko+6k3+27k0k3)?0 7— (12+54ko)P0 3

0,6 = —4+6ka+ko(—6+27ks)

If n = 5, substitution (20), Q; in (9) and (21) into (25) and (26) for 131-, Q, and T, yields

Qo = 5Ty,
3Q1 = 26Ty + coTo, (63)

— 1
3Q; = EboTz + 2¢oTH,

Q:+ Q= Cole,
3Qs = coTs + ;a1 Tz, (64)

_ ~ 1 1
3(Q4 + Q3) = 26()(6'1‘4 + ZT3) + 2CIT3,
1 - ~ ~ 1 1
§(2Q5 +7Q4 +3Q3) = 61('6T4 + ZTa),
_ ~ 2 1 1
Qs +2Qs =Ty + 02(6'1‘4 + ZTs), (65)
_ _ 2
2Q5 + Qs = gcl(Ts + T4) + §CzT4,

(Q6 +4Qs + Q4) = c2(T5 + Ty),

_ ~ 1
Qs +2Q5 = §CzT5 + 503(T5 + T4), (66)

~ ~ 1 1 2
2Q6 + Qs = Cz(ZTe + gTs) + gcaTs,
| ~ _ 1 1
—5(3Q7 +7Qe6 +2Qs5) = Ca(ZTs + =Ts),

1 6

§(Q7 + Q) = 3T + 04(%’[‘6 + 5T4)’ (67)

— 1
3Q7 = 563T7 +c4Te,

Qs +Qr = C4T71,
S — 9 1
398 csTg + 265T7, (68)
3Qo = c4Tg + +2¢5T's,
Q10 = ¢5To.
From (64,3), (65), (66), (67,1) and (67,2) we have
co +c2 = 2¢y,

1+ ¢z = 2¢, (69)
c2 + ¢4 = 2¢3.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



222 ¥ ¥ B %X 5 W # 25%

Therefore, (63)—(68) equal

( Qo = boTo,
3Q1 = 2boT: + T,

— 1
3Q: = EboTz +2¢Th,

- 1
3Q3 = ¢T3+ 561'1‘2,
~ 1 1 1
3Qs = 50Ty + (2¢1 — 5¢0)T3 — zc1 Ty,

3

. 7
$ 3Qs =1 Ts + (zc2 — ze1)Ty — 2T, (70)

1 i

3Q¢ = z¢c2Te + (563 - §Cz)T5 - 603T4’

3Qr = -2“63T7 + ¢4 T,
~ 1

3Qg = 2¢c4Tg + 505'1‘7,

3Qo = 4Ty + 2¢5Ts,

l Qi0=c5Ty,
and
1
[ ¢oTs — (3c0 — 5 (e +b0))T2 +260Ty = 0,
%clTs - lC1T4 +aTs — %Csz =0,
1 1
$ —c2Tg— §CzT5 + 502T4 - Zcsz =0, (71)
563'1‘7 —c3Tg +1-2-C3T5 - §C3T4 =0,
L 2¢4Ts — (3cq4 — ;2-(63 + C5))T7 +c4Te = 0.

In (70), let

co — 3(bo + 1) = koco,
{ 3¢y — —(63 + 65) = kyqey, (72)

where ko, k4 are constants. From (70) and T; = P j4+1 + Po,j, we have

Pog — (1 +ko)Pos + (2+ ko)Po,2 —2Po,; =0,

Pog —4Pos + 9Po 4 — 9Pp,3 + 3Pg2 =0,

Po7—3Pog+4Pgs —3Pg4 +Po3 =0, (73)
3Py g —9Pg 7 + 9Py — 4Pg 5+ Po4 =0,

2Po9 ~ (24 k4)Pog + (1 + ka)Po7 ~Pog = 0.

We obtain from (73)

( —4(~ 7+16k4)Po 1 +2(—11+4-23ky+ko(~ 7+16k4))P0 2+(19+8k4)P0 3—201:'0 9

Pog = 3—14k4+2ko(—7+16k4)
P _ (34 92k4)P0 1+( 28+74k4+k0( 11+28k4))P0 72— (1+k0)(19+8k4)P0 s—20(1+ko)P0 g
04 = 3—14k4+2ko(—7+16kq)
P _ (34 272k4)P0 1+(— 28+227k4+ko( 11+64k4))P0 2+( 32+257k0-15k4+112k0k4)P0 8+(34 272ko)Po 9
ﬁ 0,56 = 3—1dkg+2ko(—7+16ks)
P _ -—20(1+k4)P0 1+(17+4k0)(1+k4)?0 2+( —32486ko— 15k4+40k0k4))Po g+(34 92k0)P0L
0,6 = 3—14ke+ 2ko(—7+16ka)
P _ —20Pg 14+(174-4k4)Po 2 +2((—13— 7k4+k0(29+16k4))P0 8+2(7—16ko)Po, 9
L 07T 3 14kq+2ko(—7+16kq)
(74)
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If n. > 6, substitution (20),Q; in (??) and (21) into (25) and (26) for 13,-, Q, and T, yields

Qo = boTo,
3Q1 = 2boT1 + T, (75)

= 1
3Q2 = EboTz + 2¢Ty,

Qs + Q2 = T2,

~ 1
3Qs = ¢T3 + ECITZ, (76)

_ ~ 1 1
3(Q4+Qs) = 2e0(gTa + 7 Ts) + 21Ty,

1., . _ _ 1 1
E@Qs +7Q4 +3Q3) = 01(5T4 + ZT3)’

_ ~ 2 1 1
Qs +2Qs = -1 Ty + 02(-6—T4 + ZTa), (77)

- 2
2Qs5 + Q4 = -601(T5 + Ty4) + §CzT4,

Qj+3 +4Qj42 + Qjur = ¢j-1(Tjp2 + Tynr),

Qj+3 +2Qj12 = 61 Tjpa + gcj(Tj+2 +Tj41), j=38,...,n—3 (78)

_ _ 2
2Q 43+ Qjq2 = “G‘Cj—l(Tj—Hs + Tjt2) + §CjTj+2,

Qn+1 + 4Qn + %n—l = Cn—31(Tn + Tn-—l),

Qn+1 + 2Qn = gcn—aTn + é'cn—Z(T'n + Tn—l)) (79)
_ — 1 1 2

2Qni1 +Qn = cn—3(ZTn+l + ng) + §Cn—2Tna

1 = =~ — 1 1

"5(3Qn+2 +7Qny1 + 2Qn) = cn—2(ZTn+1 + ng):
_ _ 1 1

§(Qn+2 +Qn+1) = cn—2Tny1 + Cn—l(ZTn+1 + ET")’ (80)

3Qniz = §Cn—2T'n.+2 +cn—1Tny1,

Qn+3 + Qniz = cn1 T,
3Qn+3 = 2Cn—-lTn+3 + Echn+27 (81)

3_Qn+4 =cn_1Tnys + 2¢nTrny3,
Qn+s = caThys.

From (76,3), (77), (78), (79), (80,1) and (80,2) we have

Cj—2 + Cj = 2Cj_1. (82)
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Therefore, (75)-(81) equal
( Qo = boTo,
3Q: = 21b0T1 + ¢ T,
3Q; = 550'1‘2 +2¢Ty,
~ 1
3Q3 = coT3 + §ClT2,
— 1 1 1
3Q4 = zcoTs+ (2¢; — %Co)Ts — -¢;To,
~ 7
3Qs = §CIT5 +(zc2—zc1)Ty — Zcsz,
- 6 1 1 (83)
3Qj+3 = g¢i-1Tirs + (56 — 36-1) T4z — g T,
_ 7 1
3Qn+1 = 5en—3Tnt1 + (gcn—z - gcn—3)Tn = gen-2Tn-1,
3Qn+2 = '2'Cn—2Tn+2 + cn—lTn+1,
~ 1
3Qni3 =2¢n 1Tnys + §CnTn+2v
3_Qn+4 = cn—-lTn+4 + 2chn+3,
\ Qn+5 = CnTn+47
and
1
coT3 — (3¢co — 5(61 + bo))T2 + 2¢oT; =0,
1
%C1T5 — %01'1‘4 +¢,Ts — §ClT2 =0,
1 1
—~c3 T — 502'1‘5 + -2*62'-['4 - Zcsz =0,
1 .
4 §Cj._.1Tj+3 — %Cj_1Tj+2 + —2-Cj._1Tj+1 - Ecj—lTj = O, J= 4, vy — 3 (84)
1 1
zlt"cn—STn-{—l - §C'n.—3Tn + '2_lcn—3Tn—1 - gcn—STn—-Z =0,
1
'2‘Cn—2Tn+2 ~cn—2Tn41 + '2'cn—2Tn - 6cn—2Tn—1 =0,
1
{ 2¢n—1Tn43 — (3cn-1— E(Cn—2 +¢n))Tnt2 + a1 Tny1 = 0.
In (84), let
1
-z -k
3co 5 (110 + ¢1) = koco, (85)
3cn-1— §(Cn—2 +c¢p) = kn—16n-1,
where kg, kn—1 are constants. From (85) and T; = Po j41 + Po,j, we have
( Po4— (1+ko)Po3s+ (24 ko)Po2 —2Pg,1 =0,
Poe — 4Pos + 9P 4 — 9P 3+ 3Po2 = 0,
2P0,7 — 8P0,6 + 12P0,5 — 9P0,4 -+ 3P0,3 =0,
¢ Pojta —4Poj13 +6Pp 12 — 4P, 41 + Po,; =0, j=4,...,n—-3 (86)

3Pont+2 — 9Pont1 + 12Pg n — 8Pgn—1 + 2P0,n—2 =0,
3Py n+3 — IPont2 +9Po ns1 —4Pon + Popn—1 =0,
2Pon+a — 2+ kn—1)Ponta + (1 + kno1)Pons2 — Pons1 = 0.
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We obtain from (86)

6(23—36kn_1)Po,1+3(—31447kn_14ko(—23+36ks—1))Po2+(37=36ks_1)Po,n43—42P0, ey

[ Pos = 1069k 1 F3Fo (— 231 36Fn_1)
P _ (218 354’6"_1)130 1+( 1734279k — 1+2k0( —324+51kp— 1))Poz (1+k0)( —374-36k,, — 1)P0 n+3+42P0 ntd
04 = 40—69k,, _1+3ko(—23+36kn_1)
P (428 —T774k, — I)Po 1+( 3584649k, 1+2k0( 47+81kn_1))PQ 2+( 58+4-298ko 455k —1—288koky — 1)Po n+43
0,5 = 80—138ky, 1 +6ko(—23+36kn—1)
(68—342k0)Po,n+4
+ao= 3B, 6F0 (_23+36%n 1) ,
PO’J+4 = 6(12+4J - 15_7 —_7 )POI +(2+3j i2(12'*‘8] —'3_7 +6] )ko)Poz
) (GG —1)(-6+2j+55% +657—9j —6)k0)P03+ J(2+35+7*)Pos
1=2,...,n—4
Pont1 = —3(132 — 193n + 84n? — 11n? )Po 1 + 5 ((—120 + 230n — 114n? + 16n3)

+(—132 4-193n — 84n? + 11n3)k0)P0 2+ 12(( 120 + 134n — 42n2 + 4n3)
(132— 193n + 84n? — 11n%)k;))Po 3 + 2 ( —6+ 11n — 6n% + n)Po 5
Py, ,,+2 = 1(52 — 103n + 62n? — 11n3)P0 1+ ( (—16 + 55n — 41n? + 8n3)
2( —52 +103n — 62n2 — 11n3 )Ico)Poz + 2( ~56 + 86n — 34n? + 4n3
L +(60 — 103n + 62n% — 11n3)ko)Po 3 + 15 (—12 + 10n — 8n? + 2n3)Pg 5.

(87)

5. Conclusion

In this paper, we obtain the conditions for G' continuity between two adjacent B-spline
surface patches with double knots for two typical cases of the knot vectors. Using these condi-
tions, we may achieve a local scheme of (true) G! continuity over an arbitrary B-spline surface
network. In fact, the existence of a local scheme of constructing G' continuous B-spline surface
models only requires two pairs of interior double knots which can be placed anywhere of the knot

vectors.
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