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1. Introduction and Lemmas

Let P be a finite poset (partially ordered set) and its cardinality |P| = n. Let n< denote the
n-element poset formed by the set {1, 2, -+, n} with its usual order. Then an order-preserving
bijective mapping L: P — n< is called a linear extension of P to a totally ordered set. If
P = {z; |1 < i< n}, then we can simply express a linear extension L by , — —z3——---— — T
with the property z; < z; in P implies ¢ < j.

A consecutive pair (z;, Ti+1) is called a jump(or setup) of P in L if z; is not comparable to
Tiy1. If 25 < Ti41 in P, then (x;,7i41) is called a stair(or bump) of P in L. Let s(L, P)[b(L, P)]
be the number of jumps|stairs] of P in L, and let s(P)[b(P)] be the minimum|maximum] of
s(L, P)[b(L, P)] over all linear extensions L in P. The number s(P)[b(P)] is called the jump
[stair] number of P.

Let A = [a;;] be an m x n (0, 1)-matrix. Let {z1,---,Zm} and {y1,---,¥n} be disjoint sets
of m and n elements, respectively, and define the order as z; < z; iff a;; = 1. Then the set
Pa={Z1, ", Tm,s Y1, Yn} With the defined order becomes a poset. For simplicity, s(4)[b(A)]
is used for the jump [stair] number of P4. More discussions about jump numbers and the (0,
1)-matrices with fixed row and column sum are given in [1-3].

Let A(n, k) denote the set of all (0, 1)-matrices of order n with k 1’s in each row and column
and M(n,k) = max{s(A) : A € A(n,k)}. In [4], Brualdi and Jung first studied the maximum
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jump number M(n, k) and gave out its values when 1 < k < n < 10. They also put forward
several conjectures, including the conjecture that M (2k — 2,k) = 3k — 4 + | 552 .
In this paper, we prove that M(2k — 2, k) = 3k — 4 + [ 552 | does not always hold, and find

another counter-example (Corollary 2) to this conjecture .
Let J, 5 denote the a x b matrix with all 1’s, and let J denote any matrix with all 1’s of an

appropriate size. The following lemmas obviously hold or come from [4] and [6].
Lemma 1.1 Let A and B be two m x n matrices. Then
1) s(A) +b(A) =m+n~—1, and hence M(n,k) < 2n—1—min{b(A4) : A € A(n,k)};
2) s(A® B) =s(A) +s(B) + 1;

3) If there exist two permutation matrices R and S such that B = RAS, that is, A can be
permuted to B, expressed A ~ B, then

(a) A and B have the same row sum and column sum. And in this case, we call that A

can be permuted to B and expressed as A ~ B.
(b) b(A) = b(B) and s(A) = s(B).
Lemma 1.2 b(A) > b(B) holds for every sub-matrix B of A.

Lemma 1.3 Let A be a (0,1)-matrix with no zero row or column. Let b(A) = p. Then there

exist permutation matrices R and S and integers my,...,mp and ny,...,np such that RAS
equals
Jrym Az o0 Aip
0 sz,nz e AZ,IJ
o Io) v Ty

Lemma 1.4 Let A be a (0,1)-matrix with stair number b(A) = 1. Then A can be permuted to
the following matrix
J J O
Jor [JO] or [O] or [O OJ'

Lemma 1.5 Let A be a (0,1)-matrix having no rows or columns consisting of all 0’s or all 1’s.
Then b(A) = 2 if and only if the rows and columns of A can be permuted to an oblique direct
sum

06...80
of zero matrices.

Lemma 1.6 M(2k —2,k) >3k — 4+ | 52| holds for every k > 2.

Lemma 1.7 If A is an m x n (0,1) matrix without zero row [column] and there are at most |
1’s in each column [row], then b(A) > [T}][b(A) > [%]].
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Lemma 1.8 Ifktn andn mod ktk for 1 < k < n, then M(n,k) < 2n—2—[%].

For a matrix X in block form, we use X|[i1,42,- - ,%s|1,2,° -+, jt] to denote the submatrix
composed of the 7;-th, io-th, ---, i,-th block-rows and the j;-th, js-th,---, je-th block-columns
from X.

2. Main theorem

Theorem 2.1 Ifk > 11, then b(A) > 4 holds for every A € A(2k ~ 2,k).

Proof If there exists a matrix A € A(2k — 2, k) such that b(A) = 3, then by Lemma 1.3 we may

suppose

0 Jp,q 323 H

Jik—g—2 B2 Bis
A=
o O Jik—p—24k

where B;j(i =1 or 2, j = 2 or 3) are block-matricesand 1 <p, ¢ <k —3.
Since b(A) = b(AT) = 3, we may assume p < g, 1 < b(By2) < b(Bas) < 2. First, we have

the following lemmas.
Lemma 2.1 b(Blz) =2.

Proof Suppose b(Bi12) = 1. Since Bjg has evidently no zero or all 1’s column, by Lemma 1.4

we have Byp ~ [ Jkg”q ], Thus

Jk—p,k—q—Z Jk-—p,q B131
Jpk—q—2 0 B3z

A~ A =
' JIp.a Bas
%) O Jip-2k
The proof will be complete by the following Propositions 2.1, 2.2 and 2.3. a

Proposition 2.1 B3 has zero columns and 1 < b(Bia1) < 2.
Proof Trivial. a
Proposition 2.2 b(Bj31) # 1.

Proof If b(Bi31) = 1, then by Lemma 1.4 we have Bia; ~ [Jk—p,2 O}. Thus

Jk—p,k-—q—Z Jk—p,q Jk—p,2 o

_ Jpk—q—2 o C1 Cs

Av~ Az = 0 Joa  Cs Ci
o O  Jk-p-22 Jk-p-2k-2

Obviously, p > f%z] > 5 for k > 11.

It is clear that both C5 and C4 have no zero row or column and b ([ gz ]) = bCy) =
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b(C4) = 2. Hence we may suppose

Jr—pk—q-2 Jk-p.g Jr—p2 o 0

Jps k—q-2 & Cu Ipy *
_ | Jo-prk—g-2 0 Crz 0 Jo—pr k12

Az~ As = 0 Jpt2-pre O3 Jptz-pi *
0 Jp1—2,q 032 0] Jp1—2,k—l—2
0] o Je—p—22 Jg—p-21 Jk-p-2k-1-2

Obviously, 0 < b(Ci2), b(Cs2) < 1. If Ci2 = O then Csz = Jp,—22, or if Csa = O then
Chr2 = Jp_p, 2. Without loss of generality, we suppose that the latter holds. If C3; has zeroes,
then 5([3,4, 5, 6|1, 3,4, 5]) = 4, a contradiction. Hence C3; = Jpt2_p, 2. Therefore, in the third
block-column of A3, the column sum k > (k—p)+(p—p1)+(@+2—p1)+(k—p—2) = k+(k—2p,) >
k + (k — 2p), that is, k < 2p. On the other hand, we have (k—q¢—2)+2+ (k—1—2) =k and
q+(k—1—2) =k, and so k = 2¢ which contradicts ¥ < 2p. It follows that Proposition 2.2 holds.
O

Proposition 2.3 b(Bia1) # 2.

Proof Suppose b(Bi31) = 2. Then Byg; ~ [ o1 sz (O) ] (s +t=k —p), and hence
Jsk—g-2 Js,q Js,1 * o
Jt,k—q——2 Jt,q o Jt,2 @
Ay~ Ay = | Jpr—g-2 * * D ,
Jpq * * D
0 O  Jg-p-21 Jk—p-22 Jk—p-2k-3

where * denotes any matrix of an appropriate size.
Dy
Dy
D; and D, have all 1’s rows. It induces (k—g—2)+q+2(k—3) < 2k, that is, k < 8, contradicting
k > 11. Therefore, Proposition 2.3 holds. O

By Lemma 2.1 and the hypothesis we have b(B12) = b(B33) = 2 and the following Lemma

It is clear that b =1 and both D; and Dj have no zero column, and hence both

2.2.
Lemma 2.2 Bjo has neither zero row nor zero column.
Lemma 2.3 B,y has neither all 1’s column nor all 1’s row.

Proof It is clear that B;; has no all 1’s column. Suppose Bj2 has t all 1’s rows, then Bjp ~

Jt,q
[ B ], where

Ezopmé“'_éop,qm’mp:k_taQI+"'+QmZQ;mZ2~

Thus
Jtk—g-2  Jig E,

Jrk—th—gq-2 E E,
o JIp,q Bys
o O  Ji-p-2k

A~ Ay =
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Obviously, E; has zero columns and 1 < b(E;) < 2.
The proof of Lemma 2.3 will be complete by the following Proposition 2.4 and Proposition
2.5. o

Proposition 2.4 b(E;) # 2.

Jt * o
Proof S se b(Ey) = 2. Then E; ~ 1 <u<
roof Suppose b(E) en E; [ 0 Jiya O ] (1 <u < 2), and hence
Jtik-g-2  Jig Jt1 0 * 0
Ji—ts k—q—2  Jt—tiq o Ji—t1,2 o
As ~ Ag = | Jp—tk—-g—2 E Eo E3 Eos
o JIp,g Baa Baaa Baag
0 0 Ji—p-24 Jk-p-22 Jk-p-2,k—4
. E33 _ Eg3 Jpt+2,k-4 _
Obviously, b ([ Bass ]) =1and [ Boss ] ~ [ 0 (k—t>2)or Jprop—a(k—t=

If both E23 and Baaz have all 1’s rows, then 2k > (k — ¢ — 2) + 1 + ¢ + 2(k — 4), that is,
k <9, contradicting k > 11, and hence Ba3z = O. Since b([Bgal Bass 3233]) = b(Ba3) = 2, we
have b(As|1,4, 51, 3,4, 5]) = 4, a contradiction. ]

Proposition 2.5 b(F;) # 1.

Proof Suppose b(E;) =1. Then By ~ [J2 O] and

Jt,k—-q—2 Jt,q Jt,2 o
_ | Je—tk—gq-2 FE F3 31
As ~ A7 = 0 5, Fi |
0 O  Jk-p-22 Jk—p-2k-2

where F; has obviously no zero column or zero row, and F> has no zero row.

By Lemma 1.7 we have

b([ﬂDz[’“_”p}:[(m“)p > (21> 3 if m>3 and p>3

{ [mil] >3 if m 24
- ]
b p+2 p+2 [GE5) =3 if m=2 and p>5,

which implies b(A7) > 4, a contradiction. Hencem =3 and p=2,orm=2and3<p>4. If
m=3and p=2, then k =mp+t < (m+1)p+2 < 10, which contradicts k > 11, and hence

m=2and 3<p<A4.
The proof of Proposition 2.5 will be complete by the following claims. 0

Claim 2.1 b(F) # 1.

Proof Suppose b(F2) = 1. Then Fy ~ [Jp O], and hence

Jt,k—q—Z Jt,q Jt,2 o 0
Jo+2k-q~2 E' Ky K Ipt2,k-w—2
Ar~Ag = | Jp-2k-g-2 B K3 Jp—2,w 0o
0 Ja Fi o 0
o O Jrop-22 Jk-p—2w Jk-p-2k-w-2
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It is clear that b(Fy) = 0 or 1.

If b(Fy) = 1, then Fy has all 1’s columns, otherwise, b(A4g[1,4,5|1,2,3,5]) = 4. Hence t < 2.
Thus k =2p+t <8+ 2 =10, contradicting k& > 11.

If b(Fy) = 0, then K3 = Jp_g2, and hence t < 4. Ift < 2,0ort < 4 and p < 3, then
k =2p+1t < 10, contradicting & > 11, and hence p =4 and t = 3 or 4. It follows K5 = O and

Ki~OQor [ ‘%2 } If K1 = O, then b(E’) = 1. Since E’ has no zero row, E’ has all 1’s column.

Thus Ag has a column which column sum > ¢+ (p+2)+p = k+2, impossible. If K7 ~ [ ng },

then E’ has a sub-matrix permuted to Jpt1,4, and hence k >t + (p+1) +p, that is, k > k+ 1,

a contradiction. O

Claim 2.2 b(F) #2.

Proof Suppose b(Fy) = 2. Then [ ? } has no zero row and [Fy Fy] has no zero column, and
2

Wwe may suppose

Jt,k—q-z Jt,ql Jt,qz Jtﬂ 0 0o
Jpk—g-2  JIp,a 0 Fy i Fin
Jp kg2 (0] J, F3y Fl12 Fia
A NA — P, q D92
’ ° 0o Jm 41 Jpl »q2 Fa Jp1 R) Fy
o JP—PJ g1 JP—Pl »q2 Fy2 0 Jp—pl Jh—1-2
O 0o 0 Jk-p-22 Jk-p-20 Jk—p-2,k-1-2

Obviously, we can assume 0 < b(Fj11) < b(Fjp2) < 1.

Case 1 If F11; = O, then Fia; = Jp k12 and b(F31) =0 or 1. If b(F3;) = 1, then t < 2, and
hence k < 8 + ¢ < 10, contradicting k¥ > 11. Thus F3; = O, which induces Fyo = J, —p1,2 and
l =q. It follows g3 < 2.

If F41 or F3 has zero column, then b([Fy; F3;1]) = O or 1. If the former holds, then [Faz|Fizg] ~

[Jp,2|0l(p = p1 +2) or [ Jp: ) ; Jl’kO_l_z ] (p=p1+1). Hence (p— 1)+t < p; +2, and
it follows t < 2. So k < 8 +’t < 10, contradicting k > 11. If the latter holds, then p < 2
(impossible for 3 < p < 4) or ¢ < 2 (which induces & < 10). Hence [Fyy Fy)] is a p x (k — q)
matrix without zero column and there are k — 2¢ 1’s in its each row. By Lemma 1.7, we have
b([Fa1 Fz1)]) > Tki_‘—z%T = z%] > fﬁ%L If g1 =1,then ¢ =¢; +¢2 < 3. Sincet <p+1 we
have k = 2p+1¢ < 3p+1 < 3¢+ 1 < 10, contradicting k > 11. Thus ¢; = 2 or 3, which induces

b[F41 F51] > 3, and hence b(Ag) > 4, a contradiction.
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Case 2 If b(F111) = b{F112) = 1, then we have

Jt,k—q—2 Jt,q1 Jt,qg Jt,2 o 0 ]
Js,k—q—2 Js,q1 o Gl J.s,l o
JpJ—-a,k—q-—Z Jp—os,ql 0 Gz o Jp-—a,k—l—z
~ o rk—g—2 Jr,qz G3 Jr,l 0O
Ar AlO - Jp—r,k—q—Z @ Jp-—‘l‘,qz G4 o Jp—r,k—l—z
o Jpva Jp1.a2 Gs Jpu.i o
% Jo-p1.01 Jp-p1,02 Ge o Jp~p1 k—1-2
I 0 0] 0 Je-p-2,2 Jk—p-20 Je—p-2k~1-2 ]

with s+r+p, =2p—2.

If G5 = O, then Gg = Jp—p, 2, G1 = Js,2 and G3 = J,. . It follows t+s+r+(p—p1) < p+2,
and so t < 2p; —4 < 2(since p1 < 3). Similarly, we will have t < 2 if G; = O for some
1=1,2,3,4,6. Thus k = 2p + ¢ < 8 + 2 = 10, contradicting & > 11.

Gy
G2
Supposet > 3and G; # O foralli=1,2,3,4,5,6. Then gz is a 3p X 2-matrix without
Gs
Gs
zero rows and in its each column 1’s number equals p+2 -t <p+2—~3 =p— 1, and hence by
G1
G2
Lemma 1.7, b gz > (;3&] = 4, a contradiction. Therefore, Claim 2.2 holds. m]
Gs
Gs

Now we continue the proof of Theorem 2.1 as follows.
By lemmas 2.1, 2.2 and 2.3, we have

Biz~ 0p;® - ®0p,q;, @i+-+a=gq, Ip=k(122)
Similarly, we may suppose
By ~O0p, @+ ®0p, 4, P1+---+Ds=p, sqg=k(s>2).

Obviously, Bys has neither zero row nor zero column. If s > 4, then B;3 has at most p — 1
1’s in its each column and so by Lemma 1.7 b(B13) > [-£:] = 5251 > s = 4, a contradiction.

r—1
Thus, the following Proposition 2.6 holds.
Proposition 2.6 s < 4.
Proposition 2.7 If s=3, thenp=g¢q andl =3.

Proof Suppose ¢ > p. Then by Lemma 1.7 b(B;3) > I'f;'l = [%4] = s + 1 =4, a contradiction.

Henceg=pandsol=s5=3. ]

Proposition 2.8 1 < 4.
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Proof Suppose [ > 5. Then by Lemma 1.7 b(By3) > [p—f_ﬂ = f;’_ﬁ >8> =4,a
contradiction. 0
Therefore we have (s,1) = (3, 3) or (2,2) or (2,3) or (2,4).

Proposition 2.9 (s,1) # (3,3).

Proof Suppose (s,1) = (3,3). Then k = 3p = 3¢g and

I Jok-a-2 Jpa  Ipe 0 H, Hy Hj
Jok—g~2  Jpar 0 Ip.as H, Hs Hg
_ Jpk—g~2 0 Jpa:  Jpas Hy Hg Hy
A~ A= o Jps 4 Jpl,th Jp1,as Jp, P Jp1,p 0
0 Jpzy(h JP2,42 Jpz,qs Jpz,ﬂ o JP:;P
O Jp3 +q1 Jpa 1q2 JP3 »43 JP3 P Jpa P
| O O 0] O  Jk-p-2p Jk—p-2p Jk—p-2p |

withpy +p2+p3=q +¢g2+ g3 =p.
Without loss of generality, we assume

0< b(Hl) < b(Hz) < b(Hg) <2 0< b(H4) < b(H7) < 2.
Hy
7

Ifb(H,) = 0. Then b([H, Hs)) =1andb ([ i

]) =1, and hence [Hy; H3] ~ [Jpge+2 O]

H, ~ Jpst2,0
H7 O
b(Hy) = b(H7) =1, then py =pa =p3=1o0r ¢ = g2 =¢s =1, which implies k =3p =3¢ =9,
contradicting k > 11. Hence Hy = H4 = O and so Hs = Jpp. It follows ¢; = p1 = 1. Therefore,
k =3p = 3(p1 + p2 + p3) =9, contradicting & > 11.
If b(Hl) = 1. Then Hl ~ [J O] or [ é
g3 = 1. Hence k = 3p = 3¢ = 9, contradicting k& > 11.
If b(H;) = 2. Then [Hy Hy Hj]is a p x 3p (0,1)-matrix without zero column and there
are just gs +2 1’s in its each row. Hence by Lemma 1.7 b([H, Hz Hs]) > [;3_%] > 3, which
induces b(A;) > 4, a contradiction. Therefore, Proposition 2.9 holds. ]

and , which implies ps = p3 = g2 = g3 = 1. If b(H2) = b(H3) = 1 or

], and it follows py =p2 =ps=lorqy =g =

Proposition 2.10 (s,1) # (2,2).

Proof Suppose (s,{) =(2,2). Thenk=2pand p=¢=p; +p2=¢ +g2 and

Jop-2  Jpar 0 L, L,
Jop—2 O Jpg Ls Ly
A~ Ay = o Ipiar Jpia Jm,q 0o
O ']sz'-h JP2,112 O ‘]szq
o o o Jp-2.4 Jp-24
If1 <qi, g2 <2, then k = 29 = 2(q; + ¢2) < 8, contradicting k > 11. Without loss of
generality, suppose ¢; > max{qz,3} and b(L;) < b(Ls).
If 5([Ly Lo)) > 2,then [L; Lo]is apx 2p-(0,1) matrix without zero column and there are
just p+2 — g1 1's in its each row. Hence by Lemma 1.7 b([L1 Lg]) > [—22—-] > l'p—z’%] =3,

- pH2—q
which induces b(A2) > 4, a contradiction. Hence b([Ly Lo|) =1or [Ly La| ~ [Jpg+2 O]
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If Ly = O. Then Ly ~ [Jp,g,42 O] (1 <u < p) and so

Jp,p~2 Jp,rn 0 o 0 Jp,02+2
B B Jpp-2 O  Jpg L3 Ly Ly
Ay~ Az = O Jp: a1 Jm,qz Jm,q 0 o

0 JP21‘11 Jpz,qz o Jpz,q1—2 Jpz,qz+2
0 o 0 Jp-Zq Jp—2,q1—2 Jp—2,qz+2

It is clear that Lz ~ [ é } and L4 ~ [ é }

If [L3 Lq) has zero row, then b(43[1,2,3,4(2,3,4,5]) = 4, a contradiction. If [L3 L4;] has

all ’'srow, then (p —2) + g2 +p+ (1 —2) < 2por q; +¢» < 4. Hence k =2¢ = 2(q1 + ¢2) < 8,

contradicting ¥ > 11. Thus [Ls | Lg] ~ Jup | O] with u + v = p, which implies
O | Jup |

(p+2-—p1)+ (p+2—p2) = p or 4=0, a contradiction.
If b(L;) = b(L2) = 1, then L; ~ [J O] (¢ = 1,2), and so p; < 2 and p; < 2. Therefore
k = 2(p1 + p2) < 8, contradicting k > 11. Therefore Proposition 2.10 holds. |

Proposition 2.11 (s,1) # (2,3).

Proof Suppose (s,!) = (2,3). Then k = 3p = 2¢ and so

Jok-a-2 Jpa Jpa O M Ny
Jok—-a-2 o 0 Jpgs N3 N,
A~ Ay = Jpk~q-2 o Jper JIpas N Ne
0 e I Ipies g %
O Jp2 yq1 JPQ sq2 JP2 »d3 0 Jp2 »q
) 0] 0 O Jgep-24 Jk—p-2,4
Ny
If b(N;) = 2 for some N;, assume b(N;) = 2, then | N3 | is a 3p x ¢ (0,1)- matrix
Ns

without zero row and there are just p + 2 — p; 1’s in its each column. Hence by Lemma 1.7

N,
b(l: N3 |)> f;ﬁ%ﬁ] > 3 since p = % > [g] > 4. Therefore, b(N;) < 1 for every it 1 <4 < 6.
Ns

Without loss of generality, assume b(N;) < b(N2) and b(N3) < b(Ns) and ¢q1 > ¢2 > ¢a.

If N; = O. Then N5 ~ J or [ J ]
that Na = J and q; = 1, which implies k¥ = 2¢ = 2(q1 + ¢2 + ¢3) = 6, contradicting k > 11.
If (N1) = b(N2) = 1. Then Ny ~ J or [ g ] or [J O)]. If the previous two hold, then

, and hence g2 = g3 = 1 and Ng has zero rows. It follows

g1 = g2 = 1 and so gz = 1. Thus k = 2(q; +g2-+¢3) = 6, contradicting k > 11. Hence N1 ~ [J O]
and sopy < 2.
Similarly, N ~ [J O] and p2 < 2.
If py < 2o0r ps <2, then k = 3p = 3(p; + p2) <9, contradicting k& > 11.
Suppose p; = p; = 2, then
N; N, J
N3 Ny ~ o
0

o
*
N5 N(; *

J O
O *
O x
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It follows b(A4[1,2,3,4]3,4,5,6]) = 4, a contradiction. Therefore Proposition 2.11 holds. O
Proposition 2.12 (s,1) # (2,4).

Proof Suppose (s,l) = (2,4). Then k = 4p = 2q and

Jok-9-2 Jpar  Jnaz  Jpgs @) Q1 Q2
Jpk—q—2 Jp,ql Jp,qz o Jp,«u Qs Q4
_ Jpk—g-2  Jpai 0 Jpas  Jp.as Qs Qs
A~ As=| Jpk—q—2 0o Jpar  Jpas  Ipaa Q7 Qs s
o Josai Ipiar Jpias Ipisaa Jps.q 0
O Jpﬁ »q1 JPZ 1q2 JP2 »43 JP? 1d4 O Jp2 'q
L O 0 0 O O Jip—2,¢ Jr—p—24 ]

where ¢ = g1 +¢2+¢3+¢s and p = p1 +p2. If b(Q;) = 2 for some i(1 < i < 8), assume b(Q2) = 2,
then [Q1 Q2] is a p x 2¢ (0,1)-matrix without zero column and there are just g4 + 2 1’s in its
2 2 2 .
each row. _Hence by Lemma 1.7 b([Q1 Q2]) = I-qT}-i = [smasaa | 2 [35%] = 3, which
induces b(As) > 4, a contradiction. Hence 0 < b(Q;) < 1: 1 < i < 8. Without loss of generality,

suppose b(Q1) < b(Q2) and ¢1 > g2 > ¢3 > ¢a.

([Qa}) [Qa] I:Qa:l
If @1 = O, then b Qs =1and | @5 | has no zero column. Hence | Q5 | ~
Q7 Q7 Q7

J, c 4 . . ) )
[ pz(-)i—Z,q ] , which implies g1 +¢2 + ¢4 =2 or g1 +¢3 + g4 = 2 or g2 + ¢3 + ¢4 = 2, impossible.
If 5(Q1) = 1, then Q;, Q2 ~ [J O], and sop; <2,p; <2.

Ql Jp,v o
O
If p; = 2, then g: ~ 0 82 . If Qa1, @51 or @n1 has zeroes, say, Q3; has
Q7 O Qn

zeroes , then b(As[1,2,6,7/4,5,6]) = 4, a contradiction. Hence Q3;, @51 and Q71has no zeroes.
Thus Q3 = Qs1 = Q71 = Jp,q—v, which induces 3p = p+ 2 — p; or 2p = 0, impossible.

Similarly, we will get a contradiction if p» = 2. Thus p; = p2 = 1, which means k =
4(p1 + p2) = 8, contradicting k > 11. Therefore Proposition 2.12 holds.

The all above shows that b(A) > 4 for every A € A(2k — 2,k) if k > 11.

O o

3. Corollaries

Corollary 3.1 3k~4+ |552| < M(2k — 2,k) < 4k — 9 holds for k > 11.

Proof By Lemma 1.6 we have M(2k —2,k) > 3k—4+ |%52]. On the other hand, by Theorem
2.1 and Lemma 1.1 we have M(2k —2,k) < 2(2k—2) —1—4 = 4k —9. Thus Corollary 3.1 holds.
0

Corollary 3.2 M(16,9) = 28.
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Proof From the proof of Proposition 2.9, we obtain a matrix

[ J34 Ja1 Jsg O O O Jas]
B4 Jsn O Jzn O Jzz O
Js4 O J31 J31 Jaz O O
B=} 0 JhZa Jip Jig J13 hig O |,
O Jiy Jig Ny Sy O g

O Jiypg Jig JS1ip O Nz Jigs

O O O O Jig Jus Jas |

with stair number §(B)} = 3. Hence s(B) = 32 — 1 — b(B) = 28, and hence M(16,9) > 28. On
the other hand, by Lemma 1.8, M(16,9) <32—2— [19—6] = 28. Thus M(16,9) = 28. |
Therefore, the conjecture M (2k —2,k) =3k —4 + [ﬁg—a | does not hold for k= 9.
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