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1. Introduction and results

As usual, Chebyshev polynomials of the second kind, U(z) = {Un(z)}, n = 0,1,2,..., are
defined by the second-order linear recurrence sequence

Uni2(z) = 22Un11(z) — Un(z), (1.1)

for n > 0, Up(z) = 1, Ur(z) = 2z.

It is well known that Chebyshev polynomials of the second kind play a very important role in
the study of the orthogonality of functions(!. The various properties of Uy () were investigated
by many people, but there are a few to study their arithmetic properties. The main purpose of
this paper is to study how to calculate the summation involving the Chebyshev polynomials of
the second kind:

>, N(Uy(2)) N(Uy(2)) - N(U, (=), (1.2)
L+lg+-+Hlk=n
where the summation is over all the k—dimension nonnegative integer coordinates (I3,l2,- -, k)

such that l; +ls+-- -+ = n, k is any positive integer, and N(Uy,(z)) is the sum of the absolute
value of coefficients in Chebyshev polynomials of the second kind Up,(z).

Regarding (1.2), it seems that they have not been studied yet; at least, we have not seen such
a mean value before. The problem is interesting because it can help us to find some relationships
between Chebyshev polynomials and generalized Fibonacci polynomials. In this paper, we use
the generating function of generalized Fibonacci polynomials F(a;z) and its partial derivative
to study the evaluation of (1.2), and give an interesting identity for any fixed integers k and n.
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That is, we shall prove the following theorem.

Theorem 1 Let U(z) = {Un(z)} be defined by Eq (1.1). Then, for any positive integers k and
nonnegative integer n, we have the calculating formula:

Y. NUL@) NUy()-- N(Ui.(z))

Lt tle=n

=§ n+k—1-m\n+k-1-2m gn-2m
m k-1 ’

m=0
where the summation is over all k—dimension nonnegative integer coordinates (ly,1la,- -, 1) such
that ly +la +--- + g = n, N(Un(z)) is the same as that in (1.2j.

2. Preliminary and several lemmas

In order to prove Theorem 1, we introduce the generalized Fibonacci polynomials, and the
give several lemmas.

The generalized Fibonacci polynomials F(o;z) = {F,(a;52)}, n =0,1,2,- .., are defined by
the second-order linear recurrence sequence

Fri2(og ) = 2Fpq1(0;2) + aFp(o; 2), (2.1)

for n > 0, Fo(a; z) =0, Fi(a;z) = 1, a is any real number.
The characteristic equation of Eq (2.1) is A2 — zA — o = 0. Its characteristic roots are

z+Vz? +4a z— V2 +4a

then the terms of the sequence F(q; :L')m can be expressed as
F(a'x)=—1—{w"—0"} n=0,1,2,---
n y w — 0 b y =y & -

If o = 1, then the sequence F(q; z) is called the Fibonacci polynomials, and we shall denote
it by F(z) = F(1;z) = {Fa.(x)}-

If a = z = 1, then the sequence F(a;z) is called the Fibonacci sequences, and we shall
denote it by F = F(1;1) = {F,}.

Regarding generalized Fibonacci polynomials F(a;z), we have the following lemmas.

Lemma 1 Let F(a;z) = {Fn(0;x)} be defined by Eq (2.1). Then we have the following identity:

(3]
Foi(z) = Z (n - m) " Q™. (2.2)

m=0 m

Proof In fact, from the definition of Fy,(c; ), we know that (2.2) is true for n =0 and n = 1.
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Assume that (2.2) is true for all integers 0 < n < k. Then, for n = k+ 1, we immediately obtain

Fiyo(a; ) = 2Fey1(a; 7) + aFk(a; z)

L3] k—m () k—-1-m
— - k—2m _m -—t= k-1-2m _m
—xZ(m>x a+a2( m ):z: a
m=0 m—O
(23
- Z (k ) k+1—2m .a™ + Z (k_l '—m)xk—l—Zm 'C!m+1
m m
m=0 m=0
k lia_ll k—1-—-m k —-1- k
_ okl —1-2 +1 -1-2 +1
s +Z(m+1 )x ™. gm +z( ) ™ gm
m=0
[55] k—m
— pk+l - k—1-2m . m+1
T + Z (m+1)x a
(55
Z (k +1 )xk+l—2m .a™.
m=0

where we have used the fact that (k;:") =0 if m > £. So by induction we know that (2.2) is
true for all nonnegative integer n. This completes the proof of Lemma 1.

Lemma 2 Let F(o;x) = {Fy(a;x)} be defined by Eq (2.1), F® (a; =) denote the k** derivative
of F,(a; ). Then we have the following identity:

1 ; .
Aot —atf ~ 1)'2_% Fyi) (esz) ¢, (2.3)

Proof First, note that

1 z+Vzl+4da, ,z-Vriida,,

Fo(o;z) =

so we can easily deduce that the generating function of F(o;z) is

G(a; t, .’D) = ZFn-f-l(a; x)tn = (1 — wt)l(l _ Ot) = 1— xtl_ at?’ (24)

n=0

Let 'y‘%ﬁﬁl denote the kt* partial derivative of G(a;t,z) with respect to z. Then we have

8G(ast,z) _ FD (o) - g
Sz (1 :z:t at2)2 ZO n+l1 (aa .’l:) -t
8%G(a;t, ) 21. 42 22
)by — — . W Al 2.5
9z2 (1 —zt — at2)3 ;Fn&l(aa x) t ( )

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



460 ¥ O B OE 5 ¥ ® 25%

Gzt m) (k-1 IR ey
ozk—1 T 0=zt — at?) - ZF"“ (052) - ¢

n=0

+o0
— EFr(;ﬁ-kl)(a; z) - t"’+k_1,

n=0
where we have used the fact that F,4+;(a;z) is a polynomial of degree n. Therefore it follows
that
1 1 k= 1) ntk—~1 (k=1)¢ . n
-zt —at?)f  (k— 1)1 t+-1 Z ik (6T) -t ik (@5T) -7

n—O
This completes the proof of Lemma 2.

Lemma 3 Let F(a;z) = {Fn(a;z)} be defined by Eq (2.1), F®(a; z) denote the k" derivative
of F,,(a;z). Then we have the following identity:

Y Fan(@e) Fanlosz) - Funles) = p—pp 1). o P (@ 2)
Ltla++le=n

Proof For any two absolutely convergent power series Zn—o a,z"™ and Z:ﬁ% bnz™, note that

<+f a,.z") : (io bnz") = io ( > aub,,) z". (2.6)

n=0 n=0 n=0 \utv=n

So from (2.6), (2.4) and (2.3), we obtain

> ( > Fun(esz) - Faqa(esz) - Fl41(os z)) "

n=0 \lj+la+-+l=n

k
— 1 1 1 "
= (ZFnH(a;z) 't") T -zt-a?f (k-1 & ZF'(*ik (CRR

n=0

Equating the coefficients of t™ on both sides of the expression above, we obtain the identity

1
}: Fy(xz) - Fypa(osx) - - Funl(oz) = = 1)'F,(,ik1)(a; z).
Li+iz+-Hr=n

The proof of this Lemma 3 ends.

Lemma 4 Let F(a;z) = {F,(c;x)} be defined by Eq (2.1). Then, for any positive integers k
and n, any real a, we have the calculating formula

> Fun(ez) - Fealesz) - Fua(o o)
lLitla++le=n

m( ntk—1- m)(n+k—1—2m) o
_E .1 T o™,

m=0
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where (7’;) = —,;l,—_(,':!_—m),, and [z] denotes the greatest integer not exceeding z.

Proof From (2.2) we can deduce that the (k — 1)t* derivative of Fy,iz(c; z) is

(Ath=l) (k-1)
FE D z) = ( > (n T ml B m) ghth-1-2m am>

m=0

13]
n+k-1- ! n—2m  .m
= Z -(—;1'—(1;—2—17:';?)— Q. (2.7)

Combining (2.7) with Lemma 3, we obtain the identity

Z Fip(esz) - Fippa(osz) - Fit1(es z)
L+l Flhe=n

(3]
(k—1) ( +k—1— m)' n-—2m L AT
(k- 1)'F ntk (052) T (k- 1)l Z m! - (n —2m)! o
(3] +k—1 m\ (n+k—1-2m
= Z ( ( hm  gm
= k-1

This completes the proof of Lemma 4.

3. Proof of Theorem 1

At last we give the proof of Theorem 1.

Proof of Theorem 1 Since

k -

k=0
then (3] (3]
(n—k) nzk _ n—k\ n-2
N(Un(z)) = Z AT 2k)12" = ; L)
Taking a =1, z = 2 in the Eq (2.2), we obtain

i3]
n —
Fn+1(1; 2) = Z ( mm) 2n—2fn,

m=0
therefore, the relationship between N(U,(z)) and generalized Fibonacci polynomials Fy11(c; x)
is
N(Un()) = Fr41(152).
Hence (1.2) becomes to be of the form

S Fua(l2) Foa(552) - P (1;2)
Ltla+-+l=n
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Taking a = 1, z = 2 in the Lemma 4, we obtain

Y Fun(B2) Fon(l2) o P (132)
L+l -+lx=n

_% +k—-1— ntk—1-2m\ . o
k—1 ‘

m=0
So
Y. NUL() NUu()- - N(U,.(=))

L+l +-+H=n

[i]( +k—1 m)(n+k—1—2m)2n_2m
= k-1 )

This completes the proof of the Theorem.
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853 Chebyshev SR RHAVLEIHEFIAYEIR

FXR4E !, WKPang?, KBH
(1. FEEAETEE, BPY 1R 710049; 2. R T RKENAEER, Fi)

3 X ETMEBRMAS X Fibonacci S £ BB BB HAR SHEPFFE 2 Cheby-
shev ZHAEBEHE, HFad—MABHHHAAR.

S&Hi7: /"X Fibonacci FHX; LMEH; EFR; Chebyshev FH.
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