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1. Introduction

Let @ = [0,2,] X [0,yn] be a rectangle. For 0 =2zp <21 <:-- < Zpm and 0 =y < Y1 <
<+ < Yp, 2 is divided into mn small rectangles by mesh lines x = z;, ¢ = 1,2,--- ,m~ 1,y =
¥j, j =1,2,---,n — 1. The triangulation which results when all northeast diagonals in all small
rectangles are drawn in is called a non-uniform type-1 triangulation and denoted by Z,(,B‘ And
the triangulation which results when all northwest diagonals in all small rectangles are also drawn
in is called a non-uniform type-2 triangulation and denoted by _A—f,z,zl Let hy =z —ziy, t; =
Yi—¥Yi-1,1=12,---,m,j=1,2,---;n. U hy=h,i=12,--.,m,and {; =8¢, j=1,2,---,n,
then A( ) n and A( » are denoted by A(l) and AS?,Z., respectively.

For 0 <r< lc — 1, where r and k are integers, let S,'C'(A(’) ) denote the vector space of
functions in C" whose restrictions to each triangular element of Am,, a.re polynomials of total
degree at most k. S,?(A('n) is called a bivariate spline space over Amn with degree k and
smoothness order 7.

Let 1s(09 (2, y, H1, Hp, H}, HY), 1s49(z,y, Hy, Ha, HY, Hj), 1s©V(z,y, Hy, Hy, H}, HS),
s (z,y, Hy, Hy, Hj) and 13(2 A(z,y, Hy, H], Hj) be ﬁve pleoewise C! cubic polynomials with
their B-net representations being defined on their local supports as displayed in Figure 1-4,
respectively, where all other B-net ordinates which were not displayed are vanished. We have!®!

Lemma 1 Let G = [0,m] x [0,n], G1 = [0,m] x [0,n — 1], G2 = [1,m] x [0,n] and T =
{(0,0),(1,0),(0,1)}. Then the set

{1s*(z ~ T4,y — ¥j, ha, Bivn, tutign) © (5,5) €GN ZP,a €T}
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U{l3(1'2)(x Ty R ijh‘ia hi+17t,‘i+1) : (1‘7.7) € Gl n ZZ}
U{ls(Q’l)(x - T3, Y — Yi, by, tj,tj_H) : (z,j) €GN ZQ} (1)

forms a basis of the space S3 (ZSZL), where Z* = {(3,7) : i and j are arbitrary integers}. With-
out loss of generality, we set hg = tg = hppt1 = tp41 = 1.
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Figure 1: Local support and B-net representation of 189 (z,y, H,, Hz, Hi, H}).

A double periodic spline space 5",’; (Z,(,:)n) is defined to be the subspace of S (Zf,?n),

= (i) () |\ 0% m, %s(z,y
10 = {s e 1m0 T5E D o= TED |,

84s(z,y) d4s(z,y)
ay |y—0—- 6yd '!I=!hn d= 0,1,-.-,r. (2)

For such spaces, an important task is to give their dimensions and bases. The first effort
was made by Morsche!”) where the space S}(A%)) was discussed. Sha and Xuan® discussed
the dimension of $}(A%),) and the interpolation and approximation by S}(A{,). Dimensions
and local support bases of SI(AZ)) and 81 (A( ) ") were given by Liull and Liu and Shul®l,
respectively. And two kinds of interpolation and their approximation by SZ(A%,) were studied
by Liul>4. In addition, by using a so-called integral representation of bivariate splines, the
dimension of §,£(A$,1,2,) with degree k > 4 was also determined by Liuf®. Recently, a class of
interpolation by 5‘} (AS‘:Z,) and a class of transfinite interpolation and approximation by 5:} (Aszz.
are separately discussed by Xuan(¥ and Youl!?,

In this paper, by employing the local support basis of S} (Z'szz,) given in Lemma 1, the
dimension of the double periodic C* cubic spline space S} (ZSS:Z‘) is determined and a local
support basis is constructed.

2. The double periodic cubic spline space S} (A(z))

According to Eq.(2) and Lemma 1, a sufficient and necessary condition for s(z,y) € S. 1(A( ) n)
is that s(z,y) can be expressed as

m n
s(z,y) = Z ZAp,qls(o'o)(z = Zp, Y — Yo hopy Rp1, g tgi1 )+

p=0 ¢g=0
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m n

3 Boals™ Oz — 2,y — yg, hp o1, by tgan )+
p=0g¢=0

m n

Z E prqls(o’l)(w — Zp,Y — Yg, hpy A1, g, Bg1 )+
p=0g¢=0

m n-1

E E Dp,qls(l’z)(-'” — Zp,Y — Yg hps hpt1, tg1 )+
p=0¢=0

m n
z Z Ep,qls@'l)(x — Zp, Y — Yq, hips tg, tg+1) (3)
p=1q=0

and satisfies the following double periodic conditions

8(,Y) le=0, ys-1<u<ys —8(2,Y) lo=zm, yj1<y<y;= 0, T=1,--+,n,

8(2,Y) |zi_1 <2<z, y=0 —8(Z,Y) |zi1<z<zi, y=pa =0, 1 =1, -, m,
4
Bs(z, __Os(z, | =0.7=1---.71 4)
Oz [$=0- Y5-15y<y; 7 lz=zm, g1 <y<y; =L I = 4,000,
Os(=z, s(zx, =0.i=1.---.m
oy lm-lssz.-,u=o T Im-xszs% y=yn= U = 1, -, M.
(-HyH) O.Hy) (HpH ) H i) O (HypH')
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Figure 2. Local support and B-net representation of 1849 (z,y, Hy, Hz, H, H3).
Figure 3. Local support and B-net representation of 1509V (z,y, H1, Hz, H, H3).
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Figure 4. Local support and B-net representation: (a) ls™? (z,y, Hy, Ha, H1, H3)

with a = —82; (b) 1s®) (z,y, Hy, Ha, Hi, H}) with b= _g;;
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The above conditions are equivalent to the following eight sets of linear equations:

where

i

{ Ai,O—Ai,n=0, 1=0,1,---,m,
AO’J' - Am1.7 = O’ -7 = 07 n7

AO,j_Am,j=01 j=1,2""1n_17

2Bi_10—Bio—2Bi_102+ Bin =0, i=1,2,---,m,
Bi_10—-2Big—Bi-1n+2B;n =0, i=1,2,---,m,
Bo,j-}-Bm,j =0, j=0,n

BO,j+B'm,j=0’ j=1a21"'7n_1a
Ci,O+Ci,n=0s i=1:2:"'am_1a

Co,j-1—2C0; —Cmj-1 +20m; =0, j=1,2,---,n,
Cio+Cin=0,

VVjDo,j-l-Zij,j =0, j=0,1,--~,n—1,

{ 200,:,'_1 - Co,j - 2Cm,j_1 + Cm,j =0, 7=12,---,n,

1=0,m

XiEi,O +YiEi,n =0, i=12,--. ,m,

Vhi -+t VR +1 W t3+1 2 V2 + 82
T e— = - i 5 = T .

2 ) = )
Hh tn

Which can also be expressed in matrix form:

where

with

A,

1 -1
1 -1
10 0 -1 0 0 0 o0
\ 00 0 0 1 0 0 -1 )(m+3)x2(m+l)
1 -1
A = ’
1 =1/ a-1)x2(n-1)
Az
Aq =
(&)
2 -1 -2 1
Ag = ’
2 -1 -2 1

mx2(m+1)
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(7)

(8)
(9)

(10)

(11)
(12)

(13)

(14)

(15)
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1 -2 -1 2
1 -2 -1 2
A32= ’
1 -2 -1 2
1 0 0 1 g 0 0 ¢
0 0 0 0 1 0 0 1 (m+4-2) x2(m+1)
1 1
A4"‘ )
1 1/ n=1)x2(n—1)
1 1
A5= ‘.. '._ )
1 1 {(m~1)x2(m-1)
Ag
A= ,
- (&%)
2 -1 -2 1
Ag = ?
2 -1 -2 1 nx2(n+1)
1 -2 -1 2
1 -2 -1 2
Ago = ’
% 1 -2 -1 2
1 0 0 1 0 0 0 O
0 0 0 0 1 0 0 1 (n4+2)x2(n+1)
Wo Zg
A7= ]
Wn-1 Zn—1 nx2n
X b1
AS-— : ]
Xm Yo mx2m

and
F=(F, F, Fs Fy F5 Fg F; Fg)'
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with

Fi=( Ao Ao -+ Amo Aopn Ain -+ Amnm )T,
Fo=( Aoy Aoz -+ Aon-1 Amy Am2 - Ampna )T,
F3=(Boo Bio ‘- Bmo Bon Bin - Bmn )T,
Fs=(Boys Boz - Bom-1 Bmi Bmz -+ Bma-1 ),
Fs=(Coo Cip ** Cmo Con Cin - Cmn )T,
Fe=(Cox Coz *+ Com-1 Cmy Cmz -+ Cmpn- )T,
Fr=(Dio Do -+ Dmo Dig Dazn -+ Dma )’
Fg=( Eop Foy -+ Eom-1 Emo Emi -+ Eman- )T,

By applying elementary row transformations to A, the equation (14) can be transformed

into
BF =0, (16)
where
B = diag (B1, A2, B3, A4, A5, Bg, A7, Ag), (17)
with
1 -1
B, = 1 -1 ’
1 -1
1 -1 (m+2)x2(m+1)
(1 -
1 -1
B3 = .'- ..' ]
1 -1
00 01 0 0 0 -1
\1 0 01 0 O 0 0 (m+2)x2(m+1)

0
1

SO =

0 1 0 0 0
0 1 0 0 ... 0 O

\

It is easy to see that all the row vectors in the coefficient matrix B are linearly independent, so

(n42)x2(n+1)
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the rank of the matrix B is 4m+4n+3. It follows from equation (16) that

( Ai,n‘:Ai,O, i=0a11"',m1
Am,jzAO,jv j=0’1)"'1n—1»
Bi,n.= ,09 i=0,1,.--,m,

Bm,j=_BO,j, j=0,1:"'1n—1’

< Ci,n=""Ci,0a i=0,1,---,m -1,

Cm,j =C0,ja i=0,1,---,n,
Dm,j=_'Z'?'D0,js J=01,---,n-1,
L Ei,n=_Y:'Ei,0, i=1,2,---,m.

For convenience of statement, we denote
~a
Is (z — =4,y ~ Y3, his hit1, 85, tj41)

=ls“(z—x,-,y—y_—,-,h,-,h,-+1,t_,-,t,~+1),ae F,i= 1,---,m—1, ] =1,---,n-—1,

~(112)
Is (x_xiay_yjih‘i7hi+l1tj+l)

_13(1'2)(23—231',3/"!/_1',’16 hi+1ytj+1)7i= 1,.--;m~1, j=0)"':n_17
( ,1)
(x — Ti,y — Y5, hir tjs tj)

l8(2 1)(2._3:":1/ yJ,hutJ:tJ-i-l)?i =1,---,m, J = 1,-.."n,—' 1,

( ,0)
(.’B T Y, ht’ t+111 tl)

= 13(0 0)(17 - T Y, h1 h1+17 1 tl) + 13(0'0)(37 —ZiY — Yn, hiy hi+1;tn7 1)12 = 17 T

(1 0)
(.'E Zi Y, hu hl+19 1 tl)

ls(l 0)(3: - Y, hi, hit1,1 tl) + 13(1’0)(1: —ZTiHY — Yn, hi, hit1,tn, 1)71’ =1,-.

( ' )(x xi!yihtyht+111 tl)

= ls(o 1)(1" -z, ¥, hiy higa, 1 tl) - ls(o’l)(x - T, Y — Yn, hi, h’i+11 tn, 1)17: =1,...

( ,0)
(:E Y- y]al hlitJ’tJ-H)

=15 0)(-'13 ¥y -1, hlat31t1+1) +ls(0'0)(x_xm’y_yj:hma lstj,tj+1)aj =1,

( ,0)
(-’3 Y- ZIJ;]- hl’tJ’tJ-H)

s(l 0)(2: Y=Y 1 hls tJa J+1) - 13(1'0)(3 —Zm,¥Y — Yj, hm: litj,tj"'l))j = 1, te

( 1)
(:c,y y]11 h11t_1at_7+1)

= 150 1)(3) ¥ — ¥ 1, h1,t5,t541) +13(0'1)(-'5 —ZTm,Y "y:ishmslvtivtj+1)’j =1,--

(1 2)
(.’E y- yul hl,t,H-l)

w; .
=15 (z,y — yj,1, b1, tj41) — 7?-13("2’(36 — Zm,¥ — Yjr hems 1, t541),5 =0,
J

~(211)
ls (:E —Zi, Y, hi71’tl)

= l8(2’1)(.’17 — Ty, hi, 1, tl) e %18(2,1)(3 — Y — Yn, hi,tﬂy 1),2 = 1’ v, M
i

0,
%% (2,9,1, 1, 1)

= 1% 0)(:c, y,1,h1,1, 1) + ls(o'o)(x - Ty Yy b, 1,1,8)+

1599 (z,y — yn, 1, A1, tny 1) + 18O (2 = T, ¥ — Yny Bms L, 80y 1),
( ’ )(z,y,l hi,1,t1)
=150z, 4,1, hy,1,81) — Is8O(x — Tra, Y, B, 1,1, 81)+
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(18)
ym—1,
ym—1,
ym—1,

m—1,

yn—1,

n—1,
yn—1,
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158z y — yn, 1, by, 10, 1) — 188 (2 — i, ¥ — Yy Bim, 1, 20, 1),
i )(17 y,1,h1,1,1)
= 15OV (z,y,1,h1,1,t1) + 15OV (2 ~ T, Y, A, 1, 1, 81)—
15O (z,y — yn, 1, b1, t0,1) — 15Oz — T, ¥ — Yn, hmy 1, tn, 1)
Then, by putting (18) into (3), we have

m—1n-1

~(0,0)
.’L' y) Z Z[AP qt$ (:L' Zp,Y — Yq» hp, hp+11 tq, tq+1)+
p=1 g=1

~(1,0)
Bp,qls (:1: Tp,Y = Ygs hps Ppt1, gy tgr1 )+

Gy, ql (x ~ Zp, ¥ ~ Yg, hp, hipt1, Bgs tgaa) |+

m—1n-1

(1,2)
Z Zqu (& — Tp, Y — Yg, hp, hps1, g )+
p=1 q=0
m n—1

( * )
Z ZEP qls (2? Tp, Y — Yqs hpa tqa q+1)+
p=1gq=1
m—1

( b )
> [Apois (@ — Tp, Y, hpy Bpg1, 1, ta)+
p=1

~(110)

BP,Ols (.’17 —Zpy Y, hp1 h'p+1, la t1)+
~(0,1)

CP,Ols (ZE —Zp, Y hpa hp+l: 1, tl)]+

n-—1 ~(0,0)
Z[Aquls , (ziy - yq; 13 hl,tq, tq+1)+

~(1,0)
BO,qls (z,¥ — g, 1, b1, by tgi1)+

0,1)
Cquls (:L' Y — Yo l, hl,tq, tq+1)]+
n—1

~(1,2)
> Dogis 7 (z,y — yg, 1, ha, tgr)+
q=0

= o (2

ZE,ols "Nz~ Tp, Yy hp, 1, 1)+
p=1

AO lS (xayyl hl,l t1)+

BO Ols( ’ )(xayylyhl,latl)"'

Co ols( ’ )(x,y,l,hl,l,tl).

It is not difficult to prove that all the splines in the above expansion are linear independent,
so we have obtained the following

Theorem 1

dimS}(A2)) = 5mn, (19)
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and the set

{fsa(x—xi,y = ¥j hiy higa,tj,ti) s @ €,i=1,2,.sm~1,j=1,2,---n-1}
U{ @ )(-T Tiy Y —~ Yj> hiy iy tjn) s i= 1, ymyj=1,--- ,n—1}
U™ @ -2y ~wphastistin) s i =1, ,m =1, =0,--,n~1}
U{ls (z ~ 23,9, hiy hig1,1,t1) : ¢ €T,i=1,---,m~—1}

UG 2,y — w5, Lkt tyn) : @€Tyj=1,00-,n 1}

U{Es(l'z) (¢, ¥ — ¥, L, h1,tj41): 5=0,---,n—1}

U{ @ )(a: Zi, ¥, hiy 1, 11) 1,.--,m}

UGG @ 9,1, 0,1, tl)}U{ls(l (@91, ke, Lt )N (9,1, b1, 1,0}

forms a local basis of S} (A(z) )-
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