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Abstract: Littlewood-Paley operators, the g-function, the area integral and the function
g5, are considered as operators on weighted Lipschitz spaces. It is proved that the image of
a weighted Lipschitz function under one of these operators is either equal to infinity almost
everywhere or is in weighted Lipschitz spaces.

Key words: Littlewood-Paley operator; weighted Lipschitz spaces; weighted norm inequality.
MSC(2000): 42B25
CLC number: 0174.2

1. Introduction

A nonnegative function w defined on R™ is called a weight if it is locally integrable. We
denote by |E| the Lebesgue measure of E, and w(E) = [, w(z)dz. We use xg for the character-
istic function of E. If @ is a cube in R™, d@ stands for the cube concentric with @ and having
edge length d times as long. Throughout this paper, the letter C will denote a constant which
may change from line to line.

A weight w is said to belong to the Muckenhoutp class A,, 1 < p < oo, if there exists a

constant C such that o1
- -
w(Q) (w H(Q)) <c

Q| (& -
for all cube Q@ C R™. The class A, is defined by replacing the above inequality by
w(Q)

——~ < Cess inf w(x).
Q< ¢os Jeh @)

We shall say that a weight w satisfies a doubling condition if there exists a constant C such that

w(2Q) < Cw(Q)

for all cube Q C R™. Given p > 1, we shall say that w € RH(p), if w satisfies a reverse Holder

condition, that is, "
(i/ ’w1+6d:L') = Sco_l_/ wdz
IRl Jo IRl Jo

for all cube Q C R™. § will be called the reverse Hélder constant.
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In (1], E.Harboure, O.Salinas and B.Viviani introduced the weighted Lipschitz spaces.
Let w be a weight and —1 < 8 < 1/n. We say a locally integrable function f belongs to
L,(0) if there exists a constant C such that

for all cube Q@ C R™, where fg = (1/|Q|) fQ f(z)dz. The smallest constant C satisfying this
inequality will be denoted by | flic.(s)-
We denote by £,,(8) the space of the locally integrable functions f such that the inequality

. 1 /
=5 [ 1f@) —foldz<C
(v @) 79
holds for a fixed constant C and for all cube Q C R™. The smallest constant C will be called

11l £.8)-
Let us observe that for 3 = 0, both of the spaces £,,(8) and L,(8) coincide with one of the

versions of weighted bounded mean oscilation space, introduced by Muckenhoupt and Wheeden
in [2). Moreover, for the case w = 1, the above definitions give the known Lipschitz integral
spaces for 3 in the range 0 < 8 < 1/n, and the Morrey spaces for —1 < 3 < 0.

For £ € R™ and y > 0, the Poisson kernel for the upper half-plane, Ri“, is P(z,y) =
Cny/(y? + |z|?)~("*+1)/2, The Poisson integral of f is w(z,y) = [p. f(2)P(z — z,y)dz.

Given a point € R", define the cone at z by I'(z) = {(z,y) € R}™ : |z~ z| < y}. The
g-function g(f), the Lusin area integral s(f), and the Littlewood-Paley function g} are defined
by

9()(z) = { | ovate, y>|2dy}l’2,
s(f)(z) = {//r(z) yl—"Wu(z, y)|2dzdy}1/2 |

1/2
9(f)(z) = { ]+ —wl))*"y“"IVu(z,y)lzdzdy} ,

and

where Vu(z,y) = (%‘I(I’ /) %(x, ¥), g—;(:c, y))

The boundedness of Littlewood-Paley operators in Lipschitz spaces is already sufficiently
discussed {3,6,4,5). Qiul" have considered the Littlewood-Paley operators on weighted bounded
mean oscilation space.

Let Tf be one of the Littlewood-Paley operators g(f), s(f), g%, for weighted Lipschitz
spaces, then we get the following conclusions.

Theorem 1 Letw € Ay, -1 < 8<1/n, A2 (246)/(1+0)+2/n and f € L,(8), then either
Tf(z) = o a.e., or Tf(z) < oo a.e. and there is a constant C independent of f and x such that

IT(M ey < Cliflicas
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where ¢ is the weight w’s reverse Hélder constant.

Theorem 2 Letw € A;,0<8<1/n, A\ > (2+68)/(1 +8) +2/n and f € L. (B), then either
Tf(z) = o0 a.e., or Tf(z) < oo a.e. and there is a constant C independent of f and x such that

IT(AN 208y < Clfllzoia)s
where § is the weight w’s reverse Holder constant.

2. Some lemmas

The proofs of the theorems are based on the following lemmas.

Lemma 1 Let w € A;, -1 < B8 < 1/n, max{1,1+ 8} <p < o0, f € Ly(B), and Q be a cube
centered at xg, having edge length r. There is a constant C depending on n, 3 so that fory > 0

|-f(‘r)_fQ| n—np/,.n n, w(Q) w( Q)
f Rt <o+ man (SR S e, @

and ford>1

[ I s <oyt ) mae {5 S e @

Proof Arguing as in [8]. Let Qk be the cube concentric with Q and having edge length 2*r,

then we have

w(Qx)|Qx|?

o= ol S ot [ 17(0) = foldo < By py, i,

‘Qk ll Q-1

/ £@)  folde < [ 1£(@) - faulds +1fa. — fallQ]
Qx Qx

< W@ lep + 0l 3 X

Jj=1

k
< Cllfllcaisy Y 2% w(@))|Qs1°

Jj=1

Hence

[ e -tol
e TP + |z — 0[P

=LM sz\Qk l-i(i)—_ic—?,——dm where Qo = @

P+ |z — 20|7P P 4 |z — zo|"P

Sr—np/()lf(:v)—fQIdz+l§(2k“lr)—np/Qk |f(z) — fqld=z

oo k
< Cr P w(@IQP N Fllcum + Cllflcae @)™ 30 257" w(@)iQs1.

k=1 Jj=1
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596 ¥ ¥ B R 5 ¥ ® 25%

Since w € Aj, we have w(Q;) < Cw(Q; \ Qj—1) and w € A, (p— B> 1),

w(zx) n—n(p— ﬁ)w(Q)
/Rn r=B) + |z — zo["®—P) dw<Cr QI
We havel®l
Z(Zkr)_"p E 2" w(Qy)IQs1°
=1 .7"1
<C E Z 2~ (k=) P-1)n(915)~"Poy(Q, \ Qj—1)IQ51°
= k—J
Z )""Pw(Q; \ Qj-1)(2r)™
> w(z)
<
=¢ =1 Jo\@sor TP + |z — 20|
w(z) n-n(p—5) W(Q)
< < —2
<C fR "B ¥z — zol B o = O Q]
Thus

/R MG =fal 4 < @)@l + 00 2Dy 21

n TP + |1 — zo|PP |

< Ornn-f) “;(‘f’ T @3)

To complete the proof of (1), let R be the cube concentric with @ and having edge length y. If
y > r, let k satisfy 2Fr < y < 28+1r, then w(R) < w(2**1Q) < Cw(¥Q). Hence, by (3)
JRCEL I
R

n Y"P + |z — 0|

< [ AR sk ia-fol |

Y"P + |z — zo|"P y"r + |a: zp|nP

—n(p— R _
<Oy P| £l 2L 4y £ — fol

|R|
n—n{p— Q —n;
< Y0P s s+ fn - fol
Arguing as in (3], we have
£~ fal < 06+ 5 oty )
Hence,
|f(z) — fal —np(,nB | B {w(Q) (“Q)}
dz < Cy" "P(y™ + v ) max .
/;Zn Yy + Ix _ zolnp Y (y ) IQI IxQI ”fnCw(ﬂ)
When y < r, by exchanging y and r, we shall get the same estimate as above. Thus, we finish
the proof of (1).

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



44 TAN Chang-mei: Littlewood-Paley operators on weighted Lipschitz spaces 597

Taking p = (n +d)/n in (1), (2) follows. This completes the proof of Lemma 1.

Remark 1 Repeating the argument of the proof of Lemma 1, for f € £,,(8), we can prove

Letwe 4;,0<6<1/n,1/(1+B) <p < oo, f € L,(B) and Q be a cube centered at z,
having edge length r. There is a constant C' depending on n, 3 so that for y > 0

AR OFS R—,

y"P(1+8) 4 |z — x|nP(1+5)

w3 (Q) wﬂww))}”"

< Cyn—np(1+ﬁ)(ynl3 + "nﬁ)”f”Ew(ﬂ) {max ( ol |¥Q|

and for d > 0

|f(z) — fol

4/];“ yn+d + Iz _ zO|n+ddx
T-{I—B' #3 ¥ 1+8

< Cy—d(ynﬂ + Tnﬁ)”fllc-,,,(ﬁ) {max (w lQI(Q)’ w |M(Q,IQ)) } .

Lemma 2 Let w € A;, f € £,4(B8) and Q be a cube. There are constants Cy and C, such that
fort >0

w({z € Q: 1f(z) - follQIPw(x)™" > t}) < Crexp(-Cat)w(Q).

Proof The proof of Lemma 2 is based on the method of John and Nirenbergl?. We omit the
details.

Lemma 3 Suppose that w € A;, -1 < S < 1/n and f € L,(5). Let Q be a cube centered at
with edge length r, and h(z) = (f(z)— fo)xq-(z)- If there is an ' € dQ such that s(h)(z') < oo,
where d = (84/n)™1, then there is a constant C so that for every z € dQ s(h)(z) < oo and

(@) - s(B&)] < O QP Sl
Proof Arguing as in [4], with minor changes in the proof one can obtain the present lemma.

we omit the proof for brevity.
Remark 2 For g-function g(f), we also have the similar results as Lemma 3.

Lemma 4 Under the hypothesis of Lemma 3, if there is an ' € dQ such that g}(h)(z’) < oo,
where A > (24 8)/(1 + 8) + 2/n (8 is w’s reverse Holder constant), there exists a constant C,
such that for all z € dQ g3 (k)(z) < oo and

103 (R)(=) — g3 (W)= < c%wﬁufucm-
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Proof Let Ji = {(2,y) € RT': |2| <2F2r, 0 <y < 2¥"%r}, k > 0. For z € dQ, we have

v An 1/2
(h)(z) < // ( > =1 Th(z + 2,y)|*dzd +
gx(h)(z) { T+ y " VA( y)|"dzdy
y An 1/2
1-7|Vh(z + z,y)|2dzd
{ /] . (;25) v 19+ mpPasay

=G~ 4+ G*.

Arguing as in [4] we have

n 1/2
G- SC{ / /, 0 (ﬁm)A y' " ( /Q .G ff?_;ofgiﬂ dt)2dzdy}
sc{/’/.,,<, () "o (e ) )

";gf’ QP ey

And as for G*, we have

G* < gy (W) +,

where
An 1/2
= 1-n 2
{//R"“\Jo y+ Izl) [Vh(z + 2,y) = Vh(z' + z,y)| dzdy}
{Zwkr)-*" [[ o g
k= Je\Jk-1
2 1/2
( o IVe(z + 2 —t,y) — Vp(z' + z - t,y)||£(2) - fQ|dt) dzdy}
00 1/2
<C {Z(gkr)—xn(Ak + Bk)} , (6)
k=1
where

Ak ____// yAn+l—n
Jr\Ji-1
(s

2
IVp(z + 2 - t,y) — Vp(z' + 2 — t,y)l|f(t) - foldt) dzdy,
k41

Bk =// yAn+l—n
Te\Jr -1

2
( /Q @ |Vo(z + 2 - t,y) — Vp(' +z—t,9)I|f(t) - foldt) dzdy.
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By the same reason as in [4], we have

arsort [ e (b 4 o tE) )Hfllz:w(ﬂ)) dzdy

Ql
2
<cr@n s (Sl ) ™
As for Bx we have
2/8
By < Cr? (/ [f(z) - fQI’dZ) ) ®)
Qr+1

where 1/s =A/2—-1/n, (2+8)/(1+8) +2/n <A <14+ (2+8)/(1+8)+2/n. We will prove
that there is a constant C such that

2/s
( /Q lf(z)—le’dZ) < O(ab+ipyntins=2 (nfnmm ,gQ,)) ©)

Note
2/s

2/s
( /Q £ (=) —fQI’dZ) <C ( /Q 1£(2) —fq,,“l’dZ) +C1fQuss — fal*@k1[*2. (10)

For the first term in the above inequality, by Holder inequality, we have

2/8
(/ lf(z) - ka+1'sdz)
Qe+
2/s
(L (If - ka+1 |w—1)6 w,_lwdz)

(2—2)/2
< ( /Q (If - fqmlw“)zwdz) ( /Q w’f—*dz) (s <2). (11)

For the first integral in the above inequality, we have
_In2
/ ('f—ka-i-l'w 1) wdz
Qi+
B _1\2

=le+1|25/ (If = foun l|Qerr|Pw™t) wdz

Qi+1

o0

= |Qk+1|26/ tw({z € Qes1 : If = fQuallQria| P > ¢})dt

0

< Clunl® | ™ texp(=t/1flcoqe)d w(Qus1) (by Lemma 2)
< ClQe+1PPIfIZ, (5yw(@rir)- (12)

For the second integral in (11), since 1/s = A/2 ~1/n, and (2+8)/(1+8) +2/n < A, it follows

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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that s/(2 — s) < 1+ 4. By Holder inequality, we have

(2-8)/s 1 1/1+8
/ wﬁsz < = w1+6dz le_Hl(Z—s)/s
Qii1 IQ’H—II Qi1

1 -
S5 wdz| Qg1 /!
‘Qk‘HI Qr+1
w -
<C IéQk.Tz) |Q IA 2/n_ (13)

Therefore, by (11), (12), and (13), we obtain

2/s ]
(/o = fa 'adz) < CQunal " (Iflewtr T

< C(2k+lr)z\n+2nﬂ—-2 ("f“ﬁw(ﬂ)'u%%l) .

As for the second term on the right in (10), by (4), we have

2
Qs — FolP1Qesr ¥ < C ((2¥H9)™ +17F)? (”f”ﬁ..,(ﬂ)y)%) (o] it (15)

Thus, by (15), (14), and (10), it follows that

2/s 9
( ]Q - fql"dz) < CO(2HHp)intans—2 (llfllcw(ﬁ)%%)) ,

0 (9) holds.
Thus, by (9) and (8) we have

2
Bi < Cr2(2k’l')'\"+2nﬂ—2 ("f"l:w(ﬂ)’i}l'(an—)> R (16)

Thus, by (6), (7) and (16), we get

1/2
r < Crlleun 2 {Z(zkr)-*"(zkr)*”“"ﬂ—?}

k=1
c¥@Q)
IQ |

which completes the proof of Lemma 4.

o0 QP cuis)s
Remark 3 For f € £,(8), we also have the similar results as lemma 3 and Lemma 4.

3.The proofs of the theorems

‘We only prove Theorem 1. Theorem 2 can be dealt with quite similarly.
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Let T'f be one of the Littlewood-Paley operators. |E| = |[{z € R" : T f(z) < co}| > 0. Let
Zo be a density point of E, and Q' be a cube with center zo. Set Q = (1/d)Q’(then Q' = dQ).
We write f as

f(z) = fo +[f(2) - folxo(®) + [f(z) - folxq- (<)

= fq +9(z) + h(=z).
Since T fg = 0, we have
Tf(z) < Tyg(z) + Th(z) (17)
and
Th(z) < Tf(z) + Tg(=). (18)

For w € 4;, we have w € A; and also w™?! € A,. It follows that
1T (O)NF s (u-2az) < CllglEacw-1a2) = C/; If = fol*w™'dz
=ciar [ (if - fellaIu™) uie)is
= cloP [ iz e @: If - fallQlu™ > e

<cioP [ ” texp(=ct/|| fllcup))w(Q)dt (By Lemma 2)
< ClQPAIF12. 5y w(@)- (19)

Thus 7(g)(z) < oo a.e. on R™. Taking 2’ € Q'NE C dQ such that T(f)(z) < oo and T(g)(z') <
o0o. By (18), we have T'(k)(z’) < co. Using lemmas 3 and 4, it follows that T'(h)(x) < oo for all
z€ed@ =Q".

By (17), T(f)(z) is finite for almost every z € Q’, and, consequently, for almost every
z € R™.

Let Q' be any cube and Q = (1/d)Q’. By (19), we have

[ T@@iis < Co@) T @ i) < CIRF I lzuia@)
Choose an z’ € dQ such that T'(h)(2’) < 0o. Then, it follows from Lemmas 3 and 4 that

[ e -1 < [ r@@las+ [ reE - 103
Q Q Q
< Clflew)QPw(Q) < Clifllc.(s)Q 1 (@)

This completes the proof of the Theorem 1.

Remark 4 For Marcinkiewicz integral u(f)!, we also have the similar results as Theorems 1

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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and 2.
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HO0# Lipschitz 58] _ER#Y Littlewood-Paley B-¥

BEH
(RTIEBEROER, BIK k)| d02168)

HE: AR T ML Lipschitz Z5[8] LAY Littlewood-Paley HF. , iEBH T —~HI4X Lipschitz
B ¥IE Littlewood-Paley HT FHIREE L LS T TLIHFRE DR — I Lipschitz K.

X@i7): Littlewood-Paley HF; M4 Lipschitz Z[); MAURARER.
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