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Abstract: In this paper we enumerate the rooted dual loopless nonseparable near-triangular
maps on the sphere and the projective plane with the valency of root-face and the number
of inner faces as parameters. Explicit expressions of enumerating functions are derived for
such maps on the sphere and the projective plane. A parametric expression of the generating
function is obtained for the rooted 2-connected triangular maps on the projective plane, from
which asymptotics evaluations are derived.
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1. Introduction

A (rooted) near-triangular map on a surface is a (rooted) map on the surface such that each
face except possibly the root face has the valency three. A (rooted) triangular map is a (rooted)
near-tiangular map with root face valency also being three. A map M is called separable if its
edge set can be partitioned into two disjoint non-null submaps S and T so that there is just one
vertex incident with both S and T'. The vertex is said to be a separable vertex of M. A rooted
nonseparable near-triangular map is a rooted map without any separable vertex. A map is dual
loopless if its dual map is loopless. A circuit C on a surface Y is called essential if > —C has
no connected region homeomorphic to a disc, otherwise it is planar.

Gaol has studied the rooted loopless near-triangular maps on the sphere and the projective
plane with the valency of root-face and the number of vertices. In this paper we study the rooted
dual loopless nonseparable near-triangular maps on the sphere and the projective plane with the
valency of root-face and the number of inner faces as parameters.

Let S and M be respectively the set of all rooted dual loopless nonseparable near-triangular
maps on the sphere and the projective plane. Their enumerating functions are, respectively,

fly)= > amMyn®D; F(z,y)= > gmMyn?),
Mes MeM
where m(M) and n(M) be respectively the valency of root-face of M and the number of inner

faces of M.
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Given two maps M, and M, with roots r, = r(M,) and r, = r(M3), respectively, we define
M = M; © M; to be the map obtained by identifying the vertex V(,q4)r, and the vertex V;,, the
root-edge of M is the same as those of M;, but the root-face of M is the composition of f,.(M;)
and f.(M2) , where f.(M;) is the root-face of M;(i = 1,2). Further, for two sets of maps M,
and Mo, the set of maps M; QO Mz = {M; © M; |M; € M;,i = 1,2} Terms not mentioned here
can be found in[5].

For any map M, let e.(M) be the root-edge of M. Let M — e,.(M) stand for the resultant
maps of deleting e, (M) from M.

2. Maps on the sphere
The set S is divided into four parts as
S§ =81+ 81+ 811 + S, 1
where Sy consists of only the triangle;

Sir={M|M € §,M —e.(M) € 8};
Siir ={M|M € S, M — e.(M) ESOS};
Siv={M|MeSM¢S,M ¢S ,M¢&Sur}.

Let f; (¢ = I,11,111,1V) be the enumerating function of S;, and f;(i = 2,3,---) be the
coefficient of z* in f. Then

f1=2%; fu=zWf-22f); fur=z""yf% fiv =2zyf. 0]

Applying (1) and (2), we obtain
Theorem 1 The enumerating function f = f(x,y) satisfies the following functional equation:
2+ @2y +y - ) f +3'y - 2%yf2 =0, )

where f2 is the coefficient of x? in f.
By means of equation (3), we can get the discriminant:

o(z,y) = 2z%y +y — z)* - 427 (2® - f).

If z is considered as a power series 7 of y such that z = 7 is a double root of §(z,y). Then
we may find the following two equation:

06(z,y
d(z, y)|3=n =0; %Iag" = 0. (4)
Applying (4), we have
2 1—-4 2
y=n(-2P) f,=TE4T)

(1 — 2,’2)2 ‘ (5)
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Applying (5) and Lagrangian inversion, we have

Theorem 2 The enumerating function f, = fa(y) has the following explicit expression:

=27 x (B0,
faly) = ,.22:1 nl2(n + 1))!”2 :

3. Maps on the projective plane
The set M is divided into three parts as
M =M+ M+ My, (6)
where

M;={M|M e M,M - e.(M) € M};
Mpypy={M|MeS,M—-e(M)e MOS, or M—e(M) €S0 M};
Muyr={MM e M,\M ¢ M, M & M;1}.

Let F; (¢ = I,II,I1I) be the enumerating function of M;, and Fi(i = 2,3,---) be the
coefficient of z* in F.

For any map M' in M/, the non-root side of e.(M') must border a triangle. After removing
e-(M'), the triangle is connected to the root face. We can reverse this process by taking a rooted
dual loopless nonseparable near-triangulation M and introducing a new root-edge runing to the
vertex Vipag)2- (Terms not mentioned here can be found in[5]) from the root-vertex V; two edges
backs. If Vipag)2r = Vi, a loop will be introduced. Letting L, be the set of those M with
V(paﬁ)a,- = V,, then

Fr= :z:"ly(F - Lp). )

Lemma 1 L, = 2°F; + L, where L = f*+ f — z%f, — Sa=t' _ 53,

Proof For any map M in M with V(,np)3, = V4, if the valency of root-face of M is not two,
make a cut along a simple closed curve that lies in the root face of M except where it cuts
through V.. Let V' be the vertex split from V., then the cut destroy a crosscap, the resulting
map lies on the sphere. One may easily check that the process is reversible, except that an edge
connecting V, and V’ would become a loop. Since the resulting map may be separable, we have

Ly=2*F+ fA+f~2*fo— f7,

where fg is the enumerating function of 7, and J corresponds to the maps with some edges
joining V, and V'.

Now we analyze J. Let e; be the leftmost edge joining V; and V'. Cutting along e;, and
spliting e, into two edges, we get two separate pieces. The left pice is a triangular map with
no edges other than e; joining V, and V’. The right piece is a general rooted dual loopless
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nonseparable near-triangular map. Let A be the generating function for maps like the left piece.

Then Af
fa= -t z%y. (8)
It is easy to see
fa=yfs; fa=ADfa+2. (9)
Applying (8) and (9), we have
e(fa—y*)f | 3 T
fr=2220 0 |
7 yf2
It is easy to see
Frr =2z yfF. (10)

An edge is called a double edge if the same face appears on both sides of it. For any map M
in M, the valency of inner face of M is three, and M is dual loopless nonseparable. Theorefore,
M — e,(M) has at most two double edges. We can divided My into four parts as

Mirr = Ml + Mi + M3+ Mip,
where

M ={M|M € Mi11,M — e,(M) has a double edge and the double
edge is not on essential };
M3, ={M|M € My, M — e.(M) has a double edge and the double
edge is on essential circuit};
M3 ={M|M € Mi11,M ~ e.(M) has two double edge and the two
double edges are on essential circuit};
M ={M|M € Mj1r, M — e.(M) has two double edges and the one double edge
is on essential circuit and another double edge is not on essential 01rcu1t}
Let F};;(i =1,2,3,4) be the enumerating function of M¥ ;. It is easy to see ’
CA
F}i; = 2zyF. (1D
For any map M in M2, if M — e.(M) is nonseparable, then wfe delete the double edge
of M — e;(M). The resulting map is a dual loopless near-triangulations on the sphere. Notice

that M — e.(M) may be separable, and M — e,(M) add a new edge as the root-edge of new map
being loopless, we have

FIII—xzz ()]k 2271y + 227 y f] - 2zy f. - (12)
k>1

Similarly, we have

=2y Z[ - (13)

k>1 IERERE MR ALY L
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FIII =2z y}:[x 8( (14)

k>1
Applying (6)-(14), we have
Theorem 3 The enumerating function F = F(z,y) satisfies the following functional equation

(zfz — f)(2xy + 2zy f + 323y)
1- rf:v + f

F=x'9F -x*F, — L)+ 2z \yfF + 2zyF + —2zyf. (15)

Rewriting (15), we have

z(zfz — f)(2zy + 2zyf + 323y)
l—zf:+f

Let A(x,y) = 22%y +y — « + 2yf, then A(z,y)? = é(z,y).

Therefore, we have

(22%y +y -z +2yf)F = 2%yFp + yL — + 22%yf. (16)

A(n,y) =20y +y —n+2yf(n,y) =0, (17)
Ar(2,Y)|z=n = 41y — 1 + 2y fo(2, Y)lz=n, (18)
2(Az(z, y)|z=n)2 = 022(%, Y)|e=n = 2(1 — 2772)(1 - 6712)- (19)

Let Y = 3%, t=1n?% then Y = t(1 — 2¢)2.
Applying (17)~(19), we have

2t2
f=1= Ax(z,y)l _,3 = —V(1—2t)(1 - 61), (20)
—/(1—2¢)(1 —6¢) +1—4t1—2t)
T ) = 21
fe@)l_ s (21)
Applying (5), (16), (20), (21) and Lemma 1, we have
—/( 1—2t (1 - 6t) +1—4t 2% —t
B= 2t(1 —2t) T (22)

Lemma 2 Let t = t(Y) be the solution to Y = t(1 — 2t)? with ¢(0) = 0. Then t(Y) is analytic

at 0, and has a unique singularity at ¥ = Z. Moreover,

1- 6t~ 7(1 - ——Y)‘.

Proof From Y = t(1 — 2t)?, it is evident that ¢(Y’) is an algebraic function whose singularities
are branch points. Let G(Y,t) = t(1—2t)2 —Y. Since G¢(Y,t) = (1 — 2¢)(1 - 6t) and G¢(0,0) = 1,
by the Implicit Function Theorem there exists a unique ¢(Y") which is analytic at 0 and satisfies
¢(0) = 0. To find the branch points, solve G¢(Y,t) = 0 and G(Y,t) = 0, we obtain (Y,t) = (0, 1)
and (2, 3). Since £(0) =0, (0, 1) is on the wrong Riemann sheet and so Z is the only singularity
of (Y). As in the proof of Theorem 5 of [1], we have

1 —2Gy (%, §)¥ — &) 1 27 .1
t- Lz =1 1=y,
6 \/ Gu(%,3) 3\/5( 2 )
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Theorem 4 The number of 2n face, rooted 2-connected triangular maps on the projective plane

is asymptotic to

3t ot e
e
Proof From (22) and Darboux’s Theorem (see [1, Theorem 4]), we have
3v6

Using Lemma 2 and the fact that 1 -6t =0at Y = 527, we get
Py~ —3(1- %ZY)%.

It is easy to see, Fy = yF3 By Darboux’s Theorem, we obtain
3%
D
Let v and ¢ be respectively the number of vertices and faces of rooted 2-connected triangular
maps on the projective plane. By Euler formula, we obtain

p=2v-1)

Gaol!l has obtained the number of n vertex, rooted 2-connected triangular maps on the
projective plane is asymptotic to

27
Fa(@)lyan-1 = Fa@)lyan = Fa(Y)ly» = ~5—pyn~ H(F)™

3%
—)

Applying y? = ¢(1 — 2¢)2, (22) and Lagrangian inversion, we obtain

RIC

Theorem 5 The enumerating function Fy = Fy(y) has the following explicit expression
Fy =An,t'+Bn +Cn,i+Dn+En+Fn,i,

where

3nH1-1 x 27%(4n + 2i))(2n)!(2n — 2i)!
An,i == - - A y2n;
,‘22:1 ng_;_o nil(2n + £)}(4n)l((n — i)1)?

2n+1(3n )
Bn = z ( ) y2n;

n(2n)in!

Co = E gnti—t 2"2"‘(4n +2i +2)!(2n + 1)!(2n — 26 4 2)! n,
i = nil(2n + i + 1)i(dn + 2)((n + 1 — §)1)2 y

n>1n41>i20

n 1 n~—2 —M
Dn - _ E 2 (3n +2). 2n; En - Z 2 (3n 2)- 2n.

y ¥
=i n(n +1)!1(2n + 1)! =i n!(2n — 1)!

22n=3—i(n _ )(2n+1— 1)
Fn,i—_-"“z E ( )( ) 2n

A — 1) y
n>1 n—1>i>0 nil(2n — 1)!
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