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Abstract: In this paper, we first introduce the concept of the inclusive regular separation
in L-fuzzy topological spaces. Then we compare the inclusive regular separation with pointed
regular separation and regular separation, and discuss the implicative and non-implicative
relations among the above three separations. Finally, we illustrate that the inclusive regular
separation is harmonic with the inclusive normal separation and inclusive completely regular
separation.
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1. Basic concepts

Throughout this paper, L denotes a completely distributive complete lattice which has an
order-reversing involution “/”; a smallest element 0 and a largest element 1 (0 # 1). An L-
fuzzy topological space (briefly, L-fts) is a pair (LX, 6) where LX is the family consisting of all
mappings (i.e., L-fuzzy sets/!}) from the nonempty crisp set X into L, and § is a subfamily of LX
closed under the operations of finite intersections and arbitrary unions(?. The elements in § are
called open sets and the elements in §’ = {B’ | B € §} are called closed sets. If L = [0, 1], then
L-fts (L%, §), L-fuzzy set, L-fuzzy point are briefly called fts (X, §), F set, F point, respectively.
An element a of L is said to be V-irreducible (or a molecule?]) if a < bV ¢ implies that a < b
or a < ¢, whereb, c € L. The set consisting of all nonzero V-irreducible elements of L will be
denoted by M(L), and the set consisting of all nonzero V-irreducible elements of LX will be
denoted by M*(LX), i.e., M*(LX) = {z) :z € X, A € M(L)}. A~, A°, and A" will denote the
closure, the interior and the pseudo-complement of A € LX, respectively. The family consisting
of all remote neighborhoods!¥ of z will be denoted by n(z). Let n~ () be the family n(z)Né .
The top and bottom elements in LX are denoted by 1x and Ox, respectively. An L-fts (L%, §)
is said to be fully stratified, if [r] € & for all r € L, where [r] € LX satisfying [r](z) = r for all
zeX.

For other undefined notions and symbols in this paper, we refer to [3, 4, 5].
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Definition 1.1[4% Let R be the real line, L be a fuzzy lattice, and 3 be theset {A\: R — L | A
is an order-reversing mapping and A(t) = 1 fort < 0,A\(t) =0 fort >1}.V A€} and
VteR, Mt+)=V{Ms)|s>t}, Mt=)=A{\(s)|s<t}. Forany A\, p€),, we define an
order on Y by A < p iff A(t—) < p(t—), A(t+) < u(t+) fort € R, and an equivalence relation
onY by A ~ p iff A(t+) = p(t+), At-) =p(t-)fort e R Let X =% /~.V teR, L,

re: X — L defined by V = = [\ € X, L([A])) = (A(t-)), re([A]) = A(t+), then L= {l; |t € R}
and R = {r, | t € R} are two L-fuzzy topologies on LX. Let ¢ be the L-fuzzy topology on Lx
generated by L{JR as a subbase. Then we call (LX, ) the L-fuzzy unit interval, and denote it
by I(L).

Lemma 1.2 Lets, t€ Rands<t, thenr, <} <7, <!}, andl, <7} <l <}, especially,
<,

Lemma 1.3¥] Let A be a nonempty subset of R, then (i) lsupa = sup{ls | t € A} if A has an
upper bound; (ii) Tinf 4 = sup{r; | t € A} if A has a lower bound.

Definition 1.4 A mapping F : LX — LY is said to be an L-valued Zadeh function induced
by a crisp mapping f : X — Y if F(A)(y) = V{A(z) | f(z) = y)} for every A € LX and every
y € Y. For the sake of convenience, we denote the L-valued Zadeh function F by f. It can be
easily checked that f~}(B) =V{A€ LX | f(A)< B} =Bof forall Be LY.

Definition 1.5(%71 Let (LX, &) and (L¥,n) be two L-fts. An L-valued Zadeh function f :
(LX, 8) — (LY, n) is said to be continuous if f~1(B) € & for every B € 1.

Definition 1.6("8 Let {(L*¢, 6;)}:er be a family of L-fts indexed by a set T, X = [],cr X,
and § be an L-fuzzy topology on X generated by the subbase {P; '(A¢) | A: € &, t € T},
where P, : LX — LXt, called projection, is the L-valued Zadeh function induced by usual
projection P, : X — X(t € T). Then the L-fts (LX, §) is called the product space of the family
{(L*¢, 8¢)}eer of L-fts, and (L*X¢, 8;) are called factor spaces of (LX, ). It is clearly that the
set B= {MesPr (A) | S€2T), VteS, A €8,} is a base of 5, where 2T) = {SCc T |Sisa
finite subset of T'}.

Definition 1.7 Let {X;}ier be a family of nonempty sets, T # §, X = Iher Xe, z =
{zt}ter € X and s € T. Suppose that X, = {y € X |Vt € T, y, = z, ift # s}, and (LX, &)
be the product space of the family {(LX*, &)}ser of L-fts, then the subspace (L%, § | X,) of
(LX, &) is called the L-fuzzy plane which pass through the point x and parallel the factor space
(LXe, &,). It was proved in [6] that if for s € T, (LX*, &,) be fully stratified, then the L-fuzzy
plane (LX+, §| X,) is homeomorphic to the factor space (LX+, §,).

Definition 1.8 Let (LX, 6) be an L-fis. IfV x5 € LX, z is a closed set of (LX, §), then
(LX, 6) is called STy space. Where  is defined by Vy € X, za(y) = 0 for y # z, and
za(z) = A
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Definition 1.9 Let (LX, ) be an L-fts. YU € 6, 3V = {Vi}ier C 6 such that U =
VierV; = VierV;™, then (LX, &) is called an inclusive regular space. An inclusive regular space
with STy separation is called T3 space.

Theorem 1.10 Let (LX, §) be an L-fts. Then (L%, §) is an inclusive regular space if and
only if V B € §', 3 {F;}ier C ¢ such that

B = Aer Fi = Nt FY.

The next theorem can be used to simplify the verifications of the inclusive regularity. It’s
proof is omitted.

Theorem 1.11 Let (LY, &) be an L-fts, and 3 a base of . IfV U € §, 3 {Vi}ier C & such
that U = Vie1V; = VierVi™, then (LY, §) is an inclusive regular space.

Example 1.12 L-fuzzy unit interval is an inclusive regular space. Actually, let I(L) = (L%, ¢)
be the L-fuzzy unit interval. By Definition 1.1 we know that the set

B=A{ry, Aco-Are, ANlgy Ao Nl | e, € R(E <), 1y, € L(F <m)}
be a base of ¢. Let a = max{ty,---, tn}, b=min{s;,- -, sp}, by Lemma 1.2,
Tegg Ao ATy, Algg Ao AN, =7Tg Al

This means that
B={raAly|Ta €R, ly € L}.

For rq Alp € B, we first show that 74 A ly = V{rate Alp—. | € > 0}. In fact, by Lemma 1.3
we know that r4 = V{re+e | € > 0} and lp = V{lp—4 | § > 0}. Then it follows from the completely
distributive law that re Aly = V{rat+eAls—s | € > 0, 8§ > 0} > V{roqeAlp—. | € > 0}. On the other
hand, take rqqe Aly—g, and let u = min{e, 6}. Then by Lemma 1.2, rope Alp—5 < Tatp Alo—p.
Hence rq Aly = V{rg4e Alo-c | € > 0}.

Now we prove that V& > 0, (rg4+eAlp—c)~ < roAly. Infact, by Lemma 1.2, ot <1, < 7,
and lp_. < 1'3_5 < lp. Thus,

Tate Alb—e Sl ATh_ STa Al
By the fact that I, . and r;_, are closed sets, we see that

(Tate Ao—e)” Sl e AT STa Ay,
which means that

7o Alp= V{rare Alb—c | € > 0} = V{(To4e Alb—e)™ | € > 0}

This indicates that I{L) is an inclusive regular space.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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If L =[0, 1], we have

Theorem 1.13 Let (Y, ) be a fts, then (Y, §) is an inclusive regular space if and only if
VU €6 andV F point yy, if A\ <U(y), then thereisaV € d such thaty, <V <V~ <U.

Proof Suppose that (Y, §) is an inclusive regular space, U € § and 0 < A < U(y). Take
{Vi}ier C 8 such that U = Vier Vi = VierV;. By A < U(y) = VierVi(y) we know that there
isat, €T such that A < V;,(y). Let V=1V, theny, <V V- <U.

On the other hand, for any F point y,, if A < U(y), then there is a V € § such that
yr <V <V~ < U. We denote the V by V, ), then U =V{yx |0 <A <U(y), y € Y} and for
yx satisfying 0 < A < U(y), yn < Vi, 2 < Viy, »y < U. This implies that

U=V{Vy, » |y €Y, 0<A<U)} =V{V, 5 |y€Y, 0<A<U(y)}
Hence (Y, §) is an inclusive regular space.

2. Comparison among three regularities

Definition 2.14 Let (LX, 8) be an L-fts. IfVU € § and V L-fuzzy point ) satisfying
zy < U, 3V € suchthat zx <V <V~ < U, then (L%, §) is called the pointed regular space.

Theorem 2.2 A pointed regular space is an inclusive regular space.

Proof Suppose that (L, §) is a pointed regular space, then V U € 4, and V yy € M*(LX)
satisfying yx < U, 3V € J such that y» <V < V™ < U. Denote the V' by V,, ), then

YA S Vi, < V(; 2 < U. Hence

U=V{y [yr € ML), yr SU} =V{Vy, ) | va € M*(LX), y < U}
=V{Vj, 5 |9 € M* (LX), y <U}.

This shows that (L, §) is an inclusive regular space.

Example 2.3 Inclusive regular separation does not imply pointed regular separation. Take
X={z,y}and L=[0, 1. Let § = {A € [0, 1]X | A(z) = 0 = A(y) = 0}. It is easy to check
that ¢ is a fuzzy topology on X, and 8’ = {B € [0, 1]X | B(z) = 1 = B(y) = 1}. Then we can
verify that:

(1) (X, &) is an inclusive regular space.

In fact, VU € 6, we have

(i) Ul)#1, Uly)=1 (i) Ulx)#1, Uly) #1;

(ili) Ulx)=1, Uy) =1; (iv) U(z) =1,U(y) # 1.

If U belongs to (i), (ii), (iii), then U € &', which means that U = VU = VU~. If U belongs
to (iv), we define V = {V; | ¢ € (0, 1)} satisfying

Vie (0, 1), m(z)={ D) ey

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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then V; € 6 and V; € §'. Hence U = Vig01)V; = Vig(o,1)V; - This shows that (X, §) is an
inclusive regular space.

(2) (X, &) is not a pointed regular space.

In fact, take U € 4 by the following condition:

1, z=2
U(Z)={ O, 2=y !

then z; < U. If A is a closed set and z; < A4, then A(y) =1 by A(z) =1, i.e, A=1x. Thus

A LU, ie., thereisnot aV €4 such that z; <V <V~ < U. Hence (X, §) is not a pointed
regular space.

Definition 2.4 Let A be an L-fuzzy set on X. If3a € L, a # 0 such that A(z) > 0 < A(z) > a
for x € X. Then A is called a pseudo crisp set.

Definition 2.5 Let (LX, §) bean L-ftsy, A€ LX and P §'. IfVz € X, A(z) > 0 =
A(z) £ P(z), then P is called a closed remote neighborhood of A. If @ € L¥and Q < P, then
Q is called a remote neighborhood of A. Denote n(A) = {Q € LX | Q is a remote neighborhood
of A}, and = (A) = {P € LX | P is a closed remote neighborhood of A}.

Definition 2.6¥1 Let (LX, &) be an L-fts. If for any nonzero pseudo crisp closed set A and
T\ € M*(LX) satisfying = ¢ supp A, there exist P € n(z) and Q € n(A) such that PVQ = 1x,
then (LX, §) is called a regular space, where suppA = {y € X | A(y) > 0}.

Example 2.7 Inclusive regular separation does not imply regular separation. Take X =
{z, y}, L=10, 1]. Let § = {Ox, 1x, A1, A2}, where

Al(z)={ %: =z Ag(Z):{

bt L3N0

, 2=z
z2=y , 2=y
It is easy to check that ¢ is a fuzzy topology on X, and &' = {0x, 1x, Az, A1, }, i.e., the elements
of 6 is open and closed set. Hence (X, §) is an inclusive regular space. But (X, ) is not a
regular space. In fact, take 4; € §’ and (78 then A; is a pseudo crisp closed set and y ¢suppA;.
For any closed remote neighborhood P of Y1, and V Q € 7 (4,), then @ = 0x, which means

that PV @Q # 1x. Hence (X, 4) is not a regular space.

Example 2.8 Regular separation does not imply inclusive regular separation. Take X =
{z, y}, L =10, 1]. Let § = {0x, 1x, A}, where

1 -
A =13 %=7
@-{ 415
then 4 is a fuzzy topology on X, and &' = {0, 1, B}, where
L z2=2
B(z) = ’ .
@-{1 12

For any nonzero closed set C € &', suppC = X, ie., there is not fuzzy point z, such that
z ¢ X. Hence (X, ) is a regular space. But (X, J) is not an inclusive regular space. In fact,
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take A € 5, then A ¢ §'. f V € §,and V < A, then V = 0x or V = A. This implies that
V~ =0x or V™ = 1x, which shows that there are not open set family {V; | ¢ € I} such that
A = Vie1V; = VierV;”. Hence (X, ) is not an inclusive regular space.

Remark 2.9 (i) There are examples/¥l to illustrate that pointed regular separation does not
imply regular separation, and regular separation does not imply pointed regular separation.

(ii) The relations among the above three separations can be summarized by the following
graph:

pointed regular separation inclusive regular separation

-~

S

regular separation

3. Properties of inclusive regular separation

Definition 3.1/l Let (LX, §) be an L-fts. If for every U € & there is a family of L—fuzzy sets
{W:i}ier such that U = VierWy, andVt € T, there exists a continuous L-valued Zadeh function
fe: (LX, 8) — I(L) satisfying W, < f;1(14) < fi (o) < U, then we call (L%, &) an inclusive
completely regular space. An inclusive completely regular space with ST\ separation is called
th% space.

Theorem 3.2 An inclusive completely regular space is an inclusive regular space.

Proof Let (L%, §) be an inclusive completely regular space, thenV U € §, 3 {W;}ser C L¥such
that U = Ve W;, and Vi € I, there exists a continuous L-valued Zadeh function f; : (L%, §) —
I(L) such that
Wi < f7H 1) S £ (ro) < U
By Lemma 1.2 and the inequality 0 < 3 < 1 < 1, we know that I} < ry < Il < ro. Let
3

Vi=f'(ry), then V; € 6 and V;~ < £7'(l}) < £ (r0) < U. Thus
2 3

U= VietW; < Vier f7H(1) < Vieszl(r%) = VierVi S VitV < Vielfi_l(l%)
< Vierfi Hro) S UL
This shows that U = Vg1V = VierV,”. Hence (LX, d) is an inclusive regular space.

Definition 3.346! Let (LX, 6) be an L-fts. If for any open set U and closed set K such that
K < U, there exists an open set V such that K <V < V= < U, then we call (L%, §) an
inclusive normal space. An inclusive normal space with ST\ separation is called T space.

Lemma 3.448 Let (L%, §) be an L-fts.Then (LX, §) is an inclusive normal space if and only

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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if for any closed set K and open set U such that K < U, there exists a continuous L-valued
Zadeh function f : (LX, §) — I(L) such that K < f~1(I) < f~Y(ro) < U.

Corollary 3.5 Ty =Ty = T3.
2

Theorem 3.6 An inclusive regular space with inclusive normal separation is an inclusive com-
pletely regular space.

Proof Let (L*, §) be an inclusive regular space, and an inclusive normal space. V U € §, by
inclusive regular separation we know that 3 {Vi}ic; C 8 such that U = Vi1V = Vier V™. For
eachi € I, V;” < U, by inclusive normal separation and Lemma 3.4 we see that there exists a
continuous L-valued Zadeh function f; : (L%, §) — I(L) such that

Vi £ S £ o) S UL
By Definition 3.1, (L%, ) is an inclusive completely regular space.

Definition 3.7 Let (LX, 6) be an L-fts. If for any closed set A and open cover U of 4, i.e.,
A< VU andU C 6, there exists a finite subcover ¥ of A, i.e., V C U, V has finite members and
A< VYV, then (LX, &) is called having strong finite-cover property.

Theorem 3.8 An inclusive regular space having strong finite-cover property is an inclusive

normal space.

Proof Let (L%, §) be an inclusive regular space and have the strong finite-cover property.
VKed§, and VU €4, if K < U, then there exists V = {V;}ics C § such that

U=VierV; = Vil V™.

Because (L*, &) has the strong finite-cover property and K < VierVi, there exist Vi, Va, -+, Vi, €
Vsuchthat K <VivWvVv...vV,. Then

K<WVVWV - -V, <WVVVV-- VW) =V VVy V.- VV < VetV =T
Let V=ViVVaV---VV,, then Vedand K <V <V~ <U. Hence (L%, §) is an inclusive
normal space.

Corollary 3.9 An inclusive regular space having strong finite-cover property is an inclusive

completely regular space.
Finally, we need to point that the hereditary, homeomorphic invariant, good L-extension

and multiplicativity of the inclusive regular separation are all right!!%,

4. Conclusion

(1) In this paper, the separation of Definition 2.1 is called the pointed regularity and is not
called the inclusive regularity!l due to these reasons :
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(i) It is not harmonic with the inclusive normality and inclusive completely regularity.
For example, it is difficult to prove that the inclusive completely regularity implies the pointed
regularity, or Ta'} = T3 (pointed regularity with ST,), and that the pointed regularity with
inclusive normality implies inclusive completely regularity, etc. But these results is fundamental
in general topology.

(i) It is also difficult to prove that L—fuzzy unit interval I(L) is a pointed regular space.

(2) The separation of Definition 1.9 is harmonic with the inclusive normality and inclusive
completely regularity. Hence we call it the inclusive regular separation.
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