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Abstract: The authors consider the following second order neutral difference equation with
maxima
A(a’"A(yn +pnyn7k)) —qn [m%X Ys = 07 n= 07 17 27 ] (*)

n—~£,n]

where {an}, {pn} and {g.} are sequences of real numbers, and k and ¢ are integers with k > 1
and £ > 0. And the asymptotic behavior of nonoscillatory solutions of (x). An example is
given to show the difference between the equations with and without “maxima” is studied.
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1. Introduction

Consider the difference equation
A(anA(yn + pnyn—k)) —dn [maéx] Ys = Ou n= 07 17 2> Tty (11)

where k and ¢ are integers with k > 1 and £ > 0; [n—¥¢,n]={n—4n—L+1,n—0+2,--- ,n};
{an}, {pn} and {¢,} are real sequences; and A denotes the forward difference operator defined
by Ayn = Ynt1 — Yn.

Let 8 = max{k,¢}. Then by a solution of Equation (1.1), we mean a real sequence {y,}
defined for n > —@ that satisfies Equation (1.1) for n =0,1,2,---. Clearly, in this case if we are
given real numbers

Yn =bn, m=—mg,—mo+1,---,0 (1.2)

as a set of initial conditions, then Equation (1.1) has a unique solution satisfying (1.2).

We often say that a function eventually satisfies a certain property if there exists an integer
ng such that for n > ng, the function f satisfies the stated property. A solution {y,} of Equation
(1.1) is said to be nonoscillatory if the terms y,, of the sequence {y,} are eventually positive or

eventually negative, and to be oscillatory otherwise.
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In this paper, we investigate asymptotic behavior of the nonoscillatory solutions of Equation
(1.1). We also establish sufficient conditions to ensure that every bounded/unbounded solutions
of Equation (1.1) to be oscillatory. There has been a substantial amount of theory developed
for neutral differential equation with maxima, see for example! =% and the references cited
therein. However it seems that very few results are available for corresponding neutral difference
equations with maxima, eventhough such equations are often met in applications, for instance,
in the theory of automatic control(>7],

Note that since Equation (1.1) is nonlinear, assuming a solution is of one sign requires that
the cases y, > 0 and y,, < 0 must both be considered. We shall say that conditions (H) are met

if the following conditions hold:

oo
n=no

[(H2)] {gn} is a sequence of nonnegative real numbers such that 33> g, = oo.

[(H1)] {an} is a positive sequence of real numbers such that L = oo

We often use the sequence {z,} which is defined as follows:

Zn = Yn + DnYn—k- (1.3)
Then Equation (1.1) implies that
ZM%A%):%ﬁgﬁ%, (1.4)
n—1
AnAzpy = GnygAzn, + SZZTLO qs [grizz)g] Yt (1.5)

2. Basic lemmas

In this section we state and prove some lemmas which are needed in the sequel to prove our

main results.

Lemma 2.1 Suppose that conditions (H) hold and that there exists a constant p such that
p=pn=0.
(a) If {y,} is an eventually positive solution of Equation (1.1), then the sequences {z,}

and {a,Az,} are eventually monotonic and either

zn > 0,Az, > 0,A(a,Az,) >0 and lim z, = lim a,Az, = (2.1)
or
zn > 0,Az, <0,A(apAz,) >0 and lim 2, = lim a,Az, =0. (2.2)

(b) 1If {y,} is an eventually negative solution of equation (1.1), then the sequences {z,}

and {a,Az,} are eventually monotonic and either

zn < 0,Az, <0,A(apAz,) <0 and lim z, = lim a,Az, = —c0 (2.3)

n—oo n—oo
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or

Zn < 0,Az, >0,A(apAz,) <0 and lim z, = lim a,Az, =0. (2.4)

n—oo n—oo

Proof (a) Let {y,} be an eventually positive solution of Equation (1.1). From (1.4), it follows
that A(anAzn) = ¢nmaxp,_g ., ys > 0 eventually and a,Az, is a nondecreasing sequence. On
the other hand, (Hz) implies that g, # 0 and therefore {a,Az,} is eventually of one sign and in
consequence {z,} is eventually monotonic.

First suppose that there exists an integer ny > ng such that a, Az, > 0 for n > ny. Then
there exists an integer ng > ny such that a,Az, > a,,Az,, = ¢ > 0 for n > ny. Summing the
last inequality, by (H1) we have

n—1

Zp 2 Zp, +C E — — 00, N — 00,
Qs
S=no

SO 2, — 00 as 1 — 0O.

Since y, > 25, we have y,, — 0o as n — oo. From (1.5) and (Hs), we see that a, Az, — oo
as n — oo, and thus (2.1) holds.

Now if a,Az, < 0 for n > ng, then a,Az, — L <0 as n — oco. Suppose that L < 0. Then
anAz, < L and by (Hy), lim,,,o0 2, = —00. From (1.3) it follows that the inequality

Zn > PnYn—k > PYn—k

is valid and therefore lim,, o, ¥y, = 00. From (1.5) we obtain that lim, . a,Az, = co. The
contradiction obtained shows that lim, o a,Az, = 0 and since {a,Az,} is a nondecreasing
sequence, we have a,Az, < 0 and {z,} is a decreasing sequence. Suppose lim, o 2, = L/,
where L' is finite. Let L’ > 0. The inequality y,, > z, implies that y,, > L’. From (1.5) and (Hs)
it follows that the relation lim,,_,o a,Az, = oo is valid and we obtain a contradiction. Then
L' <0. Let L' < 0. The estimate

L/

7 > Zp = Yn +pnyn7k > PnYn—k > PYn—k

is valid. From the inequality y,—x > QL—; > 0 as above, we obtain that lim, . apnAz, = 00, a
contradiction. Thus L’ = 0 and since {z,} is a decreasing sequence, then z,, > 0. Suppose that
lim,, oo 2, = —00. As above the inequality vy, > % holds and lim, s ¥ = co. From (1.5),
it follows that lim,, . a,Az, = co and we again obtain a contradiction. Then (2.2) is valid if
Az, <0.

The proof of (b) is similar to that of (a) and hence the details are omitted.

Lemma 2.2 The sequence {y,} is a negative solution of Equation (1.1) if and only if {—yy} is

a positive solution of the equation

A(anA(yn + pnyn—k)) —4n [nIElénn] ys = 0, (1/)
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Proof The proof is straightforward and hence the details are omitted.

3. Asymptotic behavior of nonoscillatory solutions
Here we give some oscillatory and asymptotic properties of solutions of Equation (1.1).

Theorem 3.1 Let conditions (H) hold. If there exists a constant p such that p < p, < —1,

then every nonoscillatory solution {y,} of Equation (1.1) satisfies |y,| — oo as n — oo.

Proof Let {y,} be an eventually negative solution of (1.1). Then Lemma 2.1 implies that (2.3)
or (2.4) is valid. Suppose that (2.3) holds. Then from the inequality vy, < z, it follows that
lim,,—,00 Yy = —00 and the assertion of the theorem is proved. Suppose that (2.4) is valid and
c = limsup,, .., yn- If ¢ < 0, then y, < ¢ and from (1.5) we obtain lim, . anAz, = —00
which contradicts the relation lim,, .. a,Az, = 0 proved in Lemma 2.1. Hence ¢ = 0, that is,
limsup,, .o yn = 0. Then there is an increasing sequence of positive integers {n;} such that
Yn; — 0 as j — oo and

max Ys = Yn, - (3.1)

[n1,m;]
On the other hand, since z, < 0, yn < —Pu¥Yn—k < Yn—k. But the inequality yn, < yn,—&
contradicts (3.1). Thus only relation (2.3) holds and lim, s ¥, = —00. The case when {y,} is
eventually positive can be considered analogously. This completes the proof.

From Theorem 3.1, we immediately obtain

Corollary 3.1 Under the assumptions of Theorem 3.1 all bounded solutions of Equation (1.1)

are oscillatory.
Theorem 3.2 Let conditions (H) hold and let {p,} satisfy one of the following conditions
-1<p<p,<0 (3.2)

or
0<p,<p<1l and k<U/. (3.3)

Then for each nonoscillatory solution {y, } of Equation (1.1) either lim,_,oc yn, = 0 or lim, o |yn| =

Q.

Proof We shall first consider the case when (3.2) is satisfied. Let {y,} be an eventually bounded
positive solution of (1.1). Clearly in this case, in the relations (2.1) and (2.2), only (2.2) is valid
and thus lim,_, 2z, = 0 . Suppose that ¢ = limsup,,_,., yn > 0. Then there is an increasing
sequence of integers {n;} such that lim; .. yn, = ¢. Choose a constant a such that 1 < a < —1—17
(if p,, = 0 then p could be any constant in (—1,0)). Then y,, < ac for sufficiently large n and we
have
Zn = Yn + PnYn—k 2 Yn + poc.

Hence

Zn,; 2 Yn; +poc
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as j — oo and we obtain 0 > ¢+ pac = ¢(1+pa) > 0. This contradiction shows that
limsup,, ,o ¥n = 0 and lim, ooy = 0. Next let us assume that {y,} is an unbounded so-
lution of (1.1). We shall show that in this case relation (2.1) is valid. Assume this is not true.
Since {yn} is unbounded there is an increasing sequence of positive integers {n;} such that

Yn; — 00 as i — 00 and Y, = MaX[,, n,) Yn- LThen we have

Zni = Yni + PriYni—k = Yn, + PnYn; = Yn, (L4 D). (3.4)

From (3.2), (3.4) implies that lim; .o 2,, = 0o which contradicts the relation lim, o 2, =
0. Hence (2.1) is valid and lim,,_,o 2, = 0. From the inequality y, > z, , it follows that
lim,,—, o Y = 00. The proof is similar when {y,} is an eventually negative solution of Equation
(1.1).

Now assume that (3.3) holds. Let {y,} be an eventually positive solution of (1.1). From
(1.4), it follows that A(a,Az,) > 0 and a,Az, is nondecreasing. Condition (Hz) then implies
that either a,Az, > 0 or a,Az, < 0. Let a,Az, > 0. Clearly, lim, . 2, = 00 and {z,} is an

increasing sequence. From (1.3), we have
Yn = Zn — PnYn—k = Zn — Pnin—k = (1 - P)Zm (35)

where we have used the increasing nature of {z,} and z, > y,. Since lim,,_, 2z, = o0, from
(3.5) we have lim,,—,o yn = 00.

Next, assume that {a,Az,} is eventually negative. In this case, we obtain that {z,} is a
positive decreasing sequence. If lim, . a,Az, = ¢ < 0, then by (H;), we have lim,,_, 2, =
—o0. Therefore lim,,_,o anAz, = 0. Secondly, we prove that lim, . z, = 0. Since {z,} is a
positive decreasing sequence, the lim,,_. ., 2, = d exists with d > 0. Assume d > 0. Then z, > d

eventually and

d< Yn +pyn—k < (1 +p) max{ynayn—k}-

Thus max{yn, Yn—k} > %. Since k < ¢, from the previous inequality it follows that

max{Yn—¢, Yn—t4+1, Yn—t42, "1 Yn} > m

From (1.5) and (Hs) we obtain lim,, o, a, Az, = co. This contradiction shows that lim,, o 2, =
0. Then (1.3) implies that lim,, o, ¥, = 0. A similar argument treats the case of negative solution

of Equation (1.1). This completes the proof of the theorem.

Theorem 3.3 Let p,, = 1 and conditions (H; ) and (Hs) hold with the condition > > g, = 0o

n=ngo

replaced by

Z Gn =00 when @, = min{Qnu Qn-l-k}' (36)

n=ngo

Then for each bounded positive solution {y,} of Equation (1.1), lim,_,o yn = 0.

Proof Since {y,} is an eventually positive solution of (1.1), we have A(anAz,) > 0 and
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{anAz,} is a nondecreasing sequence. Condition (3.6) implies that g, # 0 eventually. Then
either a, Az, > 0 or a,Az, < 0eventually. If a, Az, > 0then lim,_. z, = co which contradicts
the boundedness of {y,}. Hence a,Az, < 0 and {z,} is a positive decreasing sequence. Let
lim,, o 2, = ¢ > 0. From (1.4) it follows that

AlanAzp) + qn—k o AKX Ys = An MEX Y + qn—k n_poX s

Then using the definition of g, and of (1.3), we obtain that
A ’n,A n n— S 2 _/I‘Lf S S
(anAzn) + qn—k nfhax | Ys >4 k[[nia);] Yo pmax Y ]

= . _ a. a,
n k[[n ﬁ]ysﬂgﬁ]ys k]

- Qn k [Hl%X (ys + ysfk)

n

= Qn—k MaAX Zs = Gn—kZn—4-
e ton)

Since {z,} is a decreasing sequence and lim,,_,~, 2z, = ¢, then z,, > ¢ and the last inequality takes
the form

AlanAzp) 4+ qno MmMax  Ys = Cqn—k-
[n——k,n—k]

Summing the last inequality from n; to n — 1, we obtain

n—1
anAZn — Qn, Aznl + E qs—k max Ye > ¢ E qs—k
[s—l—k,s—k]
s§=n1 §=n1
or
n—1—k n—1—k
anAzp — Qpy Az, + E qs max Yi = C g s- (3.7)

s=ni1—k [s— s=ni1—k

Since {a,Az,} is a negative nondecreasing sequence, then {a,Az,} is a bounded sequence. On
the other hand (3.6) implies that the right hand side of (3.7) tends to infinity as n — oco. Thus
from (3.7) we obtain

5 o s = 0

— [n_ )T ]
n=niy

Summing from (1.4) from ny to n — 1, we obtain

Az, — A
Ap AZn anl an Z ds ma)i Y.
S=nq
Then (3.8) implies that lim,_,o a, Az, = 0o. The contradiction obtained shows that ¢ = 0, that
is, lim,, o 2, = 0. But from the inequality y,, < z, it follows that lim,,_, y, = 0 and the proof

is complete.

Remark 3.1 In contrast to neutral equations without “maxima’”, the assertion of Theorem

3.3 is not valid for bounded negative solutions of Equation (1.1) even under stronger conditions
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Gn > q>0foralln=0,1,2,--.. We shall illustrate this fact with the following example.

Example 3.1 Consider the difference equation
Az(yn + ynfl) —(gn [ miln | Ys = 0 (39)

where ¢, = e7""?(1 —e)?(e 4 1)(ming,_1 ) (¢s + ™))" and {@,}n>1 is the sequence defined
by

Port1 =0, oy = %, k=0,1,2,---.
It is easy to verify that {y,} = {¢n + e "} is a positive solution of equation (3.9). Further more,
obviously lim,,_, inf y,, = 0 and lim,, .o, supy, = % On the other hand, the inequality

e "< min {ps+e°} < e "t
(—1,n]

implies that W < gn < (Hl)e(# Thus condition (3.6) is valid (in fact, even the
stronger conditions g, > g > 0 holds). Clearly, the function {z,} = {—¢, — e "} is a negative
solution of the equation

A2(xn + ZTn-1) — Gn [max]xs =0.
n—1,n

Thus, although the conditions of Theorem 3.3 are met, Equation (1.1) could have negative

bounded solution which does not tend to zero.

Theorem 3.4 Suppose that conditions (H) hold and that there exists constants p; and ps such
that
1 <p1 <pn < p2. (3.10)

Then, if {y,} is a bounded nonoscillatory solution of (1.1), we have y,, — 0 as n — oo.

Proof Let {y,} be an eventually positive solution of Equation (1.1). As in Theorem 3.3 it can
be proved that if {y,} is bounded positive solution of (1.1) then A(a,Az,) > 0,a,Az, < 0 and
zn > 0 eventually. Suppose d = lim,, . infy, > 0. Then y, > %. From this inequality and
(1.5) it follows that lim, o a,Az, = oo which is a contradiction. Hence lim,_, infy, = 0.
Then there is an increasing sequence of integers {n;} such that lim; . yn; — k) = 0. Suppose
that ¢ = lim, 00 2z, > 0. Passing to the limit in the equality z,, = yn, + Dn;Yn,—k, We obtain
that lim; .o Yyn, = ¢ . On the other hand

Zni+k = Yn;+k +pni+kyni > P1Yn,; -

Taking the limit in the last inequality we obtain ¢ > pic > ¢. Hence lim,,_. o 2z, = 0 and since
Zn > Yn, we have lim, oy, = 0. The case that {y,} is eventually negative can be proved

analogously and the proof is complete.
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