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1. Introduction

The Méebius group SU (1,1) acts unitarily on a weighted Bergman space A%2 (D) (or its
complex conjugate A" (D)). If we have two such spaces A%?2 (D) and A%?2 (D), then the same
group acts on the space of Hilbert-Schmidt operators from one space to another. We know
that the study of linear operators from a space of analytic functions to a space of anti-analytic
functions is equivalent to the study of bilinear forms between the original spaces. In the case when
«a = (3 the corresponding decomposition of the Hilbert space of these Hilbert-Schmidt operators
into irreducible components has been considered by S. Janson, J. Peetre and C. Zhang!' 3. In
this paper we will study the case o # (3, find the irreducible decomposition of the space of the
forms, and establish their Schatten-von Neumann properties.

Let D be the unit disk in the complex plane equipped with the Lebesgue measure dm (z).

The Méebius group SU (1,1) consists of the following 2 x 2 matrices

a b
g_<c d>’ a,b,c,d e C

with ¢ = b,d = @ and ad — bc = 1. It acts on D via the transformation

az+b
cz+d’

z—ogz=yg(2) =

Suppose a and 3 are nonnegative integers. L®?2 (D) is the space consisting of all functions
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on D square integrable with respect to the measure

dpia (2) = O‘:Trl (1—|—|z|2)adm(z), ie, L%2(D)= f|/f2 (2) dpta (2) < +00
D

A%2 (D) and AP2 (D) are the weighted Bergman space of L®?2 (D). Then for the tensor product
A*2(D)® AP2 (D) of two such spaces we can consider the same problem, i.e., we can define the
Toeplitz operators T’ from AB2(D) to A*2 (D)

Tig(z) = / K3 (2,w) g (w) dpig (w), g € A% (D) (1.1)
D

and the kernel of T; is

F =(1—-2zw)""’ b o f (b)
K3 (z,w) = (1 ) / 7 (1~ bw)uz_sdb, (1.2)
0D

where v1 = a+ 2,10 = f+ 2,5 = O‘—gﬁ +270‘T+ﬁ 4+ 1,---,a + 1; and Hankel operators HJC on
A2 (D) x AP2(D),

HY (f1. f2) = / / RE o) fr (2) fo (1) e (2) dsg (1),
DD
where

fr € A% (D), f2 € A%*(D), (1.3)

and the kernel function of H JT is

f ()
(b—2)""" (b — w)"> "

Kf (zvw) = (=)’ [

oD

and it is an eigenfunction of Casimir operator C'4.

2. Main results

1_
Theorem 2.1 Let L <t, then T} € S, if and only if f € BY '; Let £ > t, then T} € S, if and
only if f = 0; (wheret = s — O‘Tﬂj —1).

Theorem 2.2 For p > 0, then Hj € S, if and only if f € Bf), where 6 = % + %, Sp

is Schatten-von Neumann class, and Bz is analytic Besov’s space.

3. Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1 For Toeplitz operators (1.1), by its kernel (1.2) we can calculate this
integral as follows:

Tig(z)= Y (”) 2 = S)ai pyi () prig 2), (2.1)

= \I) (v2)o—j
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where 0 = a +1—s and as § > —1. Since {2} and {ef’n}::zo are orthonormal basises of
A*2 (D) and AP2 (D) respectively, the “matrix coefficient” of the operators T} is

<Tsk€

z

i) = [ Thel () Gl ()

D
=c M s zm ﬁ n .
= l\/EZTZk <|2m”ﬁ> Pni <1 - |z|2> dpe (2), (2.2)

where €, €%, p, may see [5]. By (2.1) and properties of the hypergeometric function 3F%, we

can obtain

. . (_1)1/17571 (1/2 _ S)a s (_m)a _s (Vl — l)n
(Towen,em) = ) + =2 0D Omtkts—wn+1 X
a+l—s n

sFh(s—a—-1,s—a—03-2,-k3s—c—-0—-2m+s—a;1)F(-l,l—a—1;—a;1) x
\/ T(m+p8+2) T(a+2)T(n+1+1)

2.3
Tm+1)T(B+1) I'n+a+2) (23)
Hence the singular number of the operators T3, is (17, el ey ~mlt QTW_S, where the notation
u ~ v means that the ratio 3 is bounded above and below by constans independent of n and m.

Using a similar method as in [6] we can prove Theorem 2.1.

Proof of Theorem 2.2 It is easy to check that the function fi (z,w) = (z —w)" is an eigen-

function of the Casimir operator C,

2
Cf:—(z—w)2%—l/l(z—w)%—i—ug(z—w)%—i—(ul+V2)(1/1+V2—2)f
=4(ci+c+c3), (2.4)

where ¢, co and c3 are defined [4] with the giving eigenvalue
A=W+ +r—1)r+ (1 +v2) (v +rv2—2).

Take zo € D and let g € SU (1, 1) be the transformation g (z) = {=2%. Since the operator

C commutes with the group action SU(1,1), we see that the function

9(2) — g ()" [g" ()% g (w)]"/?

is also an eigenfunction of C' with the same eigenvalue A. A direct calculation shows

v (z —w)" (1 - |zo|2)r
= T

vy4vo
=

9(2) — g ()] [g" ()% g (w)]

)V2+T‘ :

(1 -2z 1 —Zow

Hence the function is a constant multiplier of the following function

f Z,W) = (Z_w)r
f( ’ ) (1 _Z_Oz)ulJrr (1 _Z—Ow)V2+T‘.
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Now let zy approach a boundary point b, then this function f approaches the function
f(zw) = — V(IZJFT_ w) ——,7- (in distribution sense).
(1 — bz) (1 — bw)

Therefore, the function f is also an eigenfunction of the Casimir operator C' with the same

eigenvalue A, and so the kernel function K} (1.4) of the operator H7 is also an eigenfunction of
the Casimir operator C.
Since the group action SU(1,1) on these operators is equivalent to the following action on

the symbols

V1+u2)

—(r—1
1) FlgEg () 0T,
it is also easy to check that the operators H} has finite Hilbert-Schmidt norm for

f (z) — Za+ﬁ+2r+4'

Therefore, by the well-known Arazy-Fisher theoty of Mebius invariant function spaces(”, we see

that for an analytic function f has

2 2
||H;;H2 =¢ ”f”B“l;Vz el

2

with a suitable constant ¢ (here Bj is the usual scale of Besov’s spaces). It follows that for each
nonnegative integer r, the Hankel operators H} constitute an irreducible component, which we

denote by

r VI;IQ +T7%
V. =qH}, f€B, .
Similar to the calculation in [1], we see that V; is an irreducible SU(1,1)-module of the lowest
weight 11 + v2 + 2 (r — 1), and has the direct sum decomposition
A*2(D)® A%2(D) = & V. (2.5)
r=0
Mapping D to the upper half plane and performing a Fourier transform, we see that the

Hankel operators H7 is unitarily equivalent to the following paracommutator on H 2(R)x H*(R)

(on the sense of disregarding a constant)

(f1, f2) — // & +8&)JT (&, &) (&) fa (52)51_(Q+1)§2_(ﬁ+1)d§1d§2,
RR

where
a+pB+r+2
Oé+ﬂ+7’+2 T e r+2—j
GESEED D (A | GRS (St
=0

Therefore the S),-result follows from the general theory of S. Janson, J. Peetrell) and L. Pengl®.

We omit the details here.
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