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Abstract: In this note, we investigate the necessity for the measure di being a strong
distribution, which is associated with the coefficients of the recurrence relation satisfied by
the orthogonal Laurent polynomials. We also give out a representation of the greatest zeros
of orthogonal Laurent polynomials in the case of di being a strong distribution.
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1. Introduction

According to [1], the distribution di(z) is said to be a strong distribution in (a, b) C (0, 4+00)
if ¢(z) is a real bounded nondecreasing function on (a, b) with infinitely many points of increase

there, and furthermore, all the moments

b
/Lk:/ xkd1/)(aj), k=0,£1,%2,--- (1)

are finite.
For any given strong distribution in (a,b) C (0, 400) there exists a unique sequence, up to
a nonzero constant factor normalization, of polynomials {Bn}:i% such that B, is a polynomial

of precise degree n and B, satisfies the relations

b
[ e B =0, k=0t )

If B,, are normalized to be monic, i.e., to have leading coefficients one, they satisfy the recurrence
relation B_1 =0, By =1,

Byii1(z) = (x — Bn)Bn — anzBn_1(x), n >0, (3)

where 3, and a,, n = 0,1,---, are all positive. In addition, all the zeros of B, are real,
distinct and lie in (a,b). According to [2], there exists a unique quadrature formula of the form
f; f(z)dy(z) = Y0 | A;f(z;) which is exact for every f for which 2" f(z) € Ila,—1 (I denotes
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the set of polynomials of degree < k). Moreover, the nodes x;, i = 1,---,n, of this quadrature
rule coincide with the zeros of B,, and its weights A; are positive.

In this note, we investigate the necessity for di being a strong distribution, which is associ-
ated with «,, and 3, n =0,1,--- in (3). We also give out a representation of the greatest zeros

of By, in the case of diy being a strong distribution.

2. Necessity for di) being a strong distribution

Assume that di is a strong distribution in (a,b) C (0, 4+00). It is easy to see that x'dy (i =
+1,42,--+) are also strong distributions in (a,b). Denote by {B,(f)}:ji% the unique monic poly-

nomial sequences satisfying

b
/ "B (p)aidip(z) =0, k=0,---,n—1, i=0,4+1,+2, -, (4)
and
B)1(2) = (x = BD)BY (2) = aeBY (x), BY(z)=0, B (z)=1, (5)
B9 >0, o >0 n=01,---, i=041,42---. (6)

We have the following result.

Theorem 2.1 If di is a strong distribution in (a,b) C (0,+00), then {a,(f) o0 and {ﬁ,(f) g
(it =0,£1,%2,--+) defined as above must satisfy

67(7,7/)+O[£Z:)fl>1, TL:273,"'7 i:O’il’iQ’”.’
or equivalently
67(li)+a$li)>17 n=23,---, 1=0,%1,£2, ---.

Proof For convenience, we always write

b
cpi(xk)Z/ dhridep(z), i=0,41,£2,---,

where ¢; is linear on span{---, 2~ 1,2,---}.

According to (5), we have for n =0,1,-- -,
B}y (2) + 80 BY (&) = 2(BY (a) — o BL, (),

27" (BY (2) + BOBD(2)) = - 2 (B (2) — P BY (@), k=0,---,n— 1L

n

©; being acted on the above, we have by (4),

is1 (z (B (2) — P BY () =0, k=0,---,n—1.
Therefore,
B (@) = BY (@) — o) B2y (2).

n—
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Substituting the above into (5) for i + 1, we get

BY, (z) =B (2)(al — 80Dy — BY (@) (a (z — BITY) + o Va)+
alithal) 1ng> 2(@).

n—

Applying (5) to the above again for all n > 1 results in
(6(1) + a ﬁ(z-i-l)) B® (z) + (—ag“)x + O‘g)ﬁr(Li+l))B,(zil (z) + aH—l (1) 1.%'3(1) (z) =0. (7)

We can assert that 35 + SH BYHY £ 0, since otherwise, i T =0 (n=1,2,--+), leading

to a contradition. Comparing the coefficients in (7) with those in (5) for 4, we obtain

5(1 lg(ﬂrl) — a(1+1) (8)
(1) p(i+1)
Qp’ On i 4 i % i %
S = AL e = 80 (B0 + ol - AU,
(e%7)
Therefore,
(2) (Z (7) (l) (Z
57(1141) ﬁn 1( n-‘,—l), O‘&Hl) _ Qp (n n+1)
OZnZ) + ﬂnfl 04511) + ﬂn,
o (1) | (+D)
() 2 Pno1 FOn1 gy (gl g4 L
o' , = +ay ) (1 - — — ).
6(z+l) +a (H—l) 67(5:11) + O[glzjr—ll)
So,
BY +al, 51, n=1,2-, i=0,+1,42,---,
or equivalently by (8)
8D+l >1, n=23,--, i=041,42,.... O

3. A representation for the greatest zero of B,

Let di) be a strong distribution in (a,b) C (0,+oc), and {B,}.> be the unique monic
polynomial sequence satisfying (2) and (3). Assume that {z;}} , are the n zeros of By, and

X, =max{z;:i=1,---,n}. Then we have the following representation of X,.

Theorem 3.1

b _—n
Xn= max fa;I: " (dv( ) (9)
p€ll,, _1,p#0 fa x_"p (:E)dib(x)

Proof According to the statements in the introduction, for each p € I1,,_; and p # 0, we have

/b:zc_"Jrl 2 le :vz JA; < X, Z:v_" 2 (x4)A4;

i=1

:Xn/ o7 "p? (x)de ().
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Therefore,

b _n
X, >  max fa =" p? (x)dy (x)
 p€ll,_1,p#£0 f: x~p?(x)dy(x)

On the other hand, let us take L;(x) € II,,_1 satisfying L;(zx) = { (1)’ Z ;i ,hL,k=1,---.n
Then .
Jo o TMLE (2)dy(2)
JJ &L (@)dy ()
So (9) holds. O

Similar to the proof of (9), we can attain the following estimates on X,.

Corollary 3.1

Jy 5 () de ()
n> max =& '
pEIl, _2,p#0 fa x*”+2p2 (I)dw(z)

Corollary 3.2

b —n+3,.2 d
X2> max fix s w(x)
p€EIl, _2,p#0 fa x*”“pQ(I)dw(l’)
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