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1. Introduction

In 1980, Hohle!! introduced the concept of the fuzzy measurable spaces with the idea of
giving degrees in [0,1] to some topological terms rather than 0 and 1. In 1991, from a logical
point view, Ying[? introduced the concept of fuzzifying topology and gave its base and subbase,
which is established on the crisp sets not on the fuzzy set. It is valued to note that Ying!?
also introduced another fuzzy topological space which is called bifuzzy topological space (in this
paper we call it I-fuzzy topological space). Briefly speaking, an I-fuzzy topology on a set X
assigns to every fuzzy set on X a certain degree of being open, other than being definitely open
or not. He only gave the concept of I-fuzzy topology, but did not study it. It is very meaningful
to study this kind of fuzzy topological space, so Fang!®! introduced the I-fuzzy quasi-coincident
neighborhood system in I-fuzzy topological spaces. In order to study the I-fuzzy topological
spaces, we use the I-fuzzy quasi-coincident neighborhood system to give the concepts of base
and subbase of I-fuzzy topology and use them to depict the continuous and open mapping. We
also study the product space of I-fuzzy topological spaces and gain many important results.

Let X be a universal discourse and the family of all fuzzy sets on X will be denoted by IX
(where I = [0,1]). By Ox and 1x, we denote respectively the constant fuzzy set on X taking the
value 0 and 1. The set of all fuzzy points z (i.e., a fuzzy set A € I such that A(x) =\ # 0
and A(y) = 0 for y # ) is denoted by pt(IX). Given a mapping f : X — Y, we write f— for the
function I — IX defined by f~(A) = Ao f and write f~ for the function I*X — IV defined
by f7(A)(Y) = V 4=y Alz) for all A € IX yevY.

Definition 1.1 Let zy € pt(IX) and A, B € IX. We say x quasi-coincides with A, or say
x Is quasi-coincident with A, denoted by xxqA, if A(x) + X\ > 1; say A quasi-coincides with B
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at x, or say A is quasi-coincident with B at x, AqB at x for short, if A(z) + B(z) > 1; say A
quasi-coincides with B, denoted by AgB if A is quasi-coincident with B at some point © € X.

Relation “does not quasi-coincide with” or “is not quasi-coincident with” is denoted by —gq.

Definition 1.2 An I-fuzzy topology on a set X is a function 7 : I’X — I such that

(1) 7(1x)=7(0x)=1;

(2) VUV € I¥, f(U AV) > 7(U) Ar(V);

(3) VU € 1, j e, m(V,ey Up) = ey 7(0))
And (X, 7) is called I-fuzzy topological space (ifts, for short). Furthermore, if 7(\) = 1 for all
constant mapping A from X to I, (X, 7) is called stratified I-fuzzy topological space.

Definition 1.313! Suppose 7 : IX — I is an I-fuzzy topology on X. Yy € pt(IX),U € IX, let

— \/;E qV<U T(V)7 'T)\qu
Qx}‘ (U) - { ’ 6, .IA—\qU.

The set of Q = {Q., : xx € pt(I¥X)} is called I-fuzzy quasi-coincident neighborhood system
of T on X.

Proposition 1.4 ={Qu, : Tx € pt(I*)} of maps Q., : IX — I defined in Definition 1.3
satisfies: YU,V € IX,
(1) Quy(1x)=1,Q4,(0x) =0;
(2) Qay(U) > 0= axqU;
(3) Qux(UAV) =Qu,(U) \Qay(V);
(4) Quy(U) =V, v v Qo (V):

Definition 1.5% Given an I-fuzzy topological space (X, T) and subset Y C X. We call (Y, Ty)
(where Ty (U) = \/{T(V) : V € IX,V|Y = U}, and we know that Ty is an I-fuzzy topology on
Y') the subspace of (X, T).

Definition 1.6 Let f : X — Y be bijection. If f~ : (X,7) — (Y,0) satisfies the following
conditions:

(1) f~:(X,7) — (Y,0) is continuous, i.e., for each B € IV, §(B) < 7(f—(B)) ;

(2) £~ :(X,7)— (Y,0) is open, i.e., for each U € I*, 7(U) < §(f(U)),

then f is called an I-fuzzy homeomorphism.
2. Base and subbase

Definition 2.1 Let 7 be an I-fuzzy topology on X and B : I*X — I with B < 7 (in pointwise
sense). B is called a base of T if B satisfies the following condition
YU € I* Vay € pt(I*),Q., (U) < sup B(V).
zxqV U

Lemma 2.2 Let (X, 7) be an I-fuzzy topological space. Then 7(A) = inf,, 44 Qu, (A) for every
AeTIX.
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Proof Straightforward.

Theorem 2.3 A map B : I* — I is a base of 7 iff 7(A) = sup,,,_, p,—a infrca B(By) for
each A € I*, where the expression SUpy, ., By=a infaea B(By) will be denoted by BM(A), ie.,
BW X - Ist. BO =7,

Proof Tt is similar with the Proof of Ying’s Theorem 4.1 in [2].

Theorem 2.4 Suppose that B : IX — I. Then B is a base of some I-fuzzy topology if and only
if

(1) BY(1x) =1;

(2) B(A)AB(B) < SUP,, qC<AAB B(C) if zxq(A A B).

Proof Tt is similar with the proof of Ying’s Theorem 4.2 in [2].

Definition 2.5 Let ¢ : IX — I be a map. ¢ is called a subbase of T if ™: IX — I is a
base, where (™ (A) = SUD(), cx Ba=a Nfren @(By) for all A € I* with (M) standing for “finite
intersection”.

Theorem 2.6 ¢ : IX — I is a subbase of some I-fuzzy topology if and only if ™) (1x) = 1,
where ) is defined by o) (A) = supy,, _, p,—a infrea ©(By).

Proof The proof of the sufficiency is similar with the proof of Ying’s Theorem 4.3 in [2]. Now
we prove the necessity of this theorem. From the definition of subbase and Theorem 2.4, we have
(™M) (1x) =1. Thus Yo < 1,

a < (@M (1) = sup inf (M (By) = sup inf sup inf p(Chg).
Vycx Ba=1x AEA V, ., Ba=lx AEA (M) gen, Crp=Bx FEAN

Then there exist {Bx}xea with \/3cp Ba = 1x and {Cxg}pen, with (M)gea, Crg = By for each

A € A such that o < ¢(Cig). Thus Vycp gen, Oras = 1x and a < Aycp sen, 9(Crg). So

a < SUP\/ _ py—1x infyer @(By) = ¢¥)(1x). By the arbitrariness of a, we have o) (1x) = 1.
€

3. Applications

Theorem 3.1 Let f— : (X,7) — (Y,6) be a map and & be generated by its subbase ¢. If
o(U) < 7(f—(U)) for each U € I, then f— is continuous.

Proof Let U € I'Y. Because ¢ is generated by its subbase ¢, we have

5(U)= sup inf sup inf o(B,)
v/\e,AA:U)‘EA(H)uEAABM:AA HEAN K

< sup inf sup inf 7(f(Bu))

AEA _ A
\/)\eAAk:U EA (M pen, Bu=Ax HEAX

< sup inf 7(f(Ax))
\/)\EA Ax=U Aeh
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< sup T(f(V A)) =T(fT ).

\/AEA Ax=U AEA

Thus f— is continuous by the definition, as desired.

Theorem 3.2 Let f: X — Y be amap and [~ : (X,7) — (Y,6), where T is generated by its
base B. If B{U) < §(f~(U)) for all U € I, then 7(U) < §(f~(U)), i.e., f~ is open.

Proof Let W € IX. By Theorem 2.3 we have

T(W) = sup )i\ng\B(Ax) < sup inf 6(f7(Ax))
Viea A=W © Viea A=W ©
< sup 5(fﬁ(\/ Ay)) = o(f~(W)).
v,\eA A=W AEA

Remark Note that Ayc; f7(Ax) = f7(Ases Ar) forevery {Ax : A e J}CIXif f: X - Y
is bijection. Hence, in Theorem 3.2, if f : X — Y is bijection and 7 is generated by its subbase
o, and p(U) < 5(f~(U)) for every U € IX, then f~ : (X,7) — (Y,4) is open.

Lemma 3.3 Let f~ : (X,7) — (Y,6) be I-fuzzy continuous and Z C X. Then (f|Z)™ :
(Z,71Z) — (Y,0) is continuous, where (f|Z)(z) = f(z) for x € Z and (7|Z)(A) = V{r(U) :
U|Z = A} for Ae IZ.

Proof We note that (f|Z)~ (W) = f—(W)|Z if W € I%. Therefore, YW € I?, we have

(r12)((f12)~ (W) = \/{7(U) : U|Z = (f12)~ (W)}
> 7(f7(W)) = 6(W).
This implies that (f|Z)~ is continuous.

Theorem 3.4 Let 7 be an I-fuzzy topology on X, B be the base of 7, Y C X and B|Y be
defined by B|Y (U) = \/{B(W) : W|Y = U} for every U € IY. Then B|Y is a base of 7|Y.

Proof Let U € IY. By Theorem 2.3, we have

(rIY)(U) = T(P) = sup sup  inf B(Ay).
P>/_U P‘Y:U\/AEA ay=p e

To show that B|Y is a base of 7|Y, we need to prove the following equality

sup sup inf B(Ax)=  sup inf sup B(W).
VIY=u \/xe/\ A=y e \/AEA By=U AN WY =5,

In one hand, if V € I with VY = U and /., Ax = V, we have \/, ., (A\]Y) = U. Let
By = A\|Y, thus \/,c, Bx = U. Moreover,

sup inf  sup B(W) > inf B(A)).
\//\eA B\=U AEA W|Y=Bx ( ) AEA ( )
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Hence
sup sup  inf B(A)) < sup inf sup B(W).
viy=u v,\eA A=y AR \/)\EA By=U AR WY =B,

On the other hand, we assume that u € (0, 1] and

w< sup inf sup B(W).
\/MEAB":UAGAWIY:BA

Then there exists a family of {By}xea € IY such that
(1) v,\eA B\ =U;

(2) VA € A, there exists Wy € I with W,|Y = B, such that u < B(W)). Let V =

Viea Wa. Then VY = U and A, B(Wx) > p. Therefore

sup sup inf B(Ay) > p.
V|y=U v)\EA A=V AEA

By the arbitrariness of u, we obtain that

sup sup inf B(4))> sup inf sup B(W).
V‘Y:UVAGA:VXEA VAEAB’\:UXEAW‘Y:BA

Thus we complete the proof.

Definition 3.5 Let {(X4, 7o) facs be a family of I-fuzzy topological spaces and Pg : [ |

X be the projection. The I-fuzzy topology whose subbase is defined by

viv e Mlees X o) =sup  sup 7 (U)
a€d P (U)=W

is called the product I-fuzzy topology of {7 : a € J} and denoted by ], ; Ta, and

(H Xa, H Ta)

acJ acJ

is called the product space of {(Xu,Ta)tac-

Xo —

Definition 3.6 Suppose that {(Xa, 7a)}acs is a family of I-fuzzy topological spaces and Pg :

[I.c; Xa — Xp be the projection. Let y = (ya)acs € []
subset X5(y) C [[,cs Xa as follows

acJ

Xﬁ(y) = {l‘ = (moz)ozeJ € H Xo:ta 7& B, Ta = ya}-
acJ

X, be fixed point. We define a

Then (Xg(y), [[pcs 7alXp(y)) is called a factor space of (I],c; Xa:]lpes Ta) parallel to Xg

through y.

Theorem 3.7 Let (X3(y),[[ocs 7alX5(y)) be a stratified factor space of (] c; Xas[lnes Ta)
parallel to X through y = (ya)acs. Then (Ps|Xp(y))™ : (Xp(¥), [laes 7al X5(y)) — (X5, 75)

is I-fuzzy homeomorphism.
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Proof According to Definition 3.5, the subbase of the product I-fuzzy topology, denoted by ¢,
is as follows

v e Mloer X o) =sup  sup  7a(W).
a€d P (W)=U

Thus the base of the product I-fuzzy topology, denoted by B, should be as follows

YU € Al X",B(U) = sup inf o(Ay).
(MaeaAr=U AL

On account of Theorem 3.4, B|X(y) is a base of [, 7a|Xs(y). Note that
Pp|Xs(y) : Xply) = Xp
is bijection and continuous. To prove that (Ps|Xs(y))™ : (X5(¥), [[ncs 7alXs(y)) — (X5, 75) is
homeomorphism, considering Definition 1.6 and Theorem 3.2, we only prove that YU € IXs®)
(B|X5(y))(U) < 75((Ps|Xp(y)) ™ (U))-
If (B|Xg(y))(U) = 0, then the inequality is obvious. For other case, we take any p € (0, 1] such
that
< (BIXp(y))(U) = sup{B(W) : W|Xp(y) = U}

= sup sup inf p(Ax).
W X5 (y)=U (MrcaAr=W AL

Therefore, there exist W € I IT.c, % and a finite family of {A, : A\ € J} fulfilling the following
conditions:

(1) W[Xs(y) =U and (MresAx = W;

(2) VA € J, there exist a(A) € J and V(a(N)) € IX« such that P, wo (V(a(X))) = Ay and

Ta) (V((A))) > p.
Clearly, we have W = (FI)AGJPOT(/\)(V(Q()\))). We will show (B|X5(y))(U) < m3((Ps|Xa(y))~(U))

in the following two cases
Case 1. If there exists a()\) with V(a(A)) = 0x,,,, then 75((Ps]Xs(y))~ (U)) = 73(0x,) = 1.

Case 2. Now we assume that V(a())) # Ox,,, for every A € J. If 3 € {a(\) : A € J}, then
(Ps|Xs(y))~ (U) is constant. Hence 75((Ps|Xs(y))~ (U)) = 1. Otherwise, if 8 € {a()) : A € J},
for example 8 = ag(\), then we have

(P3| Xs(y =c\V(ao(r

where ¢ is a constant map on Xg(y) such that

= AV(@)(za) s a € {a()) : A€ J} = {8}}

for every z € Xg(y). Therefore,

76((PslX5(9)) " (U) = 78(c \ V(@0 (N) = m5(c) A\ m5(V (
=13(V(ao(N)) > p,
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where 73(c) = 1. Considering the arbitrariness of i, we conclude that
YU € %W (B1X5(y))(U) < 75((Psl Xp(y) ™ (U))-

Corollary 3.8 Let ([[,c; Xa,[ocs Ta) be the product space of a family of I-fuzzy topological
spaces {(Xa, 7o) tacs. Then (X,,7q) is I-fuzzy homeomorphism to a subspace of the product
space whenever (Xq, 7o) Is stratified.
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