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1. Introduction

The correlation properties of binary sequences are important in code-division multiple access

(CDMA) spread spectrum communications[1,2]. It is well-known that the existence of a balance

binary sequence of period 2m − 1 for some integer m having a two level autocorrelation function

is equivalent to that of a cyclic difference set with parameters (2m − 1, 2m−1 − 1, 2m−2 − 1). For

the definition and properties of difference sets, we refer the reader to D. Jungnickel[3], A. Pott[4].

In [5], Maschietti constructed a family of cyclic difference sets with Singer parameters using

hyperovals in certain projective geometries. This is a remarkable result, since it can be proved

that the difference sets constructed from Maschietti’s method may be new! Evans R., Holloman

H.D.L., Krattnthaler C. and Qing Xiang[6] gave a simple algebraic proof of Maschietti’s results

immediately after maschietti’s paper published. In this paper, we show that hyperovals are very

closely related to the so called two-to-one maps, then we proceed to generalize Maschietti’s result.

The paper is organized in 4 sections. In Section 2, we give some preliminary results; In

Section 3, we show that the existence of hyperovals is equivalent to the existence of some two-

to-one maps; In Section 4, we give a family of cyclic difference sets which is a generalization of

Maschiettii’s result.

2. Basic definition and preliminary results

If G is a group of order v, a (v, k, λ) difference set in G is a k-subset D of G such that

the list of differences gh−1 (g, h ∈ G) contains each element g(6= e) of G exactly λ times. We
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identify any subset S of G with the group ring element
∑

g∈S g in the group ring Z[G], and

denote
∑

g∈G agg
t by A(t) when A =

∑

g∈G agg. With these notations, it is obvious that D is a

(v, k, λ) difference set in G if and only if the following equation holds in Z[G]:

DD(−1) = n + λG, (2.1)

where n = k − λ. If D is (v, k, λ) difference set in G, then D, the complement of D in G, is also

a difference set in G with parameters (v, v − k, v − 2k + λ). D is called a cyclic difference set in

G if G is a cyclic group.

By PG(2, q) we denote the projective plane of order q, a k-arc of PG(2, q) is a set of k

distinct points in PG(2, q) such that no three of them are collinear. It is well-known that the

maximum of k is q+1 or q+2 according as q is odd or even. When q is odd, a (q+1)- arc is called

an oval, and when q is even, a (q + 2)- arc is called an hyperoval of PG(2, q). In PG(2, q), the

Desarguesian plane over the Galois field Fq , every nonsigular conic is a (q + 1)-arc, the converse

is true when q is odd[7]. If q is even, the (q + 1)-unisecants to a (q + 1)-arc K in PG(2, q) are

concurrent, the point of the concurrence is called a nuclear, so a (q + 1)-arc can be uniquely

completed to a hyperoval by adding the nuclear[7,8,9].

Now we recall some basic results which will be used later.

Lemma 2.1[7] By K we denote a k-arc in PG(2, q), then for any point Q in PG(2, q), one has

σ1(Q) + 2σ2(Q) = k,

where σi(Q) is the number of i-secants through Q. A 2-secant is called a bisecant and a 1-secant

is called a unisecant, a 0-secant is an external line.

Two hyperovals are called equivalent if one hyperoval can be transformed to the other by a

projective linear transformation, i.e., an element of PGL(3, q). By the fundamental theorem of

projective geometry, the group PGL(3, q) is transitive on the quadrangles ([8], Theorem 2.12),

thus every hyperoval can be mapped to a hyperoval containing the fundamental quadrangle

(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1).

Lemma 2.2 (Seger’s Theorem, see for example, [7], Theorem 8.22, Page 184, or [9]) Every

hyperoval can be written in the form

D(f) = {(1, t, f(t))|t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)},

where f is a permutation polynomial of degree at most q − 2, satisfying f(0) = 0, f(1) = 1, and

for each s ∈ Fq , the polynomial

fs(x) =

{

f(x+s)+f(s)
x x 6= 0,
0 otherwise

is also a permutation on Fq .

Let τ : F2m → F2m be defined by

τ(x) = x + xh,
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and Im(τ) be the image of the map τ , the following two lemmas are due to Maschiettii[5].

Lemma 2.3 Let q = 2m, the (q + 2)-set

D(f) = {(1, t, th)|t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)}

in PG(2, q) is a hyperoval if and only if gcd(h, q − 1) = 1, and τ is a two-to-one map from Fq to

itself. Where a two-to-one map τ means that every image of τ has exactly 2 pre-images.

Lemma 2.4 Let q = 2m, if the (q + 2)-set

D(f) = {(1, t, th)|t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)}

is a hyperoval in PG(2, q), then Dh,m = Im(τ)\{0} is a (q − 1, q/2− 1, q/4− 1) cyclic difference

set in F ∗
q .

The following two lemmas are well-known.

Lemma 2.5[10] If χ1 and χ2 are two multiplicative characters of F ∗
q , the Jacobi sum is defined

by

J(χ1, χ2) = Σx∈Fq
χ1(x)χ2(1 − x),

then

J(χ1, χ2)J(χ1, χ2) = q.

Lemma 2.6[11] Let G be an abelian group of order v, then a k-subset D of G is a difference set

if and only if

χ(D)χ(D) = k − λ,

for every nontrivial multiplicative character χ of G, where χ(D) stands for Σd∈Dχ(d).

3. Hyperovals and two-to-one maps

Firstly, we have the following simple proposition.

Proposition 3.1 Let K be a k-arc in a projective plane PG(2, q), if every line has 0 or 2 points

in common with K, i.e., every line is either a bisecant or an external line with regard to K, then

K is a hyperoval.

Proof 1This proposition is well-known, but we have not seen a proof in literature, so we give a

short proof here based on Lemma 2.1.

Let Q be a point not on K, by Lemma 2.1, we have

σ1(Q) + 2σ2(Q) = k. (3.1)

1 The authors would like to express their gratefulness to Professor Huiling Li for giving them a simple proof of
this Proposition.
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Since every line is either a bisecant or an external line with regard to K by the hypothesis, we

have σ1(Q) = 0, so by (3.1), we have σ2(Q) = k/2. Counting the pairs of points and lines in the

set

E = {(Q, l)|Q ∈ PG(2, q)\K, l is a bisecant passing through Q}

in two difference ways: Firstly, for a fixed line l, l has q + 1 points, but l is a bisecant which

means that l meets K in two points, so there are q − 1 choices of the point Q, we note that

Q ∈ PG(2, q)\ K. Now, let l run, since it meets K in two points, in other words, each pair

of points on K determines such a line, and vice versa. Therefore, the total number of l is
(

k
2

)

= k(k−1)
2 . So we have

|E| = (q − 1)
k(k − 1)

2
.

Secondly, for a fixed point Q, we proved that σ2(Q) = k/2 as before going, and there are

(q2 + q + 1 − k) choices of Q, hence we obtain that

|E| =
k

2
(q2 + q + 1 − k).

As a consequence,

(q − 1)
k(k − 1)

2
=

k

2
(q2 + q + 1 − k),

which implies k = q + 2.

Since every line meets K in 0 or 2 points, no three points on K are collinear, therefore, K is

a hyperoval.

The proof of the necessity is trivial, and the result follows. This completes the proof. 2

Now we show that the existence of hyperovals is equivalent to that of certain two-to-one

maps.

Proposition 3.2 Suppose that f(x) is a permutation polynomial, then

D(f) = {(1, t, f(t))|t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)}

is a hyperoval if and only if for each a ∈ F ∗
q , τ(x) = ax + f(x) is a two-to-one map.

Proof If D(f) is a hyperoval, then any line of the affine equation y = −ax + b meets D(f) at

either 0 or 2 points, which implies that the equation ax + f(x) = b has either 0 or 2 solutions in

Fq , and τ(x) = ax + f(x) is a two-to-one map.

Conversely, if τ(x) = ax + f(x) is a two-to-one map, it is straightforward to show that a

line of PG(2, q) with homogeneous equation cy = ax + bz with b = 0 intersects D(f) at 0 or 2

points. It remains to show that the line z = −ax + b meets D(f) at 0 or 2 points.

Since
{

z = −ax + b
z = f(x)

⇔ ax + f(x) = b,

so each line intersects D(f) in 0 or 2 points. By Proposition 3.1, K is a hyperoval. 2

Corollary 3.3 If f(x) is a permutation polynomial, then τ(x) = ax + f(x) is a two-to-one map
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if and only if fs(x) is a permutation polynomial for each s ∈ Fq , where fs(x) is defined as before.

Proof If fs(x) is a permutation polynomial, then by Seger’s theorem (Lemma 2.2), D(f) is a

hyperoval, so τ(x) = ax + f(x) is a two-to-one map by Proposition 3.2.

Conversely, if τ(x) = ax + f(x) is a two-to-one map, by Proposition 3.2 again, we know

D(f) is a hyperoval. Suppose that fs(T ) = fs(T
′) for some T 6= T ′, let a = T + s, b = T ′ + s,

then

fs(T ) = fs(T
′) ⇔

f(T + s) + f(s)

T
=

f(T ′ + s) + f(s)

T ′

⇔
f(a) + f(s)

a + s
=

f(b) + f(s)

b + s
⇔

∣

∣

∣

∣

∣

∣

1 a f(a)
1 b f(b)
1 s f(s)

∣

∣

∣

∣

∣

∣

= 0

⇔ the points (1, a, f(a)), (1, b, f(b)), (1, s, f(s)) are collinear, which is a contradiction with that

D(f) is a hyperoval. 2

Corollary 3.4 If f(x) is a permutation polynomial, then τ(x) = ax + f(x) is a two-to-one map

for each a ∈ F ∗
q if and only if

τs(x) =

{

τ(x+s)+τ(s)
x x 6= 0,
0 otherwise

is a permutation polynomial.

The proof is similar to that of Corollary 3.3, omitted. 2

4. Two-to-one maps and difference sets

In this section, we proceed to generalize Maschietti’s result. Generally speaking, we have

the following

Proposition 4.1 Let q = 2m, τ(x) = xt+xt+k, with gcd(k, q−1) = 1, and gcd(tk−1+1, q−1) =

1, where k−1 is the inverse of k ∈ Zq−1, then Dt,k,m = Im(τ)\{0} is a (q − 1, q/2 − 1, q/4 − 1)

difference set provided that τ is a two-to-one map.

Proof Let χ be a nontrivial multiplicative character of F ∗
q . Since τ is a two-to-one map, we

have

χ(Dt,k,m) =
1

2
Σx∈Fq

χ(xt + xt+k) =
1

2
Σx∈Fq

χ(xt)χ(1 + xk).

Since gcd(k, q − 1) = 1, y = xk is a permutation polynomial of Fq . If we denote ϕ(y) = χ(xt) =

χ(ytk−1

), then direct calculation shows that ϕ is a multiplicative character of F ∗
q , and ϕχ is not

trivial.

Hence

χ(Dt,k,m) =
1

2
Σy∈Fq

ϕ(y)χ(1 + y) =
1

2
J(ϕ, χ),

where J(ϕ, χ) is the Jacobi sum of ϕ and χ.

It is well-known that (Lemma 2.5): J(ϕ, χ)J(ϕ, χ) = q. Hence

χ(Dt,k,m)χ(Dt,k,m) = 2m−2.
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By the result of Turyn (Lemma 2.6), we obtain that Dt,k,m is a difference set in F ∗
q . 2

Obviously, when t = 1, the above proposition is precisely the Maschietti’s result.

The following theorem is a generalization of Proposition 4.1.

Theorem 4.2 Suppose that g(x) is a permutation polynomial on Fq , q = 2m, t is even,
∑t

i=1 ai 6=

0,
∑t

i=1 ki 6= 0, gcd(ki, q − 1) = 1, i = 1, 2, · · · , t. Let f(x) =
∏t

i=1(g(x) + ai)
ki , if f(x) is a 2u

to one map, i.e. each image of f(x) has precisely 2u pre-images. Then Df = Im(f(x))\{0} is

difference sets in F ∗
q .

Proof For any non-trivial character χ of F ∗
q , since f(x) is a 2u to one map, we have

2uχ(Df ) =
∑

x∈Fq

χ(f(x)) =
∑

x∈Fq

χ(
t

∏

i=1

(g(x) + ai)
ki)

=
∑

x∈Fq

t
∏

i=1

χki(g(x) + ai) =
∑

x∈Fq

χ
∑

t

i=1
ki(

t
∑

i=1

ai)
t

∏

i=1

χki(
g(x) + ai
∑t

i=1 ai

)

= χ
∑

t

i=1
ki(

t
∑

i=1

ai)J(χk1 , · · · , χkt).

Note that the last identity is based on the fact that t is even, so

t
∑

i=1

g(x) + ai
∑t

i=1 ai

= 1 +
tg(x)

∑t
i=1 ai

= 1.

By ([12], Theorem 4, page 101), one has that

|J(χk1 , · · · , χkt)| = q(t−1)/2.

Hence, χ(Df )χ(Df ) = 2m(t−1)−2u. By Lemma 2.6, D(f) is a (v, k, λ) difference sets in F ∗
q . 2

Remark 4.3 (1) When t = 2, the above theorem provides difference sets with Singer parameters.

See Guohua Xiong[13].

(2) Using Theorem 4.2, one can construct binary sequences with ideal correlation functions.

Now we give an example which illustrating our construction works indeed.

Example The Dickson polynomial Dn(x, a) of type I is

Dn(x, a) =

bn/2c
∑

i=0

n

n − i

(

n − i
i

)

(−a)ixn−2i,

where x is an indeterminate, a ∈ R, a communicative ring. bn/2c stands for the biggest integer

less than or equal to n/2. Whenever n = 0, define D0(x, a) = 2. Denote Dn(x, 1) simply by

Dn(x). It is well know that Dn(x, a) is a permutation on Fq if and only if gcd(n, q2 − 1) = 1 (cf,

[14], Theorem 3.2, page 38). Suppose that n is indeed that case, we define f(x) as

f(x) = (Dn(x))5l(Dn(x) + 1)l,
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where l satisfying gcd(l, q − 1) = 1, q = 2d, and d ≥ 5 is odd. Since

f(x) = (Dn(x) + Dn(x)6)l = (y + y6)l,

and g(y) = y6 correspond to the Seger hyperoval, so f(x) is a two to one map. By Theorem 4.2,

D(f) is a difference set in F ∗
q . Particularly, let q = 27, α be a primitive element in GF (27) with

α7 + α + 1 = 0. Taking n = 5, l1 = 2, we have

D5(x) = x + x3 + x5,

f1(x) = x2 + x6 + x10 + x12 + x20 + x36 + x52 + x60.

Denote Cj = {αj2i

, i = 0, 1, 2, · · · , 6}, direct calculation shows that

Df1
= C3 ∪ C7 ∪ C9 ∪ C13 ∪ C21 ∪ C23 ∪ C27 ∪ C29 ∪ C55.

If we take l2 = 3, and the left parameters remains unchanged. Then

f2(x) =x3 + x5 + x8 + x9 + x17 + x18 + x21 + x22 + x23 + x24 + x54+

x25 + x26 + x37 + x39 + x40 + x41 + x50 + x53 + x55 + x57+

x58 + x61 + x63 + x65 + x82 + x86 + x90,

Df2
=C9 ∪ C11 ∪ C13 ∪ C19 ∪ C21 ∪ C27 ∪ C29 ∪ C47 ∪ C63.

Utilizing Hall polynomials or the basic Equation (2.1), one can check that D(fi), i = 1, 2 are

difference sets in F ∗
27 . We verified these facts by my computer (IBM R50e) using the software

Mathematica 4.0, the machine time is less than one second.
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