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(p, n − p) �~�~�~�~�~�~�~�







(−1)(n−p)y(n) = ϕ(t)f(t, y), 0 < t < 1,

y(i)(0) = 0, 0 ≤ i ≤ p − 1,

y(i)(1) = 0, 0 ≤ i ≤ n − p − 1,

(1.1)

���
n ≥ 2, 1 ≤ p ≤ n − 1, ϕ �~�~�~� t = 0 � t = 1 �~�~�~�~� f �~� y = 0 �~�~�~�~�� ��� ����  ��¡�¢�����������£�¤ �¦¥�§�¨�© �«ª�¬� §�® ��¯�°�±~��²�³�´�µ~�«¶�·

(1.1)
�

n = 2, f �~� y = 0 �~�~�~� �~¸~� �º¹»�~¼~½~¾~�~�~¿~À (Á [1, 12] Â �~Ã~} ). ¶~·
n ≥ 2, [2] � [7]

�~Ä~Å~Æ~�~�~Ç ° � ¾~�~�~�~È~É~�~� [5]
�~Ä~Å~Æ~Ê~Ë~Ç~Ì � �~� � (p, n−p)�~�~�~�~Í~Î �~Ï ° � ¾~�~�~�� } [2] � [5]

�~Ð~Ñ~� �«Ò Æ~�~� �~� (1.1) �~�~�~�~� �~¸~�~� Í~Î �~Ï ° � ¾~�~�~�� |Ó}Ô� � Cn(I) ÕÓÖÓ×ÓØ I Ù � � n ÚÓÛÓÜÓ�ÓÝÓÞÓßÓàÓáÓâÓã � ×ÓØ~�åä~æ C0 (I) ≡ C(I),

L1(I) Õ~Ö I Ù � �~�~ç~Þ~ß � ×~Ø~� W n,1(I) è~é �~ê~ë~� Sobolev ì~í~�Ò Æ ¤ G(t, s) Õ~Ö (1.1)
� ¶~£ �~î �~�~�~� � Green Þ~ß~�ðï [5]

� ¿~À ë �
(−1)n−pG(t, s) ≥ 0, (t, s) ∈ [0, 1] × [0, 1]. (1.2)

¶~·~ñ~ò �»�~ó Â � Þ~ß~�«Ò Æ~ô~�~�~�~õ~ö~÷øúù�ûýü
: 2004-02-20þúÿ����
: ��������	�
���� (10371050), �����
 985 �����
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H1. ϕ ∈ C(0, 1) ∩ L1[0, 1], ¬~¶ t ∈ (0, 1) ϕ(t) > 0.

H2. f : [0, 1] × (0,∞) → (0,∞) Û~Ü��«¬~¾~� (0,∞) Ù � Û~Ü ��� Þ~ß g > 0, � [0,∞)Ù � Û~Ü~Þ~ß h ≥ 0, ��� h
g

�
(0,∞) Ù �~��� Þ~ß~�«¬~�

f(t, y) ≤ g(y) + h(y), (t, y) ∈ [0, 1] × (0,∞), (1.3)��� Þ~ß g �������� ÷
∫ 1

0

ϕ(s)g(sp)ds < ∞; (1.4)

∫ 1

0

ϕ(s)g((1 − s)n−p)ds < ∞. (1.5)

! É�"~�«¾~�~É § ß K0 > 0, ���~¶~· � � � a > 0, b > 0 #~�
g(ab) ≤ K0g(a)g(b), (1.6)

sup
y∈(0,∞)

(

y

g(y) + h(y)

)

> a0K0, (1.7)

���
a0 = supt∈[0,1]

{

∫ t

0 | G(t, s) | ϕ(s)g(sp)ds

+
∫ 1

t
| G(t, s) | ϕ(s)g((1 − s)n−p)ds

}

.

H3. ¾~� l ∈ (0,
1

2
) � τ(t) > 0, τ ∈ C[l, 1 − l], t ∈ [l, 1 − l], ���

ϕ(t)f(t, y) ≥ τ(t) [g(y) + h(y))] , (t, y) ∈ [l, 1 − l] × (0,∞). (1.8)

H4. ¶�·%$%& § ß R > 0, #�¾���É%& [0, 1] Ù � Û�Ü�Þ�ß ΨR(t), �%�%' t ∈ (0, 1) �
ΨR > 0, ¬~�

f(t, y) ≥ ΨR(t), (t, y) ∈ (0, 1) × (0, R]. (1.9)

�~Ù�( õ~ö~� �*)�+�, ¨ ¾~� 0 ≤ σ ≤ 1, ���
∫ 1−l

l

(−1)n−pG(σ, s)τ(s)ds = sup
t∈[0,1]

∫ 1−l

l

(−1)n−pG(t, s)τ(s)ds; (1.10)

-�.
M0 > 0, ��� M0

a0K0 [g(M0) + h(M0)]
> 1, /~¾~� N0 > M0, ���

x

g(x) + h(x)
≤ θ

∫ 1−l

l

(−1)n−pG(σ, s)τ(s)ds x ∈ [θN0, N0], (1.11)

���
θ
��0

n, p ��1 �~§ ß~�Ò Æ~��2�3 ¿~À �~÷4�5
1.1

õ~ö
H1–H4 ã�6~�*/~�~� (1.1) �~¡�&~° y∗, y∗∗ ∈ Cn−1[0, 1] ∩ Cn(0, 1). ���¶~É�7 t ∈ [0, 1], y∗ ≥ 0, ª~¶ t ∈ (0, 1), y∗∗ > 0.

! É�"~� 0 <| y∗ |0< M0 ≤ | y∗∗ |0≤ N0,
��

M0 � N0 è�8�9 ��-�:~�~§ ß~�
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|~}~��>�?~�~�~÷ Ò Æ�@�A ��B 2
�DC~¨�E · [2]

� É~¾~�~� :�F � Krasnosel’skii
Ì�G ¢:�F ��H�& 0~|~}�I 1 � ¿~À��*J�K~��B 3

�DC~¨�L É�&~¯~°~¾~�~� ��MON �«��B 4
�DC~¨�L

P &~¯~°~¾~�~� ��MON �*Q�K~��B 5
�DC~¨ �~£~¤ |~}�2�3 ¿~À � É�&~²~³�R�S~�

2 TVUVWVXVYVZõ~ö
y ∈ Cn−1[0, 1] ∩ Cn(0, 1), ���







(−1)n−py(n)(t) > 0, 0 < t < 1,

y(i)(0) = 0, 0 ≤ i ≤ p − 1,

y(i)(1) = 0, 0 ≤ i ≤ n − p − 1.

(2.1)

ï [8]
� ¿~À ë �«¾~� t0 ∈ (0, 1), ��� y(t) � t0 ¢�[�\�]~�~� � À~Ò Æ�: µ

p(t) =















| y |0
t
p
0

tp, 0 ≤ t ≤ t0,

| y |0
(1 − t0)n−p

(1 − t)n−p, t0 ≤ t ≤ 1,

(2.2)

^�_
| y(t) |0= supt∈[0,1] | y(t) |= y(t0), / y(t) ≥ p(t), t ∈ [0, 1]. ` Ì�a~� ï Eloe � Henderson� [8]
�DC~¨ �«¶�` Ì�a~�~��b�c ï Agarwal � Wong � [4]

�DC~¨ �4�5
2.1

õ~ö
y ∈ Cn−1[0, 1] ∩ Cn(0, 1), ���















(−1)n−py(n)(t) > 0, 0 < t < 1,

y(0) = y(1) = a ≥ 0,

y(i)(0) = 0, 1 ≤ i ≤ p − 1,

y(i)(1) = 0, 1 ≤ i ≤ n − p − 1.

(2.3)

d�e ¾~� t0 ∈ (0, 1), ��� y(t) � t0 ¢�[�\�]~�~�«¬
y(t) ≥ µ(t) t ∈ [0, 1], (2.4)

^�_
µ(t) =

{

tpy(t0) = tp | y |0, 0 ≤ t ≤ t0,

(1 − t)n−py(t0) = (1 − t)n−p | y |0, t0 ≤ t ≤ 1.
(2.5)

f�g h
u = y − a, /~�







(−1)n−pu(n)(t) > 0, 0 < t < 1,

u(i)(0) = 0, 0 ≤ i ≤ p − 1,

u(i)(1) = 0, 0 ≤ i ≤ n − p − 1.

ï»Ù �~�~ë � u(t) � t0 ∈ (0, 1) i�[�\�]~�~�«ª~¬ u(t) ≥ p(t) t ∈ [0, 1]. j y � (0, 1) Ù~��\
]~�~�«¬

y(t) − a ≥
u(t0)

t
p
0

tp ≥ [y(t0) − a]tp, 0 ≤ t ≤ t0,��k
y(t) ≥ tpy(t0) + a[1 − tp] ≥ tpy(t0) = µ(t), 0 ≤ t ≤ t0.
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t0 ≤ t ≤ 1 � �~¸�l�m�n �o~��p Ò Æ�q�r ¶ (p, n − p) �~�~�~�~�~�







(−1)n−py(n) = h(t, y), a.e. t ∈ [0, 1],

y(i)(0) = ai, 0 ≤ i ≤ p − 1,

y(i)(1) = bi, 0 ≤ i ≤ n − p − 1,

(2.6)

s ¨
[2]
�»� É~¾~�~�~¿~À~� ^�_ h(t, y) : [0, 1] × R → R

� É�& L1-Carathéodory Þ~ß~�*t��
� � (��� � Þ~ß~�

(1) ¶�H�u � � � t ∈ [0, 1], h(t, y) 1~· y ∈ R
� Û~Ü � �

(2) ¶�v~´ � y ∈ R, h(t, y) 1~· t ∈ [0, 1] ��w~�
(3) ¶x$x& r > 0, ¾Ó� µr ∈ L1[0, 1] , ' | z |≤ r �Ó� ¶xHxu � � � t ∈ [0, 1] | h(t, z) |≤ µr(t).4�5

2.2
h

h : [0, 1] × R → R
� É�& L1-Carathéodory Þ~ß~� � À�1~·







(−1)n−py(n) = λh(t, y), a.e. t ∈ [0, 1],

y(i)(0) = ai, 0 ≤ i ≤ p − 1,

y(i)(1) = bi, 0 ≤ i ≤ n − p − 1,

(2.7)

λ ∈ (0, 1)
� vÓ´Ó° y ∈ W n,1[0, 1], ¾Ó�ÓÉ Ì�yxz · λ

�Ó§ ß M0 >| w |0, �x� | y |0= supt∈[0,1] |

y(t) |6= M0.
���

w
�







y(n) = 0, t ∈ [0, 1],
y(i)(0) = ai, 0 ≤ i ≤ p − 1,

y(i)(1) = bi, 0 ≤ i ≤ n − p − 1

(2.8)

� È~É~°~� d�e (2.6) {�|~�~É�&~° y ∈ W n,1[0, 1], ¬ | y |0≤ M0.¶ s ∈ [0, 1],
ö

v(s) ∈ [0, 1] ���
sup

t∈[0,1]

(−1)n−pG(t, s) = sup
t∈[0,1]

| G(t, s) |=| G(v(s), s) | . (2.9)

}�~
[3] Ò Æ � �~� ¿~À ÷4�5

2.3 ¶�v�� l ∈ (0,
1

2
) � t ∈ [l, 1− l]

(−1)n−pG(t, s) ≥ θ | G(v(s), s) |, (2.10)

^�_
0 ≤ θ ≤ 1 è�ï �~��: µ �~§ ß ÷

θ = min { b(p) min{c(p), c(n − p − 1)},
b(p − 1) min{c(p− 1), c(n − p)}} ,

(2.11)

b(x) =
(n − 1)n−1

xx(n − x − 1)n−x−1
¬ c(x) = lx(1 − l)n−x−1.

� ´ ÷«� À n = 2, p = 1 / b(1) = 0, b(0) = 1.4��
2.1

ö
E
� É�& Banach ì~í~� K

�
E
�»�~� ì���S~×~� � À������ ÷

(1) � x ∈ K, ζ ≥ 0, / ζx ∈ K;

(2) � x ∈ K,−x ∈ K, / x = 0.

/�� K
�

E
�»��� �
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4�5
2.4

[6,10]
ö

E = (E, ‖ · ‖)
� É�& Banach ì~í~� K ⊂ E

�
E
� É � � õ~ö Ω1, Ω2�

E
� ¡�&��~×~� 0 ∈ Ω1 ¬ Ω1 ⊂ Ω2. � A : K ∩ (Ω2\Ω1) → K

� É~à~Û~Ü����~�*��� ÷
‖ Au ‖≤‖ u ‖, u ∈ K ∩ ∂Ω1, ¬ ‖ Au ‖≥‖ u ‖, u ∈ K ∩ ∂Ω2.

/ A � K ∩ (Ω2\Ω1)
� �~É Ì�G ¢~�

3 �VTV�V�V�V�������
� | B � Ò Æ�C~¨�L É�&~¯~° y∗ ¾~�~� ��MON �-�.

ε > 0 ¬ ε < M0, ���
M0

ε + a0K0 [g(M0) + h(M0)]
> 1. (3.1)

-�:
m0 ∈ {1, 2, · · ·}, ��� 1

m0

< ε, ¬ M0 + 1
m0

< N0.
h

Z0 = {m0, m0 + 1, · · ·}.
@�A �»Ò Æ�MN»÷ ¶~·�$�& m ∈ Z0, �~�























(−1)n−py(n) = ϕ(t)fm(t, y), 0 < t < 1,

y(0) = 1
m

,

y(1) = 1
m

,

y(i)(0) = 0, 1 ≤ i ≤ p − 1,

y(i)(1) = 0, 1 ≤ i ≤ n − p − 1

(3.2)

#~�~É�&~°~� ���
fm(t, u) =

{

f(t, u), u ≥ 1
m

,

f(t, 1
m

), u < 1
m

.
(3.3)

Ò Æ�q £~¤ :�F 2.2
p�MON `~¿~À~� A����~�~� �~� ÷






















(−1)n−py(n) = λϕ(t)fm(t, y), 0 < t < 1,

y(0) = 1
m

,

y(1) = 1
m

,

y(i)(0) = 0, 1 ≤ i ≤ p − 1,

y(i)(1) = 0, 1 ≤ i ≤ n − p − 1,

(3.4)

���
0 < λ < 1.

ö
y ∈ W n,1[0, 1]

�
(3.4)

� v~´~°~� d�e
y(t) =

1

m
+ λ(−1)n−p

∫ 1

0

G(t, s)ϕ(s)fm(s, y(s))ds, t ∈ [0, 1]. (3.5)

ï (1.2) � (3.5)
�~ë �

y(t) ≥
1

m
, t ∈ [0, 1]. (3.6)

' λ = 1 �~� (3.4)
� v~´~° y ∈ Cn−1[0, 1] ∩ Cn(0, 1) ����� (3.6)

� �o~��p�3��ON �«¶~· (3.4)
� v~´~° y #~� ÷

| y |0= sup
t∈[0,1]

y(t) 6= M0. (3.7)
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è�`~� Ò Æ~ö y è (3.4)

� v~´~°~���~¬ y(t) � t0 ∈ (0, 1) i�[�\�]~�~� }�~ :�F 2.1
ë �

y(t) ≥

{

tpy(t0), 0 ≤ t ≤ t0,

(1 − t)n−py(t0), t0 ≤ t ≤ 1.
(3.8)

ï (3.5), (3.6)
ë

y(t) =
1

m
+ λ(−1)n−p

∫ 1

0

G(t, s)ϕ(s)f(s, y(s))ds, t ∈ [0, 1].

��k
y(t0) ≤

1

m
+

∫ 1

0

| G(t0, s) | ϕ(s)g(y(s))

{

1 +
h(y(s))

g(y(s))

}

ds. (3.9)

© � }�~ (1.3), (1.6), (3.8) � (3.9) �
y(t0) ≤

1

m
+

{

1 +
h(y(t0))

g(y(t0))

}
∫ t0

0

| G(t0, s) | ϕ(s)g(spy(t0))ds+

{

1 +
h(y(t0))

g(y(t0))

}
∫ 1

t0

| G(t0, s) | ϕ(s)g((1 − s)n−py(t0))ds

≤ε +

{

1 +
h(y(t0))

g(y(t0))

}

K0g(y(t0))

∫ t0

0

| G(t0, s) | ϕ(s)g(sp)ds+

{

1 +
h(y(t0))

g(y(t0))

}

K0g(y(t0))

∫ 1

t0

| G(t0, s) | ϕ(s)g((1 − s)n−p)ds

≤ε + g(y(t0))

{

1 +
h(y(t0))

g(y(t0))

}

a0K0.

��k
y(t0)

ε + a0K0 [g(y(t0)) + h(y(t0))]
≤ 1. (3.10)

}�~
(3.1)

ë
y(t0) 6= M0. ï :�F 2.2

ë
(3.2) �~É~° ym ∈ W n,1[0, 1] ¬

1

m
≤ ym(t) < M0, t ∈ [0, 1]. (3.11)

ï H4 � (3.11)
ë ¾~�~É [0, 1] Ù � Û~Ü~Þ~ß ΨM0

(t) > 0, t ∈ (0, 1), ��� ÷
f(t, ym(t)) ≥ ΨM0

(t), (t, ym(t)) ∈ (0, 1) × (0, M0].

ï ym � fm

��: µ ë~÷
ym(t) =

1

m
+

∫ 1

0

(−1)n−pG(t, s)ϕ(s)f(s, ym(s))ds

≥
1

m
+

∫ 1

0

(−1)n−pG(t, s)ϕ(s)ΨM0
(s)ds. (3.12)

h
ΦM0

(t) = t−p(1 − t)p−n

∫ 1

0

(−1)n−pG(t, s)ϕ(s)ΨM0
(s)ds, t ∈ (0, 1).
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� ¤ [2]
�»��MON ñ��~�~¶ Green Þ~ß ����� Â~Ù�(~Õ�� � �*)�+�� ë ΦM0

���� ~è [0, 1] Ù� Û~Ü~Þ~ß~�«¬~¾~� § ß β0 > 0, ��� ΦM0
(t) ≥ β0 > 0, t ∈ [0, 1]. · �

ym(t) ≥
1

m
+ β0t

p(1 − t)n−p. (3.13)

Ò Æ � ¤ Arzela-Ascoli
:�F�p ��¡ (1.1)

��L É�&~°~�»Ò Æ�@�A�MON»÷ {ym}m∈Z0

�
[0, 1]Ù � ��¢ a�£ Û~Ü�¤~�

(3.11) ¥¦J�§�¨�© {ym}m∈Z0

� É�ª~��¢ � � ��k Ò Æ~®�«���¬~��a�£ Û~Ü~�~� � ´�¡ ÷
y′

m(t) =

∫ 1

0

(−1)n−pGt(t, s)ϕ(s)f(s, ym(s))ds, t ∈ [0, 1].

�}�~
(1.3), (3.11) � (3.13)

ë ¶ t ∈ [0, 1] �
| y′

m(t) | ≤

∫ 1

0

| Gt(t, s) | ϕ(s)g(ym(s)){1 +
h(ym(s))

g(ym(s))
}ds

≤ {1 +
h(M0)

g(M0)
} sup

t∈[0,1]

∫ 1

0

| Gt(t, s) | ϕ(s)g(β0s
p(1 − s)n−p)ds.

Ù ��®�¯~��0 m °�1 �~§ ß~�*±�` {ym}m∈Z0

��a�£ Û~Ü � �ï Arzela-Ascoli
:�F~ë �«¾~� Z0

� É�S�² s Z �~É~Þ~ß y∗ ∈ C(0, 1), ' m → ∞ �~�
ym (m ∈ Z) � [0, 1] Ù~É�ª�³�´~· y∗ . ª~¬~� y∗(0) = y∗(1) = 0, β0t

p(1 − t)n−p ≤ y∗(t) <

M0, t ∈ [0, 1]. µ~�~�ðï ym(m ∈ Z) ���
ym(t) =

1

m
+

∫ 1

0

(−1)n−pG(t, s)ϕ(s)f(s, ym(s))ds, t ∈ [0, 1], (3.14)

Â
| ϕ(s)f(s, ym(s)) |≤

{

1 +
h(M0)

g(M0)

}

ϕ(s)g(β0s
p(1 − s)n−p),

ë
| ym(t) | ≤

∫ 1

0

(−1)n−pG(t, s) | ϕ(s)f(s, ym(s)) | ds

≤ {1 +
h(M0)

g(M0)
}

∫ 1

0

(−1)n−pG(t, s)ϕ(s)g(β0s
p(1 − s)n−p)ds.

Ù ��®�¯ Þ~ß�¶~· L1[0, 1].
}�~

Lebesgue ·�¸�¹�º :�F �«� (3.14)
� � h m → ∞ (m ∈ Z),

�
y∗(t) =

∫ 1

0

(−1)n−pG(t, s)ϕ(s)f(s, y∗(s))ds. (3.15)

ïD`�+ ë y∗
� �~� (1.1)

� É�&~°~�«¬ 0 <| y∗ |0< M0.

4 �V»V�V�V�V�������
Ò Æ�q � ¤ :�F 2.4

p�MONDL P &~¯~° y∗∗
� ¾~�~�~�
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ö

E = (C[0, 1], | · |0), K = {u ∈ C[0, 1] : u(t) ≥ 0, t ∈ [0, 1] ¬ mint∈[l,1−l] u(t) ≥ θ | u |0}; l�
H3
�»��-�: � θ

�
(2.11)

�D: µ~�*+~Á K è E
� É � �«¶~·�$�&O¼ :~� m ∈ Z0 � : µ

A : K → C[0, 1] è
Au(t) =

∫ 1

0

(−1)n−pG(t, s)ϕ(s)fm(s, u(s))ds +
1

m
, (4.1)

fm

�
(3.4)

�D: µ~�@�A�MON
A è~à~Û~Ü�½�S~�ö

U è K
�»� ��¢~×~�«æ A(U) = {y ∈ C[0, 1]; y = Au, u ∈ U}. /~¾~� § ß r0 > 0 �

���~¶�v�� u ∈ U , � | u |0≤ r0. ï õ~ö +~Á ϕ(t)fm(t, u) è L1-Carathéodory Þ~ß~�*j~¾~�
µr0

∈ L1[0, 1], ���~¶�H�u � � � t ∈ [0, 1], ' | u |0≤ r0 �
| ϕ(t)fm(t, u) |≤ µr0

(t).

· � ¶�v~´ u ∈ U
÷
| Au |0 = sup

t∈[0,1]

{
∫ 1

0

(−1)n−pG(t, s)ϕ(s)fm(s, u(s))ds

}

≤ sup
t∈[0,1]

{
∫ 1

0

(−1)n−pG(t, s)µr0
(s)ds

}

.

±�`~� A(U)
�»� Þ~ß~� [0, 1] Ù~É�ª~��¢~�*�~¬~�

| (Au)′(t) |0≤ sup
t∈[0,1]

{
∫ 1

0

(−1)n−p | Gt(t, s) | µr0
(s)ds

}

.

t A(U)
� � a�£ Û~Ü~�~�� 9 MON A

� Û~Ü~�~�ö
{un} � C[0, 1]

� ¹�º~· u0, / {un} � C[0, 1]
� ��¢~�*±�`~�«¾~� § ß r1 > 0 , ���

' t ∈ [0, 1] �~�«�
| un(t) |≤ r1, n = 0, 1, 2, · · ·

ª~� [0, 1] × [0, r1] Ù fm

� É�ª~Û~Ü � � G
� Û~Ü � � ϕ

� �~ç � � ��k ¶�v~´ ε > 0, ¾~�
δ > 0 , ����' v1, v2 ∈ [0, r1], ¬ | v1 − v2 |< δ �~�«¶~· ∀ (t, s) ∈ [0, 1] × [0, 1] ¾~�

| fm(s, v1(s)) − fm(s, v2(s)) |<
ε

1 +
∫ 1

0
(−1)n−pG(t, s)ϕ(s)

.

ï»· {un} � C[0, 1]
� ¹�º~· u0 , j~¾~�¿¥¦J~ß N , ��' n ≥ N �~�*¾~� | un − u0 |< δ,· �

| Aun(t) − Au0(t) |

≤

∫ 1

0

(−1)n−pG(t, s)ϕ(s) | fm(s, un(s)) − fm(s, u0(s)) | ds

<
ε

1 +
∫ 1

0
(−1)n−pG(t, s)ϕ(s)

∫ 1

0

(−1)n−pG(t, s)ϕ(s)

< ε.
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}�~
Ascoli-Arzela

:�F~ë
A è~à~Û~Ü�½�S~�o~��p�MON

A : K → K.¹ ë Au(t) ≥ 1
m

> 0, t ∈ [0, 1].
 ï (2.9)

ë
| Au |0≤

∫ 1

0

| G(v(s), s) | ϕ(s)fm(s, u(s))ds +
1

m
. (4.2)

· �~ë �
min

t∈[l,1−l]
Au(t)

= min
t∈[l,1−l]

∫ 1

0

(−1)n−pG(t, s)ϕ(s)fm(s, u(s))ds +
1

m

≥ θ

∫ 1

0

| G(v(s), s) | ϕ(s)fm(s, u(s))ds +
1

m

≥ θ | Au |0 . (4.3)

±�` A : K → K
� à~Û~Ü�½�S~�À � ¶~·�$�&O¼ :~� m ∈ Z0,

h ÷
Ω1 =

{

u ∈ C[0, 1], | u |0< M0 +
1

m

}

, Ω2 = {u ∈ C[0, 1], | u |0< N0} .

Ò Æ�@�A�MON �*' u ∈ K ∩ ∂Ω2 �~� | Au |≥| u |0.h
u ∈ K ∩ ∂Ω2, / | u |0= N0, ¬ mint∈[l,1−l] u(t) ≥ θ | u |0, t u ∈ [θN0, N0] , t ∈ [l, 1− l].ï (1.3), (1.8) (σ

�
(1.10)

��: µ ),

Au(σ) =

∫ 1

0

(−1)n−pG(σ, s)ϕ(s)fm(s, u(s))ds +
1

m

≥

∫ 1−l

l

(−1)n−pG(σ, s)τ(s) [g(u(s)) + h(u(s))] ds.

�}�~
(1.11)

ë �
Au(σ) ≥

1

θ
∫ 1−l

l
(−1)n−pG(σ, s)τ(s)ds

∫ 1−l

l

(−1)n−pG(σ, s)τ(s)u(s)ds

= N0 =| u |0 .� Ú~Ò Æ�MON �*' u ∈ K ∩ ∂Ω1 �~� | Au |0 ≤| u |0.}�~
(3.11)

ë
M0

a0K0[g(M0)+h(M0)]
> 1,

�}�~
g, h
� Û~Ü~� ë �«¾~� δ > 0 ���

M

a0K0 [g(M) + h(M)]
> 1, M ∈ [M0 − δ, M0 + δ]

ã�6~�«¬~¾~� ξ > 0 ���
M

a0K0 [g(M) + h(M)]
> 1 + ξ, M ∈ [M0 − δ, M0 + δ].
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� ´�¡ a0K0 [g(M) + h(M)] � [M0 − δ, M0 + δ] Ù~��¢~� Ì�Á~ö

K1 < a0K0 [g(M) + h(M)] < K2, M ∈ [M0 − δ, M0 + δ].

d�e~®�3�- [ 0 < η < K1ξ Â~�
M − η

a0K0 [g(M) + h(M)]
> 1, M ∈ [M0 − δ, M0 + δ], η ∈ (0, K1ξ).

-�:
m1 ∈ {1, 2, · · ·} , ��� 1

m1

< min{δ, K1ξ, ε}. ¬ h Z1 = {m1, m1 + 1, · · ·}, Ò Æ Â~� ÷
� u ∈ K ∩ ∂Ω1, / | u |0= supt∈[0,1] u(t) = M0 + 1

m
, m ∈ Z1 ⊂ Z0. ª~¬

Au(t) ≤

∫ 1

0

(−1)n−pG(t, s)ϕ(s)g(u(s))

[

1 +
h(u(s))

g(u(s))

]

ds +
1

m

≤

[

1 +
h(M0 + 1

m
)

g(M0 + 1
m

)

]
∫ 1

0

(−1)n−pG(t, s)ϕ(s)g(u(s))ds +
1

m
.

ï m ∈ Z1

��- [ ë �
M0

a0K0g(M0 + 1
m

)
> 1 +

h(M0 + 1
m

)

g(M0 + 1
m

)
.

�}�~
(1.7), (1.8) � (3.8) Ã ë �

Au(t) ≤
M0

a0K0g(M0 + 1
m

)
{

∫ 1

0

(−1)n−pG(t, s)ϕ(s)g(u(s))ds} +
1

m

≤
M0

a0K0g(M0 + 1
m

)
{

∫ t0

0

| G(t0, s) | ϕ(s)g(sp(M0 +
1

m
))ds+

∫ 1

t0

| G(t0, s) | ϕ(s)g((1 − s)n−p(M0 +
1

m
))ds} +

1

m

≤
M0

a0K0g(M0 + 1
m

)
K0g(M0 +

1

m
){

∫ t0

0

| G(t0, s) | ϕ(s)g(sp)ds+

∫ 1

t0

| G(t0, s) | ϕ(s)g((1 − s)n−p)ds} +
1

m

≤
M0

a0K0g(M0 + 1
m

)
a0K0g(M0 +

1

m
) +

1

m

=M0 +
1

m
=| u |0 .

ï :�F 2.4, Ò Æ~ë�Ä A �~É Ì�G ¢ ym ∈ K ∩ (Ω2\Ω1), ¬
ym(t) =

1

m
+

∫ 1

0

(−1)n−pG(t, s)ϕ(s)fm(s, ym(s))ds, m ∈ Z1.

ïD`~�~Á ym(t) ≥ 1
m

.
 ï fm

��: µ ë
ym(t) =

1

m
+

∫ 1

0

(−1)n−pG(t, s)ϕ(s)f(s, ym(s))ds, m ∈ Z1,
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�~¬~� M0 + 1
m

≤| ym |0≤ N0 . + ë ` ym(m ∈ Z1)
�

(3.2)
� °~� m�n ¶ y∗

�~�~� �«Ò ÆÀ � M � ym (m ∈ Z1) � � ¢ ��� �«¬ � [0, 1] Ù � ��¢ a�£ Û~Ü�¤~�ðï Arzela-Ascoli
:�F �

Lebesgue ·�¸�¹�º :�F �«Ò Æ~ë�Ä ¾~� Z1

� S�² s Z ′ �~É~Þ~ß y∗∗ ∈ C[0, 1], ' m → ∞ �
ym(m ∈ Z ′) � [0, 1] Ù~É�ª�³�´~· y∗∗ , y∗∗ =

∫ 1

0 (−1)n−pG(t, s)ϕ(s)f(s, y∗∗(s))ds. t y∗∗ ���
(1.1) ¬~� M0 ≤| y∗∗ |0≤ N0 .:�F

1.1 � M �
5 ÅVÆ

���~�~�~� �~�~�~� ÷






y′′ + t
1

2
(α−1)(y−α + r0y

β + r1) = 0, 0 < t < 1,

y(0) = 0,

y(1) = 0,

(5.1)

���
0 < α < 1

2 , β > 1, r1 ≥ 0, r0 ≥ 0, ¬
1

a0
sup

c∈(0,∞)

(

cα+1

1 + r0cα+β + r1cα

)

> 1,

���
a0 = sup

t∈[0,1]

{
∫ t

0

(1 − t)s
1

2
(1−α)ds +

∫ 1

t

ts
1

2
(α−1)(1 − s)1−αds

}

.

£~¤~Ò Æ~��2�3�:�F � ë (5.1) �~¡�&~° y1, y2 ∈ C1[0, 1]∩C2(0, 1), ¬~¾~� § ß M0, N0 �
� 0 <| y1 |0< M0 ≤| y2 |0≤ N0.� ´~� �~�~� (5.1)

� � Ò Æ~ö f(t, y) = y−α +r0y
β +r1, ϕ(t) = t

1

2
(α−1), g(y) = y−α, h(y) =

r0y
β + r1.

d�e
ϕ � t = 0 �~�~�~� f � y = 0 �~�~�~� } [5], [9] � [11]

�»� ¿~À�Ç Ì�È ¤~·
`~�~�~�è�B�É�Ê�Ë~�«Ò Æ�Ì�Í `�R MON»��c B~�
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Twin Nonnegative Solutions For (p, n − p) Conjugate Boundary

Value Problems

LI Yan-jie, GAO Wen-jie
(Dept. of Math., Jilin University, Changchun 130012, China )

Abstract: The following (p, n − p) conjugate boundary value problems are studied in this paper.







(−1)(n−p)y(n) = ϕ(t)f(t, y), 0 < t < 1,

y(i)(0) = 0, 0 ≤ i ≤ p − 1,

y(i)(1) = 0, 0 ≤ i ≤ n − p − 1,

where n ≥ 2, 1 ≤ p ≤ n− 1, ϕ may be singular at t = 0 and/or t = 1 : and f may be singular at y = 0.
Based on the results obtained by R. P. Agarwal et. al., the existence of twin nonnegative solutions to
the problem is proved under suitable conditions. A simple example is also given.

Key words: conjugate boundary value problems; singularity; nonnegative solutions; twin solutions.


