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1 ¡.¢.£.¤.¥.¦¨§©
X ª¬« Banach ¬®¬¯±°¬²¬³¬¬® X∗ ´¬µ·¶¹¸±º (u,w) »¬¼ w ∈ X∗ ½ u ∈ X ¾¬¿À¬Á¬Â ¸ ² X Ã¹Ä¬Å G, Æ¬Ç º IntG È ClG »¬¼¬°·É¹Ê¬È¬Ë¬Ì¬Í ¸ÏÎ¬Ð T : D(T ) = X → X∗Ñ¬Ò

demi Ó¬Ô¬¿¬Õ±Ö T × X ¿¬Ë¬Ø¬Ù¬Ú X∗ ¿¬Û¬Ø¬Ù¬Ó¬Ô ¸ ²¬³ Î¬Ð J : X → X∗ Ü¬Ý Ò
(u, Ju) = ‖u‖2 Þ ‖Ju‖ = ‖u‖, ∀u ∈ X . ß X∗ ´¬µ·¶ ¯±à J

Ò¬á Â ¿ ¸ © A : X → 2X
Ò

âäã Ü ¿ ÎäÐä¸ Ñ A ªäåäæäçäèä¿äÕ±éäêä² X ÃÏëäìäåäæäÄäÅ G È G′, Åäí G ∩ A−1(G′)ª X Ã¹¿¬î¬²¬è¬Å ¸ Ñ A : X → 2X
Ò¬ï¬ð Î¬Ð Õ±é¬ê¬² ui ∈ D(A), vi ∈ Aui, i= 1, 2, å

(v1−v2, J(u1−u2)) ≥ 0 ñ¬ò ¸ ï¬ð Î¬Ð A
Ñ¬Ò

m
ï¬ð Î¬Ð Õóé¬ê¬²¬ô Á λ > 0, R(I+λA) = X .©

B : X → 2X∗
Ò¬õ Â Î¬Ð ¯±°¬ö¬÷ G(B) Ü¬Ý Ò G(B) = {[u,w], u ∈ D(B), w ∈ Bu} .

Ñ
B
Òäáäø ÎäÐ Õ±éäê G(B) ª X × X∗ ÃÏ¿ áäø Åä¯±ùäÕ ∀[ui, wi] ∈ G(B), i = 1 , 2 , å

(u1 − u2, w1 −w2) ≥ 0 ñ¬ò ¸ á¬ø Î¬Ð B
Ñ¬Ò¬ú¬û¬á¬ø ¿¬ÕüÖ G(B) ý¬þ¬ÿ�� X ×X∗ ¿¬ë��á¬ø Å·Ã ¸ õ Â Î¬Ð B : X → 2X∗

Ñ¬Ò Ë��¬¿¬Õ±Ö ∀[xn, x
∗
n] ∈ G(B) Þ limn→+∞ ‖xn‖ = +∞,å limn→+∞

(xn,x∗

n
)

‖xn‖ = ∞ ñ¬ò ¸���
1.1

[1]
©

X
Ò « Banach ¬®¬¯±°¬²¬³¬¬® X∗ ´¬µ·¶¹¸�� J : X → X∗

Ò ²¬³ ÎÐ¬Þ���	�
�� (I).
©

A, B1 : X → 2X � Ò¬ï¬ð Î¬Ð¬Þ���	 Õ
(i) �� A È B1

����	�
�� (*), �� D(A) ⊂ D(B1)
Þ B1

��	�
�� (*);

(ii) A+B1 ª m
ï¬ð�� å¬æ¬ç¬è Î¬Ð¬¸�� B2 : X → X ª¬å¬æ � Ó¬Ô Î¬Ð¬Þ ² ∀y ∈ X , �½ C(y) ��	 Õ (B2(u+ y), Ju) ≥ −C(y), ∀u ∈ X . � Cl[R(A) + R(B1)] ⊂ ClR(A+ B1 + B2)Þ Int[R(A) +R(B1)] ⊂ IntR(A+B1 +B2).

�������
: 2004-05-24�������
: ������ �!�"�#�$ (10471003)
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(
p-Laplace )¬Ä 4p î�*¬¿�+�,¬¿�-¬¿�� ½�.�/�0 â�1�2�3 ½ Á�4�5�6 ¸87 ��9;:�<>=�?+�@�A�B â�C�D�E [2−5]. F�G¬¿IH ¿¬ª�J¬Ô�K�L�M�N 0 ¿�O�P ¸

2 QSRSTSU©
Ω ª�V;W¹¬® RN (N ≥ 1) Ã¹¿¬å¬æ�X�Y�Z 6 ¯±°�[¬æ Γ ∈ C1 Þ�\¬µ�]�^�_ ñ¬ò ¸��

ϕ : Γ ×R → R
Ò â¬ã Ü À¬Á ¯±² ∀x ∈ Γ ��	 Õ

(i) ϕx = ϕ(x, ) : R → R ª�`�a � ¶ ��b�c Ó¬Ô À¬Á Þ ϕx(0) = 0.

(ii) βx = ∂ϕx( ϕx ¿�d�e¬Æ ) ª R f¬¿ ú¬û¬á¬ø Î¬Ð ¯ 0 ∈ βx(0) ¯ Þ ² ∀t ∈ R g ∀λ > 0,À¬Á
x ∈ Γ → (I + λβx)−1(t) ∈ R h�i ¸
F�j�O�P�k b�l�m . [ Â /�0 Õ±² ã Ü ¿ f ∈ Lp(Ω), 2 ≤ p < +∞, n u ∈ Lp(Ω) ��	 Õ

{

−div{(C(x) + |∇u|2)
p−2
2 ∇u} + |u|p−2u+ g(x, u) = f(x), a.e. x ∈ Ω,

−〈n, (C(x) + |∇u|2)
p−2
2 ∇u〉 ∈ βx(u(x)), a.e. x ∈ Γ,

(1)

°·Ã 0 ≤ C(x) ∈ Lp(Ω), n
Ò

Γ ¿�o�p;q>r Á ¯ | · | È 〈·, ·〉 Æ¬Ç¬»¬¼ RN Ã¹¿�s Á È·É>t ¸
g : Ω×R → R ª â¬ã Ü ¿ À¬Á Þ���	 Caratheodory 
�� ¯vu \¬Î¬Ð u ∈ Lp(Ω) → g(x, u(x)) ∈

Lp(Ω) (2 ≤ p < +∞) åäì Ýä¸ L âxwxy © � ½ lxz ÀäÁ T (x) ∈ Lp(Ω) �x	 Õ�{ |t| ≥ T (x),

x ∈ Ω |¬¯ g(x, t)t ≥ 0.� g+(x) = limt→+∞ g(x, t) Þ g−(x) = limt→−∞ g(x, t).}
2.1 é¬ê�+�, (1) Ã div{(C(x)+ |∇u|2)

p−2
2 ∇u} Ã¹¿ À¬Á C(x) ≡ 0 , �¬Õ div{(C(x)+

|∇u|2)
p−2
2 ∇u} ~���� Ò p-Laplace )¬Ä 4p, ��k�F�G¬ª¬²�G [2–5] �����¬¿¬ÿ¬å p-Laplace )Ä 4p ¿�+�,¬¿�K��¬È��¬Ô ¸���

2.1
[1] g1 : Ω ×R → R Ü¬Ý Ò Õ
g1(x, t) =







(infs≥t g(x, s)) ∧ (t− T (x)), ∀t ≥ T (x)
0 ∀t ∈ [−T (x), T (x)]

(sups≤t g(x, s)) ∨ (t+ T (x)), ∀t ≤ −T (x),

�¬Õ ∀x ∈ Ω, g1(x, t) *�� t
á¬ø¬ï Þ limt→±∞ g1(x, t) = g±(x). � Þ g1 : Ω × R → R ��	

Caratheodory 
��¬Þ À¬Á g±(x) ½ Ω f�h�i ¸v� g2(x, t) = g(x, t)− g1(x, t), �¬Õv{ |t| ≥ T (x),

x ∈ Ω |¬¯ g2(x, t)t ≥ 0 .Î¬Ð B1 : Lp(Ω) → Lp(Ω), 2 ≤ p < +∞ Ü¬Ý Ò Õ (B1u)(x) = g1(x, u(x)), ∀u ∈ Lp(Ω),

x ∈ Ω, �¬Õ B1 ª¬å¬æ � Ó¬Ô � m
ï¬ð Î¬Ð¬¸Î¬Ð B2 : Lp(Ω) → Lp(Ω) , 2 ≤ p < +∞ Ü¬Ý Ò (B2u)(x) = g2(x, u(x)), ( °·Ã g2(x, t) =

g(x, t) − g1(x, t) ) ¯��¬Õ B2
��	 ∀u, y ∈ Lp(Ω) ¯

(B2(u+ y), Jpu) ≥ −C(y), (2)

°·Ã Jp : Lp(Ω) → Lp′

(Ω)
Ò ²¬³ Î¬Ð¬¸���

2.1
Î¬Ð Bp : W 1,p(Ω) → (W 1,p(Ω))∗, 2 ≤ p < +∞ Ü¬Ý Ò Õ ∀u, v ∈W 1,p(Ω),

(v,Bpu) =

∫

Ω

< (C(x) + |∇u|2)
p−2
2 ∇u,∇v > dx+

∫

Ω

|u(x)|p−2u(x)v(x)dx
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� Î¬Ð Bp ¾¬¾¬å Ü¬Ý �±á¬ø�� demi Ó¬Ô¬¯±×�� Bp

ú¬û¬á¬ø�� � Þ Bp ª¬Ë��¬¿ ¸��� ���>� 
���� � Õ Î¬Ð Bp : W 1,p(Ω) → (W 1,p(Ω))∗ ¾¬¾¬å Ü¬Ý � á¬ø Þ Ë�� ¸ b��
Bp : W 1,p(Ω) → (W 1,p(Ω))∗ ª demi Ó¬Ô¬¿ ¸� {un} ⊂ W 1,p(Ω) Þ un → u � W 1,p(Ω) , n → ∞, ��� � ∀v ∈ W 1,p(Ω), (v,Bpun −

Bpu) → 0, n→ ∞ . �¬«�f
|(v,Bpun −Bpu)| ≤

∫

Ω

|(C(x) + |∇un|
2)

p−2
2 ∇un − (C(x) + |∇u|2)

p−2
2 ∇u||∇v|dx+

∫

Ω

||un(x)|p−2un(x) − |u(x)|p−2u(x)||v(x)|dx (3)

é¬ê p = 2,
�

(3) _���� å¬Õ (v,Bpun −Bpu) → 0, n→ ∞.é¬ê p > 2, ����� (3) Ã¹¿ ∫

Ω |(C(x) + |∇un|
2)

p−2
2 ∇un − (C(x) + |∇u|2)

p−2
2 ∇u||∇v|dx.ß Ò

∫

Ω

|(C(x) + |∇un|
2)

p−2
2 ∇un − (C(x) + |∇u|2)

p−2
2 ∇u||∇v|dx

≤

∫

Ω

|(C(x) + |∇un|
2)

p−2
2 − (C(x) + |∇u|2)

p−2
2 ||∇v||∇un|dx+

∫

Ω

|∇un −∇u||(C(x) + |∇u|2)
p−2
2 ||∇v|dx

�
∫

Ω

|∇un −∇u||(C(x) + |∇u|2)
p−2
2 ||∇v|dx

≤ ‖|∇un −∇u|‖p{

∫

Ω

|∇v|p
′

[2 max(C(x), |∇u|2)]
(p−2)p′

2 dx}
1
p′

≤ const‖|∇un −∇u|‖p{‖|∇v|‖
p+p

′

p

p ‖C(x)‖
p−p

′

2
p + ‖|∇u|‖p−p′

p ‖|∇v|‖p′

p }
1
p′

→ 0, n→ ∞.

² ∫

Ω
|(C(x) + |∇un|

2)
p−2
2 − (C(x) + |∇u|2)

p−2
2 ||∇v||∇un|dx h¬Æ b @������������¬Õ

{ 2 < p ≤ 4 |¬¯�� º G [2] Ã>��� 1.1 å¬Õ
|(C(x) + |∇un|

2)
p−2
2 − (C(x) + |∇u|2)

p−2
2 | ≤ const|∇un −∇u|

p−2
2 (|∇un|

p−2
2 + |∇u|

p−2
2 ).

×��
∫

Ω

|(C(x) + |∇un|
2)

p−2
2 − (C(x) + |∇u|2)

p−2
2 ||∇v||∇un|dx

≤ const‖|∇v|‖p‖|∇un|‖
p

2
p ‖|∇un −∇u|‖

p−p
′

2p′

p +

const‖|∇v|‖p‖|∇u|‖
p−2
2

p ‖|∇un −∇u|‖
p

2
p +

const‖|∇v|‖p‖|∇u|‖
p

2
p ‖|∇un −∇u|‖

p−2
2

p → 0, n→ ∞.



2 � %�`�;'& � 7�Z�\ p-Laplace W�X�p�q�j�a�b�c�v�h�y�z���j���{�c 337

{ 4 ≤ p < +∞ |¬¯�� º G [2] Ã>��� 1.1 å¬Õ
∫

Ω

|(C(x) + |∇un|
2)

p−2
2 − (C(x) + |∇u|2)

p−2
2 ||∇v||∇un|dx

≤

∫

Ω

k|∇v||∇un|(2C(x) + |∇un|
2 + |∇u|2)

p

2−2||∇un|
2 − |∇u|2|dx

≤

∫

Ω

3
p

2−2k|∇v||∇un|[max(2C(x), |∇un|
2, |∇u|2)]

p

2−2||∇un|
2 − |∇u|2|dx

≤

∫

Ω

3
p

2−2k|∇v||∇un|[2
p

2−2C(x)
p

2−2 + |∇un|
p−4 + |∇u|p−4]k′|∇un −∇u|(|∇un| + |∇u|)dx

≤ const‖C(x)‖
p−4
2

p ‖|∇un −∇u|‖p‖|∇v|‖ 2p

p−2
‖|∇un|‖

2
p+

const‖C(x)‖
p−4
2

p ‖|∇un −∇u|‖2
p‖|∇v|‖ 2p

p−2
‖|∇u|‖p+

const‖C(x)‖
p−4
2

p ‖|∇un −∇u|‖p‖|∇v|‖ 2p

p−2
‖|∇u|‖2

p+

const‖|∇un −∇u|‖p‖|∇u|‖
p−p

′

p′

p ‖|∇v|‖p + const‖|∇un −∇u|‖
p

p′

p ‖|∇v|‖p+

const‖|∇un −∇u|‖p−2
p ‖|∇u|‖p‖|∇v|‖p + const‖|∇un −∇u|‖p−3

p ‖|∇u|‖2
p‖|∇v|‖p+

const‖|∇un −∇u|‖
p−p

′

p′

p ‖|∇v|‖p‖|∇un|‖p+

const‖|∇un −∇u|‖p‖|∇v|‖p‖|∇un|‖
p−p

′

p′

p → 0, n→ ∞,

×�� ∫

Ω
|(C(x) + |∇un|

2)
p−2
2 ∇un − (C(x) + |∇u|2)

p−2
2 ∇u||∇v|dx → 0, { n→ +∞.��  h � ∫

Ω ||un|
p−2un − |u|p−2u||v|dx→ 0, à Bp ª demi Ó¬Ô¬¿ ¸ 2}

2.2 ß Ò ��� 2.1 Ã¹¿ Bp ý�¡���G [2–5], à �;¢ B�, ( G [2–5] î;£>¤�¥ C ¸�x�
2.2

ÀäÁ
Φp : W 1,p(Ω) → R , 2 ≤ p < +∞ ÜäÝ Ò Φp(u) =

∫

Γ ϕx(u|Γ(x))dΓ(x),

∀u ∈W 1,p(Ω). � Φp

Ò
W 1,p(Ω) f¬¿�`�a � ¶ ��b�c Ó¬Ô À¬Á ¸��� ��  ��G [1] Ã>��� 3.1 h ��¦ �¬ñ¬ò ¸ 2���

2.2
Î¬Ð Ap : Lp(Ω) → 2Lp(Ω), 2 ≤ p < +∞ Ü¬Ý Ò Õ

D(Ap) = {u ∈ Lp(Ω)|∃f ∈ Lp(Ω),

��	 f ∈ Bpu+ ∂Φp(u)}, ² u ∈ D(Ap),
� Apu = {f ∈ Lp(Ω)|f ∈ Bpu+ ∂Φp(u)}.§�¨

2.1
Î¬Ð Ap : Lp(Ω) → 2Lp(Ω), 2 ≤ p < +∞ ª m

ï¬ð Î¬Ð¬¸��� � � R(I + λAp) = Lp(Ω), ∀λ > 0.

�¬«�f¬¯±ß 2 ≤ p < +∞, à W 1,p(Ω) ⊂ Lp(Ω) ⊂ Lp′

(Ω) ⊂ (W 1,p(Ω))∗, 1
p

+ 1
p′

= 1. ×
�xh ÜäÝ Ip : W 1,p(Ω) → (W 1,p(Ω))∗

Ò
Ipu = u Þ (v, Ipu)(W 1,p(Ω))∗×W 1,p(Ω) = (v, u)H1(Ω),

u, v ∈ W 1,p(Ω), ?�© (v, u)H1(Ω) »¬¼ H1(Ω) Ã¹¿·É>t ¸ �¬Õ Ip ¾¬¾¬å Ü¬Ý �±á¬ø Þ demi ÓÔ ¸ ² ∀λ > 0 , ª Ü¬Ý¬Î¬Ð Tλ : W 1,p(Ω) → 2(W 1,p(Ω))∗
Ò

Tλu = Ipu+ λBpu+ λ∂Φp(u). �¬Õ� ��� 2.1, 2.2 g Ip ¿ .�« ¯ � � Tλ

ú¬û¬á¬ø Þ Ë�� ¸ ×�� R(Tλ) = (W 1,p(Ω))∗ ⊃ Lp(Ω) .ß�¬ R(I + λAp) = Lp(Ω). ì���� 2.1, u�� º ��  ��G [3]
�;¢>® 0 2.1 ¿�+�p�¯�h � Õ Ap ª ï¬ð ¿ ¸ 2
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}
2.3

½ ® 0 2.1 Ã �;¢ R(I + λAp) = Lp(Ω) |¬¯�° º�± ý�¡���G [2–5] ¿�+�p¬¯�²�³
¤�´ á ¸}

2.4 ß�{ u ∈W 1,p(Ω), α ∈ C∞
0 (Ω) |¬¯ Φp(u+α) = Φp(u), à f ∈ Apu(2 ≤ p < +∞)µ�¶ ½ Æ�·¬ì Ý b f = Bpu.§�¨

2.2
� f ∈ Lp(Ω) , u ∈ Lp(Ω) , 2 ≤ p < +∞ ��	 f = Apu. �¬Õ

(a) −div{(C(x) + |∇u|2)
p−2
2 ∇u} + |u|p−2u = f(x), a.e. x ∈ Ω;

(b) −〈n, (C(x) + |∇u|2)
p−2
2 ∇u〉 ∈ βx(u(x)), a.e. x ∈ Γ.���

(a)
� 

2.4,
��  ��G [3] Ã ® 0 2.2 h � (a) ñ¬ò ¸

(b) ¸�¹�º ½ |βx(u)| ≤ a|u|
p

p′ + b(x) °·Ã b(x) ∈ Lp′

(Γ), 1
p

+ 1
p′

= 1 È a ∈ R ¿ 
�� b��¢
(b), »�� â�¼ ��Y�½�¾ [6].ß f ∈ Apu, à � (a)

� Õ f(x) = −div{(C(x) + |∇u|2)
p−2
2 ∇u} + |u|p−2u ∈ Lp(Ω) ,

2 ≤ p < +∞, � º¬µ�]�^�_ � Õ ∀v ∈ W 1,p(Ω),

∫

Γ

〈n, (C(x) + |∇u|2)
p−2
2 ∇u〉v|Γ(x)dΓ(x)

=

∫

Ω

div{(C(x) + |∇u|2)
p−2
2 ∇u}vdx+

∫

Ω

〈(C(x) + |∇u|2)
p−2
2 ∇u,∇v〉dx.

×�� −〈n, (C(x) + |∇u|2)
p−2
2 ∇u〉 ∈ W− 1

p
,p′

(Γ) = (W
1
p

,p(Γ))∗, °·Ã W
1
p

,p′

(Γ) ª W 1,p(Ω) ¿�¿¬® ¸ Ü¬Ý B : Lp(Γ) → Lp′

(Γ)
Ò

Bu(x) = g(x), u ∈ Lp(Γ), é¬ê g(x) = βx(u(x)) a.e. x ∈ Γ. �� B = ∂Ψ , °·Ã Ψ(u) =
∫

Γ
ϕx(u(x))dΓ(x) ª Lp(Γ) f¬¿�`�a � ¶ ��b�c Ó¬Ô À¬Á ¸Ü¬Ý K : W 1,p(Ω) → Lp(Γ)
Ò

K(v) = v|Γ , ∀v ∈ W 1,p(Ω). ß K, B � Ó¬Ô¬¯±à K∗BK :

W 1,p(Ω) → (W 1,p(Ω))∗ ª ú¬û¬á¬ø )¬Ä ¸ ß Ò ∀u, v ∈W 1,p(Ω) å
Ψ(Kv) − Ψ(Ku) =

∫

Γ

[ϕx(v|Γ(x)) − ϕx(u|Γ(x))]dΓ(x)

≥

∫

Γ

βx(u|Γ(x))(v|Γ(x) − u|Γ(x))dΓ(x)

= (BKu,Kv −Ku) = (K∗BKu, v − u).

��k K∗BK ⊂ ∂Φp ×�� K∗BK = ∂Φp. ( ?�© Φp ¡������ 2.2). �¬ª
−〈n, (C(x) + |∇u|2)

p−2
2 ∇u〉 ∈ βx(u(x)), a.e. x ∈ Γ.

}
2.5

[3] ∀x ∈ Γ, { βx ≡ 0 |¬¯ ∂Φp(u) ≡ 0, ∀u ∈ W 1,p(Ω), 2 ≤ p < +∞.§�¨
2.3 ∀x ∈ Γ, { βx ≡ 0 |¬¯ {f ∈ Lp(Ω)|

∫

Ω fdx = 0} ⊂ R(Ap), 2 ≤ p < +∞.��� � ��� 2.1
� Õ Bp ª ú¬û¬á¬ø Þ Ë��¬¿¬¯ ×�� R(Bp) = (W 1,p(Ω))∗ . ² f ∈ Lp(Ω),

∫

Ω fdx = 0 ,
m .�À À u ∈ W 1,p(Ω) →

∫

Ω fudx ª (W 1,p(Ω))∗ Ã¹¿�Á ¸ �¬ª�� ½ u ∈ W 1,p(Ω)��	 Õ ∀v ∈ (W 1,p(Ω))∗ , (v, f) = (v,Bpu). à �  2.5
� Õ f = Apu. 2���

2.3
[3]
©
t ∈ R, x ∈ Γ, Ö βx(t) 6= Φ, � β0

x(t) ∈ βx(t)
Ò�Â ² Â�Ã�Ä Á � Ö βx(t) = Φ,� β0

x(t) = ±∞(t > 0  < 0). ª Ü¬Ý β±(x) = limt→±∞ β0
x(t) ( ½ � Ý ì Ý b ), ∀x ∈ Γ. � º ²

βx ¿ y © � Õ β±(x) ½ f�h�i ¸
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§�¨
2.4

� f ∈ Lp(Ω), 2 ≤ p < +∞ ��	
∫

Γ

β−(x)dΓ(x) <

∫

Ω

fdx <

∫

Γ

β+(x)dΓ(x), (4)

� f ∈ IntR(Ap).�x� � f ∈ Lp(Ω) �x	 (4) _ ¯ � ® 0 2.1
� Õ ∀n ≥ 1, ∃un ∈ D(Ap)

�x	 Õ f =
1
n
un +Apun. ¡�G [3] Ã ® 0 2.4,

Ò���¦ �¬ñ¬ò¬¯���Å �;¢ ‖un‖p ≤ a Á ¯ ∀n ≥ 1.

Ö¬ý � ¯ y © 1 ≤ ‖un‖p → ∞, { n→ ∞ |¬¯ � vn = un

‖un‖p

.Ü¬Ý ψ : R → R
Ò

ψ(t) = |t|p, � ∂ψ : R → R
Ò °�d�e¬Æ¬¯±² µ > 0, ∂ψµ : R → R »¬¼

∂ψ ¿ Yosida Æ�Ç ¸�� θµ

Ò
[(∂ψµ)′]

1
p ¿¬ý Ü t¬Æ Þ θµ(0) = 0, � (θ′µ)p = (∂ψµ)′. �¬ª � G

[3] Ã ® 0 2.4
�

(∂ψµ(vn), ∂Φp(un)) ≥

∫

Γ

βx((1 + µ∂ψ)−1(un|Γ(x))) × ∂ψµ(vn|Γ(x))dΓ(x) ≥ 0. (5)

½ +�, f = 1
n
un +Apun ¿���[�¡�| E º ∂ψµ(vn), å

(∂ψµ(vn), f) = (∂ψµ(vn),
1

n
un) + (∂ψµ(vn), Bpun) + (∂ψµ(vn), ∂Φp(un)).

ß ∂ψµ(0) = 0, à (∂ψµ(vn), un) ≥ 0.È ß
(∂ψµ(vn), Bpun) =

∫

Ω

〈(C(x) + |∇un|
2)

p−2
2 ∇un,∇vn〉(∂ψµ)′(vn)dx +

∫

Ω

|un|
p−2un∂ψµ(vn)dx

≥ const‖un‖
p−1
p

∫

Ω

|grad(θµ(vn))|pdx,

à � (5)
�

const‖un‖
p−1
p

∫

Ω

|grad(θµ(vn))|pdx+

∫

Γ

βx((1 + µ∂ψ)−1(un|Γ(x))) × ∂ψµ(vn|Γ(x))dΓ(x)

≤ (∂ψµ(vn), f).

k b��;¢ ¡���G [3] Ã ® 0 2.4. 2��� � f ∈ Lp(Ω) , 2 ≤ p < +∞ ��	
∫

Γ

β−(x)dΓ(x) +

∫

Ω

g−(x)dx <

∫

Ω

f(x)dx <

∫

Γ

β+(x)dΓ(x) +

∫

Ω

g+(x)dx,

��+�, (1) ½ Lp(Ω) Ã¹å�- ¸�É� � Ap : Lp(Ω) → 2Lp(Ω)
Ò Ü Ý 2.2 Ãv� Ü Ý ¿ m-

ï ð Î Ð ¯ � Bi : Lp(Ω) → Lp(Ω),

i = 1, 2
Ò Ü¬Ý 2.1 Ã¹¿ Î¬Ð¬¸ Ò���¦ �¬ñ¬ò¬¯ � ® 0 2.2

� ÕÊ��� �;¢ f ∈ R(Ap +B1 +B2). �Ö�Ë�Ì � Ü � 1.1 ¿ 
���Í�Î���	 ¯Ï� �;¢ f ∈ R(Ap +B1+B2), ~�Ð�� Ò��;¢ f ∈ Int[R(Ap)+

R(B1)]. �¬ª b @�Ñ�Ò�Ì Ü � 1.1 ¿ 
���Î���	¬¸
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Ó �¬¯ Ap +B1 ª¬å¬æ¬ç¬è¬¿ ¸ �¬«�f¬¯���� �;¢ Õ±Ö w = Apu+B1u
Þ {w} È {u} �½ Lp(Ω) Ã¹å¬æ¬¯��¬Õ {u} ½ Lp(Ω) Ã¹î¬²¬è ¸ ß Ò

const

∫

Ω

|∇u|pdx ≤

∫

Ω

〈(C(x) + |∇u|2)
p−2
2 ∇u,∇u〉dx+

∫

Ω

|u|pdx

= (u,Bpu) = (u,Apu) − (u, ∂Φp(u))

≤ (u,Apu) + (u,B1u) = (u,w)

≤ ‖u‖p‖w‖p ≤ const,

×�� ‖u‖1,p ≤ const.
È ß Γ ∈ C1 , à W 1,p(Ω) è�Ô�Õ¬Ú Lp(Ω) Ã¹¯ 2 ≤ p < +∞. ×�� {u} ½

Lp(Ω) Ã¹î¬²¬è ¸
¡ [3] Ã Ü �¬¿ �;¢ ¯ Ü � 1.1 Ã¹¿¬°�Ö 
�� 9 ��	¬¸ ¬�o¬¯�¡ [3] Ã Ü �¬¿ �;¢ ¯±Æ����

���±Æ¬Ç�� º ® 0 2.3 È 2.4 ¯ � f ∈ Int[R(Ap) +R(B1)]. ×�� ¦ ��× � ¸ 2

ØSÙSÚSÛSÜ
[1] CALVERT B D, GUPTA C P. Nonlinear elliptic boundary value problems in L

p-spaces and sums of ranges

of accretive operators [J]. Nonlinear Anal., 1978, 2: 1–26.
[2] WEI Li, HE Zhen. The applications of sums of ranges of accretive operators to nonlinear equations involving

the P-Laplacian operator [J]. Nonlinear Anal., 1995, 24: 185–193.
[3] WEI Li, HE Zhen. The applications of theories of accretive operators to nonlinear elliptic boundary value

problems in L
p
−spaces [J]. Nonlinear Anal., 2001, 46: 199–211.

[4] %�`��<��Ý�a�b�c�w�x�v�h�y�z���j���{Oc [J]. 6�5�j�Þ�ß�7�à�á�; 2001, 31: 360–364.
WEI Li. The existence of solution of nonlinear elliptic boundary value problem [J]. Math. Practice Theory,
2001, 31: 360–364. (in Chinese)

[5] %�`��<��a�b�c�w�x�v�h�y�z���j���{�cOj�G�H [J]. 6�5�j�Þ�ß�7�à�á�; 2004, 34: 123–130.
WEI Li. Study of existence of solutions for nonlinear elliptic boundary value problems [J]. Math. Practice
Theory, 2004, 34: 123–130. (in Chinese)
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Existence of Solution of Nonlinear Boundary Value Problem Involving

Generalized p-Laplacian Operator

WEI Li1,2, ZHOU Hai-yun2,3

(1. School of Math. & Stat., Hebei University of Economics and Business, Shijiazhuang 050061, China;
2. Inst. of Appl. Math. & Mech., Ordnance Engineering College, Shijizhuang 050003, China;
3. Inst. of Math. & Inform. Sci., Hebei Normal University, Shijizhuang 050016, China )

Abstract: In this paper, the p-Laplacian operator is generalized to the generalized p-Laplacian operator.
Then, the perturbation results of the ranges of nonlinear accretive mappings are used to discuss, the
existence of the solution of the nonlinear elliptic problem with Neumann boundary value involving the
generalized p-Laplacian operator in Lp(Ω) space, 2 ≤ p < +∞. The equations and methods here are
continuation and complement to some previous works.

Key words: Accretive mapping; monotone operator; demi-continuous mapping; strictly convex space.


