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[1] ����� � [2] ��� � [3] ������������ �¡�¢�£�¤�¥ �������¦�§���¨�©�ª�«�¬�­ ¡�® ��¯�°�±�²�³µ´ ¡�¶�·�¸�¹�º � ¤ ²�»�¼�½�¾��¿��À�Á ¡�¶¿·�ÂÃ¿Ä

[4] Å¿Æ¿Ç¿È¿É¿Ê¿Ë¿Ì¿Í¿Î¿Ï �¿�¿�¿�¿¦¿§¿� Benson Ð �¿Ñ ª¿«¿¬¿­ ¡ Fritz John ® �¿¯°¿±¿Ä
[5] £¿� ¬¿Ò¿Ó Ë¿Ì¿Í (VP)

�
Benson Ð �¿Ñ ª¿«¿¬¿­ ¡¿Ô ©¿Õ Î¿Ï¿Ö¿× Ä [6]

� �¿Ø¿Ù
- Ú¿ÛÝÜßÞ¿à ­ Å¿Æ Lagrange á¿â¿Ë¿Ì¿Í (VP) ã¿ä Benson Ð �¿Ñ ª ¡¿å¿· °¿±¿Ä�æ¿ç�èêéë¿�¿�¿¦¿§ ¤ [7] Å¿Æ Ben-Tal � ¬¿¾ Ê¿ì À ä¿í¿Í ( î ) �¿Ñ ª¿«¿¬¿­ ¡¿ï �¿°¿±¿ð Lagrangeæ¿ñ¿ò¿�¿Äó Ô¿ô¿õ¿¤4�¿Ñ ¯¿�¿� Ô¿ö ²¿÷¿ø¿ù¿ú¿û¿ü¿ý ¡¿þ §¿Ä [8] ÿ��¿Í�� �¿Ñ ¯���� ¤����¿� Í� �¿Ñ ¯¿ð�	 �¿Ñ ¯ ¤�
��¿��
��¿¡ ¯�� ¤�� � �¿Ñ����¿£¿Â¿ ���� ë¿�¿� [8], ��������� �¿Ñ¯¿�¿��� 
¿�¿å¿· Í Ä���¿� � �¿Ñ ª¿«¿¬¿­ Ë¿Ì (VP) ¡ Kuhn-Tucker ® �¿¯¿°¿± ¤�� � »¿¼�� (VP) ���¿¡Õ Î¿Ï �¿�¿¦¿§¿Ä
2  "!"#"$"%"&('*)*+

, ­�-¿² Þ¿à X .�/�0�1 ¯�2�3 ¤ Y, Z . Hausdorff 4 º Ü5/�0�1 ¯�2�3 ¤ C
ð

D
�

6¿²
Y
ð

Z
´ ¡�7 Ü �¿Ù¿¤ Y ∗

ð
Z∗
��6 . Y

ð
Z ¡ /�0 æ¿ñ�2�3¿Ä à M . Y ¡�8¿Ôâ � ¤�9 ø , clM � intM

ð
coneM

��6�:�;
M ¡�7 � �=<ßº ð�> ¹¿Ù Ä Ü � D ¡ æ¿ñ Ùò�¬ . D∗ = {f ∈ Z∗ : f(d) ≥ 0, ∀d ∈ D}. Ô@? Ü�â � B ⊂ C . Ù C ¡�Â�¤�A@B 0∈clB
 C = coneB =

⋃

λ≥0

λB = {λx : x ∈ B, λ ≥ 0}. C C∗ = {f ∈ Y ∗ : f(x) ≥ 0, ∀x ∈ C},

Bst = {f ∈ Y ∗ : D � t > 0 E¿ä f(b) ≥ t, ∀b ∈ B}, f ∈ Bst F . Â¿ �� [8].
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\�]
2.1

[8] à B . C ¡¿Â¿¤ M . Y ¡¿Ô�?�^ 2 â � ¤ N(0)
:�;

Y ¡�_���`¿�¿Â¿¤a�b
y ∈M F . M ¡ � �¿Ñ��¿¤�A�B æ¿ù � f ∈ Y ∗, D � U, V ∈ N(0) E¿ä

f [K ∩ (U − cone(V +B))]

��c¿¤ ³Ý´ K = cl(cone(M − y)).9 ø £ GE(M,C)
:�;

M ¡ ù � � �¿Ñ�� �¿Äd
2.1

[8]
�¿ò¿¬

2.1
´ ¤�e ,�f�g�h ·¿¤ U, V e ã�.ÝÜ ¡ æ F�`¿�¿¤�
 y ∈ GE(M,C)i 
�j i æ 8 « f ∈ Y ∗, D � U, V ∈ N(0) E¿ä
f [cone(M − y) ∩ (U − cone(V +B))]

��c Ä \�]
2.2

[9] à E ⊂ X . Ô�^ 2 â � ¤ �¿��k�l F : E → 2Y . �¿Ø C- Ú¿ÛÝÜ ¡¿¤�A�B
cl(cone(F (E) + C))

² Ü ¡ Äd
2.2

[9] �¿Ø C- Ú¿ÛÝÜ ² C- Ú¿ÛÝÜ ð C- ÛÝÜ ¡��¿� Äm
L(X,Y ) .on Z í Y ¡�p�q 1 ¯¿À â 2�3 ¤ L+(Z, Y ) = {T ∈ L(Z, Y ) : T (D) ⊂ C}.à F : X → 2Y , G : X → 2Z . (F,G) : X → 2Y ×Z

ò¿¬ . (F,G)(x) = F (x) ×G(x).r�s¿­ õ �¿�¿�¿�¿¦¿§�t
(VP) minF (x)

s.t. G(x) ∩ (−D) 6= ∅, x ∈ X.

(VP) ¡�e�u � £ A
:�; ¤�� A = {x ∈ X : G(x) ∩ (−D) 6= ∅}.\�]

2.3 x0 ∈ A F . (VP) ¡ � �¿Ñ ª ¤�A�B F (x0) ∩ GE(F (A), C) 6= ∅; (x0, y0)
F .

(VP) ¡ � �¿Ñ a ¤�A�B x0 ∈ A 
 y0 ∈ F (x0) ∩GE(F (A), C).v�w
2.1

[8] Bst �¿� , ­¿¯���t
(a) Bst 6= ∅.

(b) Bst ⊂ C∗.

(c) x B ��c�
 ψ ∈ Bst, y æ 8 « ϕ ∈ Y ∗, D �{z�| Ê n E ψ − ϕ/n ∈ C∗.

(d) x B
²

C ¡¿��c¿Â¿¤ y Bst = intC∗.v�w
2.2

[10] à C �¿��c¿Â¿¤ ∅ 6= M ⊂ Y , y
GE(M,C) = GE(M + C,C).

3 Kuhn-Tucker }"~"�"�"�
à ∅ 6= S ⊂ Y , ȳ ∈ Y , ϕ ∈ Y ∗, .¿Í ô������¿¤�£ ϕ(S) ≥ ϕ(ȳ)

:�;
ϕ(y) ≥ ϕ(ȳ),∀y ∈ S.v�w

3.1
[11] à ϕ ∈ D∗\{0Z∗}, d ∈ intD, y ϕ(d) > 0.v�w

3.2
[12] à E ⊂ X . ^ 2¿� ¤�7 Ü �¿Ù K,H ��� K ⊂ H . x W

�
E Ç ² �¿Ø K−Ú¿ÛÝÜ ¡¿¤ y W

�
E Ç ² �¿Ø H− Ú¿ÛÝÜ ¡ Äv�w

3.3
[9] à F : X → 2Y

�
X Ç ² �¿Ø C− Ú¿ÛÝÜ ¡¿¤ y ­������ �@
@j¿��Ô@?¿¹¼�t

(i) D � x ∈ X E F (x) ∩ (−intC) 6= ∅;
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(ii) D � ϕ ∈ C∗\{0Y ∗} E ϕ(y) ≥ 0, ∀y ∈ F (X).\�w

3.1 à C �¿��c¿Â¿¤ (x0, y0) . (VP) ¡ � �¿Ñ a ¤ F (x)− y0

�
A Ç ² �¿Ø C- ÚÛÝÜ ¡¿¤ (F (x)−y0, G(x))

�
X Ç ² �¿Ø C×D- Ú¿ÛÝÜ ¡¿¤ D � x̄ ∈ X E G(x̄)∩(−intD) 6= ∅,

y�D � s∗ ∈ intC∗, k∗ ∈ D∗ E
inf

x∈X
(s∗(F (x)) + k∗(G(x))) = s∗(y0), (3.1)



inf k∗(G(x0)) = 0, (3.2)³Ý´

s∗(F (x)) =
⋃

y∈F (x)

s∗(y), k∗(G(x)) =
⋃

z∈G(x)

k∗(z).

�@� à B
²

C ¡��@c�Â�¤ n�ÿ � 2.1(a) �@D � t > 0 E Bst 6= ∅. à f0 ∈ Bst. n
y0 ∈ GE(F (A), C) �¿ÿ � 2.2 ä y0 ∈ GE(F (A) + C,C).

ç¿² D � U0, V0 ∈ N(0)( ��� U0, V0ã�.ÝÜ ¡ æ F�`¿� ) E f0
�

cl(cone(F (A) + C − y0)) ∩ (U0 − cone(B + V0))

Ç ��c¿¤ nßÞ¿à F (x) − y0
�

A Ç ² �¿Ø C− Ú¿ÛÝÜ ¡ � cl(cone(F (A) +C − y0))
² Ü Ù¿¤ ç² n [8, Theorem 2.2] ��D � ψ ∈ (cone(V0 +B))∗ �

ϕ ∈ (cl(cone(F (A) + C − y0)))
∗, (3.3)

E f0 = ϕ − ψ.
ç�²

ϕ = f0 + ψ. � | ψ(B) ≥ 0. �@� ϕ(B) = f0(B) + ψ(B) ≥ t. C
U = {z ∈ Y : |ϕ(z)| < t/2}. y

ϕ(U −B) ≤ −t/2 < 0,� n (3.3) ä
cl(cone(F (A) + C − y0)) ∩ (U −B) = ∅.

n U −B
²��¿� ä

cone(F (A) + C − y0) ∩ (U −B) = ∅. (3.4)

(i) ���o�
(F (A) + C − y0) ∩ cone(U −B) = {0}. (3.5)

n ç 0 ∈ (F (A) + C − y0) ∩ cone(U −B), ��� h �
(F (A) + C − y0) ∩ cone(U −B) ⊂ {0}.

� � Á ¤ x�D � y ∈ (F (A)+C−y0)∩ cone(U −B) 
 y 6= 0, y�D � λ > 0, t ∈ U −B E y = λt.ç¿²
t = 1

λ
y ∈ (cone(F (A) + C − y0)) ∩ (U −B),

�
(3.4) ��� Ä

n (3.5) ä
(F (A) + C − y0) ∩ (−cone(B − U)) = {0}.

n U = −U ä
(F (A) + C − y0) ∩ (−cone(B + U)) = {0}.
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ó Ô¿ô¿õ¿¤
0 ∈ (F (A) − y0) ∩ (−cone(B + U)) ⊂ (F (A) + C − y0) ∩ (−cone(B + U)).ç¿²

(F (A) − y0) ∩ (−cone(B + U)) = {0}.

C KU (B) = cone(B + U), CU (B) = cl(cone(B + U)),
ç¿²

(F (A) − y0) ∩ (−KU (B)) = {0}.

���
(F (A) − y0) ∩ (−intKU (B)) = ∅.

n KU (B)
² Ü � ä

intKU (B) = int(clKU (B)) = intCU (B),ç¿²
(F (A) − y0) ∩ (−intCU (B)) = ∅. (3.6)

C H(x) = (F (x) − y0, G(x)),
ç¿²

H(x) =
⋃

x∈X

(F (x) − y0, G(x)).

(ii)  �¡��o� H(X) ∩ (−intCU (B),−intD) = ∅.¢ y ¤ D � x̂ ∈ X E H(x̂) ∩ (−intCU (B),−intD) 6= ∅. �
(F (x̂) − y0, G(x̂)) ∩ (−intCU (B),−intD) 6= ∅.ç¿² D � ŷ ∈ F (x̂), ẑ ∈ G(x̂) E¿ä

ŷ − y0 ∈ −intCU (B) 
 ẑ ∈ −intD.

��� x̂ ∈ A 
 (F (x̂) − y0) ∩ (−intCU (B)) 6= ∅. � � (3.6) ��� Ä�ç¿²
H(X) ∩ (−intCU (B),−intD) = ∅. (3.7)

(iii)
|�£ �o� (3.2) ¹ ¼¿Ä

n inf{ϕ(y) : y ∈ B + U} ≥ t/2 > 0 � 0∈cl(B + U). Û Ø [13]
´ßò¿�

1.1 e � CU (B)
² 7 Ü�¿Ù Äç¿² nßÿ � 3.2 � H(x)

�
X Ç ² �¿Ø (CU (B) ×D)− Ú¿ÛÝÜ ¡ Ä n (3.7) �¿ÿ � 3.3 ��D �

(s∗, k∗) ∈ (CU (B) ×D)∗ \ {(0Y ∗ , 0Z∗)} = C∗
U (B) ×D∗ \ {(0Y ∗ , 0Z∗)} E¿ä

s∗(F (x) − y0) + k∗(G(x)) ≥ 0, ∀x ∈ X. (3.8)

�
s∗(y) + k∗(z) ≥ s∗(y0), ∀y ∈ F (x), z ∈ G(x), ∀x ∈ X. (3.9)�

(3.8)
´ C x = x0, n y0 ∈ F (x0) ä

k∗(G(x0)) ≥ 0. (3.10)
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ó Ô¿ô¿õ¿¤ n x0 ∈ A ��D � p ∈ G(x0)∩ (−D), n k∗ ∈ D∗ ä k∗(p) ≤ 0. n (3.10) ä k∗(p) = 0.

� ¥
0 ∈ k∗(G(x0)). (3.11)

n (3.10) � (3.11) ä (3.2).

(4◦) ® £ �o� (3.1) ¹ ¼¿Ä
��� s∗ 6= 0Y ∗ .

¢ y k∗ ∈ D∗ \ {0Z∗}. nßÞ¿à G(x̄) ∩ (−intD) 6= ∅ ��D � z̄ ∈ G(x̄) ∩ (−intD).

nßÿ � 3.1 ä k∗(z̄) < 0.
ó Ô¿ô¿õ¿¤�¤ s∗ = 0Y ∗ , x = x̄, z = z̄

¾�¥
(3.9) ä k∗(z̄) ≥ 0, ��� Äç¿²

s∗ ∈ C∗
U (B) \ {0Y ∗}, n C∗

U (B) = K∗
U (B) � [14, ÿ � 2.1] ä s∗ ∈ intC∗. n (3.8) ä

inf
x∈X

(s∗(F (x)) + k∗(G(x))) ≥ s∗(y0). (3.12)

ó Ô¿ô¿õ¿¤ n y0 ∈ F (x0) � (3.11) ä
s∗(y0) ∈ s∗(F (x0)) + k∗(G(x0)).

� n (3.12) ä (3.1).\�w
3.2 à C �¿��c¿Â¿¤�
 (VP) ��� , ­¿°¿±�t

(i) F (x) − y0
�

A Ç ² �¿Ø C- Ú¿ÛÝÜ ¡�¦
(ii) x0 ∈ A;

(iii) y0 ∈ F (x0), D � s∗ ∈ intC∗, k∗ ∈ D∗ E
inf

x∈X
(s∗(F (x)) + k∗(G(x))) = s∗(y0),

y (x0, y0) . (VP) ¡ � �¿Ñ a Ä��� à B
²

C ¡¿��c¿Â¿¤ nßÿ � 2.1(d) ä s∗ ∈ Bst. � ¥ æ 8 « f ∈ Y ∗, nßÿ � 2.1(c)

��D �{z�| Ê n, E s∗ − f
n
∈ C∗, � ¥ ns∗ − f ∈ C∗.

ç¿²
(n+ 1)s∗ − f = ns∗ − f + s∗ ∈ C∗ +Bst ⊂ Bst.

C ψ = (n+ 1)s∗ − f , y ψ ∈ Bst 

f = (n+ 1)s∗ − ψ. (3.13)

C V1 = {y ∈ Y : |ψ(y)| < t}, y ψ(V1 − B) ≤ 0, � ψ(B − V1) ≥ 0, n V1
¡ æ F ¯ ä

ψ(B + V1) ≥ 0,
ç¿²

ψ(cone(B + V1)) ≥ 0, ���
ψ ∈ (cone(B + V1))

∗. (3.14)

ó Ô¿ô¿õ¿¤ n�§5�¿ä
s∗(y0) = inf

x∈X
(s∗(F (x)) + k∗(G(x))) ≤ inf

x∈A
(s∗(F (x)) + k∗(G(x)))

≤ inf
x∈A

(s∗(F (x)) + k∗(G(x) ∩ (−D))),
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� n i x ∈ A ¨ ¤ k∗(G(x) ∩ (−D)) ≤ 0 ä s∗(y0) ≤ inf
x∈A

s∗(F (x)),
ç¿²

s∗(y0) = min{s∗(y) : y ∈ F (A)}.

n s∗ ∈ Bst ⊂ C∗ e ä s∗(cl(cone(F (A) +C − y0))) ≥ 0, � s∗ ∈ (cl(cone(F (A) +C − y0)))
∗. �

�
(n+ 1)s∗ ∈ (cl(cone(F (A) + C − y0)))

∗. (3.15)

n (3.13),(3.14) � (3.15) ä
f ∈ (cl(cone(F (A) + C − y0)))

∗ − (cone(B + V1))
∗.

n F (x) − y0
�

A Ç ² �¿Ø C ×D- Ú¿ÛÝÜ ¡�e � (cl(cone(F (A) + C − y0))
² Ü Ù¿¤ n [8,

ò�
2.2] ��D � U1 ⊂ Y , α > 0 E

f(cl(cone(F (A) + C − y0)) ∩ (U1 − cone(B + V1))) ≥ −α. (3.16)ó Ô¿ô¿õ¿¤ æ Ç � f , � −f ∈ Y ∗, Û Ø�© D � Ô�? æ F¿¡¿� Ü ¡�_¿¡�`¿� V2, E¿ä
−f ∈ (cl(cone(F (A) + C − y0)))

∗ − (cone(B + V2))
∗,ç¿² D � U2 ∈ N(0), β > 0 E

(−f)(cl(cone(F (A) + C − y0)) ∩ (U2 − cone(B + V1))) ≥ −β. (3.17)

C U = U1 ∩ U2, V = V1 ∩ V2, n (3.16) � (3.17) e � f
�

cl(cone(F (A) + C − y0)) ∩ (U − cone(B + V ))

Ç ��c Ä�ç¿² y0 ∈ GE(F (A) + C,C), nßÿ � 2.2 ä y0 ∈ GE(F (A), C).

n ò¿� 3.1
ð¿ò¿�

3.2 ª¿ä ­ õ�� �¿Ä«�¬
3.1 à C �¿��c¿Â¿¤ x0 ∈ A, y0 ∈ F (x0), D � x̄ ∈ X E G(x̄)∩(−intD) 6= ∅,F (x)−y0�

A Ç ² �¿Ø C− Ú¿ÛÝÜ ¡¿¤ (F (x)− y0, G(x))
�

X Ç ² �¿Ø C ×D− Ú¿ÛÝÜ ¡ Ä y (x0, y0)

. (VP) ¡ � �¿Ñ a ¡¿ï¿· °¿±¿² D � s∗ ∈ intC∗, k∗ ∈ D∗ E
inf

x∈X
(s∗(F (x)) + k∗(G(x))) = s∗(y0).

d
3.1

� � 3.1 ¤ Î¿Ï ® �¿� (VP) ­ � ¹ Í Õ Î¿Ï �¿� ¤�
�®�¯�
 ��°¿Ä
±"²"³"´"µ
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Kuhn-Tucker Optimality Conditions for Set-Valued Optimization

Problem in the Sense of Strongly Efficient Solutions

XU Yi-hong
(Dept. of Math., Nanchang University, Jiangxi 330047, China )

Abstract: Kuhn-Tucker optimality conditions for the set-valued optimization problem (VP) with con-
straints are considered in the sense of strongly efficient solutions in locally convex spaces. Under the
assumption of nearly cone-subconvexlikeness, by applying alternative theorem, a Kuhn-Tucker optimal-
ity necessary condition for (VP) is derived. By using the properties of base functionals, a sufficient
condition is also obtained. Finally, a kind of unconstrained program equivalent to (VP) is established.

Key words: strong efficiency; nearly cone-subconvexlikeness; set-valued optimization; cone.


