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1 n+o+p+q
Γ rtstutvtwtxzy|{t}t~t�t�

Γ(x) =

∫

∞

0

tx−1e−tdt (x > 0). (1)

Γ rtst�t�tst�t� ψ = Γ′

Γ �t�t�t� wt�t�
ψ(x) = −γ +

∫

∞

0

e−t − e−xt

1 − e−t
dt (x > 0), (2)

�t�
γ = 0.5772157 · · · � Euler }tst���t�t�t�

ψ′(x) =

∫

∞

0

te−xt

1 − e−t
dt (x > 0). (3)

�t�t�t�t�
xb−a Γ(x+ a)

Γ(x + b)
= 1 +

(a− b)(a+ b− 1)

2x
+O(x−2) (x→ ∞) (4)

�t�
( � [1, p.257], [2], [3, p.378])

2 �+�+�+�+�+ ¢¡¤£¥t¦
1 f(x) = [ Γ(x+1)

Γ(x+ 1

2
)
]2 u (− 1

2 ,∞) §t�t¨t©zª|rtst�«t¬ �t�t�t�
f ′(x) = 2[ψ(x+ 1) − ψ(x+

1

2
)]f(x).­¯®�°²±
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(2) Ù (3) ÚtÛ
f ′′(x)

2f(x)
=ψ′(x+ 1) − ψ′(x+

1

2
) + 2[ψ(x+ 1) − ψ(x+

1

2
)]2

=

∫

∞

0

t[e−(x+1)t − e−(x+1/2)t]

1 − e−t
dt+ 2(

∫

∞

0

e−(x+1/2)t − e−(x+1)t]

1 − e−t
dt)2

= −
∫

∞

0

tg(t)e−(x+1/2)tdt+ 2(

∫

∞

0

g(t)e−(x+1/2)tdt)2, (5)

�t�
g(t) = (1 + e−t/2)−1.×tØ

Laplace ÜtÝt�tÞ � ~tßt� (5) àtátâ �
f ′′(x)

2f(x)
= −

∫

∞

0

tg(t)e−(x+1/2)tdt+ 2

∫

∞

0

[

∫ t

0

g(s)g(t− s)ds]e−(x+1/2)tdt

=

∫

∞

0

h(t)e−(x+1/2)tdt, (6)

�t�
h(t) =

∫ t

0

[2g(s)g(t− s) − g(t)]ds. (7)

ã utätåtæzç|è��té 0 < s < t, �
2g(s)g(t− s) − g(t) > 0, (8)

(8) êtëté
2(1 + e−t/2) > (1 + e−s/2)(1 + e−(t−s)/2).ì

ϕ(t) = ln[2(1 + e−t/2)] − ln(1 + e−s/2) − ln(1 + e−(t−s)/2), t > s > 0.ítîtïtðtñtò
ϕ′(t) = −

1

2(1 + et/2)
+

1

2[1 + e(t−s)/2]
> 0.

ótô ��ätå � ϕ(t) > ϕ(s) = 0,
�tõtöt÷tø ê � (8)

�t� � (6),(7) Ù (8) ùtútû òtütý ùtþ
f ′′(x) > 0. 2¥t¦

2 Qn = [ Γ(n+1)

Γ(n+ 1

2
)
]2 ÿ ¨t©zª|s��t��� �
[
Γ(n+ 2)

Γ(n+ 3
2 )

]2 − [
Γ(n+ 1)

Γ(n+ 1
2 )

]2 < 1 (n ≥ 1). (9)

«t¬ ó � f(x) = [ Γ(x+1)

Γ(x+ 1

2
)
]2 u (− 1

2 ,∞) §t�t¨t©zª|rtst� ü á
f(x+ 2) + f(x) > 2f(x+ 1), x ∈ (−1/2,∞).

��� �t�
Qn+2 +Qn = f(n+ 2) + f(n) > 2f(n+ 1) = 2Qn+1, (10)
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�tõtöt÷
Qn �t¨t©zª|s��t��� (10) â �

Qn+1 −Qn < Qn+2 −Qn+1, (11)

� �t�t��s�� Rn = Qn+1 −Qn ¨t©����t��tü����
sinx = x

∞
∏

k=1

(1 −
x2

k2π2
). (12)

��� �t��u (12) y�� x = π
2 ÚtÛ

2

π
=

∞
∏

k=1

(1 −
1

4k2
) = lim

n→∞

n
∏

k=1

(2k − 1)(2k + 1)

(2k)2

= lim
n→∞

[
(2n− 1)!!

(2n)!!
]2(2n+ 1). (13)

� õ Û
Γ(n+ 1) = n!, Γ(n+

1

2
) =

(2n− 1)!!

2n

√
π , 2nn! = (2n)!!, (14)

�
Rn �t¨t© î�� �����tá�� (13) Ù (14), �

Rn < lim
n→∞

Rn = lim
n→∞

4n+ 3

(2n+ 1)2
[
Γ(n+ 1)

Γ(n+ 1
2 )

]2

= lim
n→∞

4n+ 3

(2n+ 1)2
[

(2n)!!

(2n− 1)!!
√
π

]2 = 1.

ótô � (9)
�t� � 2���

1 s�� Sn = [ Γ(n+1)

Γ(n+ 1

2
)
]2 − n ÿ ¨t©����t�t�«t¬ �� æzç|��!�"$#&%ts n � Sn+1 < Sn,

� êtëté (9). 2

3 ')( 1 *)+),)-).×tØ�/�0
1, 1�2t� Wallis

ø ê � [4,5,6]

1
√

π(n+ 1
2 )

<
(2n− 1)!!

(2n)!!
<

1
√

π(n+ 1
4 )

(n ≥ 1)

àtá�3�4 � �t� �¥t¦
3 ��!�"$#&%ts n, �

1
√

π(n+ 4
π − 1)

≤
(2n− 1)!!

(2n)!!
<

1
√

π(n+ 1
4 )
, (15)

5 y ��6 Ùt§ 6 y|��7�8t}ts 4
π − 1 Ù 1

4
ÿ�9�: à�;t�t�«t¬ �

(14),
ø ê � (15) êtëté

1

4
< [

Γ(n+ 1)

Γ(n+ 1
2 )

]2 − n ≤
4

π
− 1.
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ÿ ¨t©����t�t� ü á
lim

n→∞

Sn < Sn ≤ S1 =
4

π
− 1.

×tØ �t�t�t�t�
(4), <

Sn = n[n−
1

2

Γ(n+ 1)

Γ(n+ 1
2 )

− 1][n−
1

2

Γ(n+ 1)

Γ(n+ 1
2 )

+ 1]

/ ò
limn→∞ Sn = 1

4 . 2

=)>)?)@)A
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A Convexity Result for Gamma Function and Its Application

CHEN Chao-ping, QI Feng
(College of Math. & Inform., Henan Polytechnic University, Jiaozuo 454010, China )

Abstract: By using some properties of Γ function and its logarithmic derivative, and the convolution
theorem for Laplace transforms, a convexity result of Γ function is obtained. As an application, the
well-known Wallis’ inequality is refined.

Key words: Γ function; convexity; Wallis’ inequality.


